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n. Lyapunov1��{

Lyapunov111������{{{µµµ���©©©���§§§���???êêê)))

Lyapunov111������{{{£££���������{{{¤¤¤µµµ^̂̂Lyapunov¼¼¼êêê���½½½­­­½½½555"""

~~~4 ���ÄÄÄ���§§§|||

x′ = σx− y2, y′ = σy + xy

""")))���­­­½½½555, ÙÙÙ¥¥¥σ = 0,−1, 1.

©©©ÛÛÛ: V (x, y) = x2 + y2,
dV

dt
= 2σV

x2(t) + y2(t) = ce2σt

x2(t, t0, x0) + y2(t, t0, y0) = (x2
0 + y2

0)e
2σ(t−t0), t ≥ t0

σ = −1������ÛÛÛììì???­­­½½½; σ = 0���""")))­­­½½½; σ = 1���""")))ØØØ­­­½½½.
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n. Lyapunov1��{

(I) ggg£££XXXÚÚÚ���Lyapunov¼¼¼êêê

dx

dt
= f(x) (1)

ÙÙÙ¥¥¥xÚÚÚf(x)ÑÑÑ´́́n������þþþ. bbb���f(0) = 0, f(x)uuu«««

���G : |x| < HþþþëëëYYY,���÷÷÷vvvLipschitz^̂̂���.

���V (x)���½½½ÂÂÂ333

|x| ≤ h < H (2)

þþþëëëYYY������XXXþþþ¼¼¼êêê.
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n. Lyapunov1��{

���½½½£££KKK½½½¤¤¤¼¼¼êêêµµµ

V (0) = 0, V (x) > 0 (V (x) < 0), x 6= 0.

~~~���£££������½½½¤¤¤£££~~~KKK,���KKK½½½¤¤¤¼¼¼êêêµµµ

V (0) = 0, V (x) ≥ 0 (V (x) ≤ 0).

���������êêê£££¼¼¼êêêV (x)÷÷÷XXX���§§§(1)������������êêê¤¤¤µµµ

dV

dt

∣∣∣∣∣(1) =
n∑

i=1

∂V (x)
∂xi

fi(x)

ÙÙÙ¥¥¥fi(x)´́́f(x)���111i���©©©þþþ.
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n. Lyapunov1��{

~~~: V (x) = V (x1, x2) = x2
1 + x2

2

~~~: V (x) = V (x1, x2) = x2
1

½½½nnn1.4

(1) XXXJJJ���333���½½½¼¼¼êêêV (x)¦¦¦���
dV

dt

∣∣
(1) ���KKK½½½§§§KKK""")))­­­½½½;

(2) XXXJJJ���333���½½½¼¼¼êêêV (x)¦¦¦���
dV

dt

∣∣
(1) KKK½½½§§§KKK""")))ììì???­­­½½½;

(3) XXXJJJ���333���½½½¼¼¼êêêV (x)¦¦¦���
dV

dt

∣∣
(1) ���½½½§§§KKK""")))ØØØ­­­½½½"""
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n. Lyapunov1��{

yyy²²²(i)µµµ

∀ε > 0§§§PPPrε = minε≤|x|≤h V (x). dddV (x)333x = 0:::ëëëYYY������§§§���

333δ > 0§§§���|x| < δ���§§§V (x) < rε.

���|ξ| < δ§§§KKK

V (ϕ(t, τ, ξ)) ≤ V (ξ) < rε, τ ≤ t < t1.

dddrε���½½½ÂÂÂ������|ϕ(t, τ, ξ)| < ε, τ ≤ t < t1. dddòòòÐÐÐ555½½½nnn)))���òòòÐÐÐ

���+∞.
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n. Lyapunov1��{

~~~5 ???ØØØ���§§§|||

x′ = y, y′ = −f(x, y)y − g(x) (3)

""")))���­­­½½½555§§§ÙÙÙ¥¥¥f(x, y)ÚÚÚg(x)ëëëYYY§§§���333���:::(0, 0) NNN

CCCf(x, y) ≥ 0, xg(x) > 0, x 6= 0.

---

V (x, y) =
y2

2
+

∫ x

0
g(s)ds,

KKKV ���½½½§§§���

dV

dt

∣∣
(3) = −f(x, y)y2

���KKK½½½§§§ÏÏÏdddXXXÚÚÚ���""")))´́́­­­½½½���"""
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n. Lyapunov1��{

~~~6 ???ØØØ���§§§|||

x′ = y3, y′ = −x3 (4)

""")))���­­­½½½555.

--- V (x, y) = x4 + y4§§§KKKV ���½½½§§§���

dV

dt

∣∣
(4) = 0

���KKK½½½§§§ÏÏÏdddXXXÚÚÚ���""")))´́́­­­½½½���§§§���ØØØ´́́ììì???­­­½½½���.

