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dnx

dtn
+ a1(t)

dn−1x

dtn−1
+ · · ·+ an(t)x = 0 (1)
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���///Iµµµeee���¦¦¦ÑÑÑ���§§§(1)������������²²²���)))x = ϕ(t)§§§KKK���ÏÏÏLLLCCC

���x = ϕ(t)yòòò§§§üüü¤¤¤n− 1������§§§"""

(i.) ---x = ϕ(t)y§§§KKK���§§§zzz���

ϕ(t)
dny

dtn
+ b1(t)

dn−1y

dtn−1
+ · · ·+ bn(t)y = 0. (2)

(ii.) x = ϕ(t)´́́���§§§(1)���)))⇔ y = 1´́́���§§§(2)���)))⇒ bn(t) = 0.

(iii.) ---z =
dy

dt
§§§KKK���§§§zzz���n− 1������§§§

dn−1z

dtn−1
+ C1(t)

dn−2z

dtn−2
+ · · ·+ cn−1(t)z = 0

ÙÙÙ¥¥¥Ci(t) =
bi(t)
ϕ(t)

.
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~~~7.1 ¦¦¦���������§§§
d2x

dt2
+ a(t)

dx

dt
+ b(t)x = f(t)���ÏÏÏ)))§§§®®®���ééé

AAA���àààggg���§§§������������""")))x = ϕ(t).

ϕ(t)y′′ + (2ϕ′(t) + a(t)ϕ(t))y′ = f(t)

~~~7.2 ¦¦¦���§§§t
d3x

dt3
+ 3

d2x

dt2
− t

dx

dt
− x = 0���ÏÏÏ)))§§§®®®���x =

1
t

´́́

ÙÙÙAAA)))"""

x =
1
t
y, y′′′ − y′ = 0

x = C1
1
t
et − C2

1
t
e−t + C3

1
t
.
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5557.1 kkk���²²²CCC���x = ϕ(t)y§§§���¦¦¦ÙÙÙ§§§,,,���XXXêêê���"""§§§kkk
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���ÄÄÄ���������§§§
d2x

dt2
+ a(t)

dx

dt
+ b(t)x = f(t)§§§---x = ϕ(t)y§§§ÀÀÀ

���ϕ(t)§§§¦¦¦���
dy

dt
���XXXêêê���"""µµµ

2ϕ′(t) + a(t)ϕ(t) = 0, ϕ(t) = e−
1
2

R
a(t)dt.

~~~7.3
d2x

dt2
+ sin t

dx

dt
+

1
4
(sin2 t + 2 cos t + 4)x = 0.

ÀÀÀ���ϕ(t) = e
1
2

cos t§§§KKK
d2y

dt2
+ y = 0.
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ϕ1(t), · · · , ϕn−1(t)§§§|||^̂̂444������úúúªªª���¦¦¦ÑÑÑ,,,���AAA)))§§§¦¦¦§§§������

ååå���¤¤¤���§§§���������ÄÄÄ���)))|||"""

���ÄÄÄn− 1������555���§§§µµµ∣∣∣∣∣∣∣∣∣∣∣∣

x ϕ1(t) · · · ϕn−1(t)

x′ ϕ′
1(t) · · · ϕ′

n−1(t)
...

...
. . .

...

x(n−1) ϕ
(n−1)
1 (t) · · · ϕ

(n−1)
n−1 (t)

∣∣∣∣∣∣∣∣∣∣∣∣
= Ce

−
R t

t0
a1(s)ds

(3)

KKKkkk
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(i) ���§§§(3)���)))���½½½´́́���§§§(1)���)))£££yyy²²²���eee������¤¤¤"""

(ii) ¦¦¦ÑÑÑ(3)���������)))ϕn(t)§§§¦¦¦ÙÙÙ���ϕ1(t), · · · , ϕn−1(t)���ååå���¤¤¤���

§§§(1)���������ÄÄÄ���)))|||"""