£££x4(t) + y4(t) = c¤¤¤
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n. Lyapunov1��{

~~~7 ???ØØØ���§§§|||

x′ = 2y + yz − x3, y′ = −x− xz − y3, z′ = xy − z3 (5)

""")))���­­­½½½555.

---

V (x, y) = ax2 + by2 + cz2,

ÙÙÙ¥¥¥a > 0, b > 0, c > 0���½½½§§§KKK

dV

dt

∣∣
(5) = 2(2a− b)xy + 2(a− b + c)xyz − 2(ax4 + by4 + cz4)

ÀÀÀ���2a− b = 0, a− b + c = 0§§§KKKV ���½½½§§§
dV

dt
KKK½½½§§§ÏÏÏdddXXXÚÚÚ���""")))

´́́ììì???­­­½½½���"""
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n. Lyapunov1��{

½½½nnn XXXJJJ���333¼¼¼êêêV (x)÷÷÷vvv

(i) V (x)���½½½"""

(ii)
dV

dt

∣∣
(1) ���KKK½½½"""

(iii) ¦¦¦���
dV

dt
= 0���x���888ÜÜÜ¥¥¥ØØØ""")))			ØØØ���¹¹¹���§§§|||������^̂̂������

;;;���"""

KKK""")))ììì???­­­½½½"""

~~~µµµ
dx

dt
= y,

dy

dt
= −g

`
sinx− µ

m
y.

V (x, y) =
1
2
y2 +

g

`
(1− cos x)
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n. Lyapunov1��{

(II) ²²²¡¡¡������ggg£££XXXÚÚÚ""")))���­­­½½½555(((JJJ

���ÄÄÄXXXÚÚÚ:
dx

dt
= f(x)

ÙÙÙ¥¥¥x ∈ R2. bbb���f(x)333R2þþþëëëYYY������§§§f(0) = 0. XXXJJJkkk

det

(
∂f

∂x

)
> 0, trace

(
∂f

∂x

)
< 0,

KKKXXXÚÚÚ���""")))´́́���ÛÛÛììì???­­­½½½���"""

∂f

∂x
=

 ∂f1

∂x1

∂f1

∂x2
∂f2

∂x1

∂f2

∂x2



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�½Lyapunov¼ê

½½½ÂÂÂ2.1 W (x) : S → R´́́���½½½���§§§XXX���

(∀x 6= 0) : W (x) > 0, W (0) = 0 (6)

V (t, x) : Rθ × S → R´́́���½½½���§§§XXX���

(∃W (x)���½½½)(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ W (x)���V (t, 0) = 0 (7)

V (t, x) : Rθ × S → R´́́������½½½���(½½½���KKK½½½���)§§§XXX���

(∀(t, x) ∈ Rθ × S) : V (t, x) ≥ 0���V (t, 0) = 0 (8)

aaaqqq���±±±kkkKKK½½½!!!���KKK½½½(������½½½)���VVVggg.
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~f

~~~2.1 eeeP = P T ∈ Rn×n, V (x) = xT Px,KKKV (x)���½½½������===

���P ´́́���½½½ééé¡¡¡ÝÝÝ


.

~~~2.2 V (t, x) =
xT x

1 + t2
´́́������½½½������ØØØ´́́���½½½���.

~~~2.3 V (x) = 1 + xT xØØØ´́́���½½½¼¼¼êêê§§§���,,,§§§äääkkk

(∀x 6= 0) : V (x) > 0

���V (0) = 1 6= 0.
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��

ẋ = f(t, x), f(t, 0) = 0 (9)

kkk���AAA���­­­½½½555½½½nnnÚÚÚìììCCC­­­½½½555½½½nnnµµµ

½½½nnn XXXJJJ���333Lyapunov¼¼¼êêêV §§§¦¦¦���

(i) V (t, x) ∈ C1(Rθ × S).

(ii) ∃ρ > 0,Bρ ⊂ S§§§V (t, x)333Rθ ×Bρþþþ���½½½���
·

V (t, x)|(3.1) ≤ 0.

KKK(9)���""")))­­­½½½"""
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½½½nnn eeeéééXXXÚÚÚ

ẋ = f(t, x), f(t, 0) = 0 (10)

���333������������¼¼¼êêêV (t, x) : Rθ × S → R���nnn���Kaaa¼¼¼

êêêα(·), β(·)���γ(·)§§§¦¦¦kkk

1◦.(∀(t, x) ∈ Rθ × S) : α(‖x‖) ≤ V (t, x) ≤ β(‖x‖);

2◦.(∀(t, x) ∈ Rθ × S) : V̇ (t, x)|(5.1) ≤ −γ(‖x‖).

KKK""")))ìììCCC­­­½½½"""

������µµµ

P150: 1(1,3); 2; 3.
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