���½½½~~~êêêC 6= 0(C = 1)§§§¦¦¦)))n− 1������555���§§§(3)§§§���ϕn(t)´́́ÙÙÙ

������)))§§§KKKϕ1(t), · · · , ϕn−1(t), ϕn(t)���¤¤¤


���§§§(1)���������ÄÄÄ���)))

|||"""
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(1) ϕ1(t), · · · , ϕn−1(t)´́́���§§§(3)éééAAA���àààggg���§§§���������ÄÄÄ���)))|||"""
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(2) ���333ϕ0(t)¦¦¦ÙÙÙ���ϕ1(t), · · · , ϕn−1(t)���¤¤¤���§§§(1)���������ÄÄÄ���)))|||"""

KKK

W [ϕ0(t), ϕ1(t), · · · , ϕn−1(t)] = C0e
−

R t
t0

a1(s)ds

ÙÙÙ¥¥¥W [ϕ0(t), ϕ1(t), · · · , ϕn−1(t)]LLL«««dddϕ0(t), ϕ1(t), · · · , ϕn−1(t)���

¤¤¤���Wronski111���ªªª§§§W [ϕ0(t0), ϕ1(t0), · · · , ϕn−1(t0)] = C0.

uuu´́́

W [C−1
0 Cϕ0(t), ϕ1(t), · · · , ϕn−1(t)] = Ce

−
R t

t0
a1(s)ds

.

===C−1
0 Cϕ0(t)´́́���§§§(3)���)))"""
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(3) ÏÏÏC−1
0 Cϕ0(t)´́́���§§§(3)���������AAA)))§§§uuu´́́

x = C1ϕ1(t) + · · ·+ Cn−1ϕn−1(t) + C−1
0 Cϕ0(t)

´́́���§§§(3)���ÏÏÏ)))"""

(4) ééé???¿¿¿Ci§§§þþþããã¼¼¼êêêx���½½½´́́���§§§(1)���)))§§§lll


`̀̀²²²


(3)���)))���

½½½´́́���§§§(1)���)))"""
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~~~£££~~~7.1¤¤¤ ���������§§§x′′ + a(t)x′ + b(t)x = 0§§§®®®������

)))ϕ1(t) 6= 0§§§¦¦¦���§§§���555ÃÃÃ'''���,,,���)))"""

ϕ2(t) = ϕ1(t)
∫

e−
R

a(t)dt

ϕ2
1(t)

dt.
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tnx(n) + a1t
n−1x(n−1) + · · ·+ an−1tx

′ + anx = 0.

---

t =

 es, t > 0

−es, t < 0

���t > 0���§§§kkk
dx

dt
=

dx

ds

ds

dt
= e−s dx

ds
,

d2x

dt2
=

d(e−s dx

ds
)

ds
· ds

dt
= e−2s

(
d2x

ds2
− dx

ds

)
,
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d3x

dt3
= e−3s

(
d3x

ds3
− 3

d2x

ds2
+ 2

dx

ds

)
.

888BBB{{{§§§bbb���

dmx

dtm
= e−ms

(
dmx

dsm
+ b1

dm−1x

dsm−1
+ · · ·+ bm−1

dx

ds

)
¤¤¤ááá§§§KKK

dm+1x

dtm+1
=

d(
dmx

dtm
)

ds
· ds

dt
= e−(m+1)s

(
dm+1x

dsm+1
+ c1

dmx

dsm
+ · · ·+ bm

dx

ds

)
.

òòò���������êêê���\\\������§§§§§§���ªªªzzz���±±±s���gggCCCþþþ���~~~XXXêêê���555���§§§
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~~~7.4 )))���§§§µµµt2x′′ − 4tx′ + 6x = t + t2 ln t.

£££���uuu¦¦¦t > 0������§§§���)))¤¤¤

---t = es§§§KKKkkk

d2x

ds2
− 5

dx

ds
+ 6x = es + se2s

() October 27, 2016 14 / 17



1��»�Ý�O�

111������»»»���ÝÝÝµµµuuu���<<<EEE¥¥¥(((������������ÝÝÝ"""

���Mµµµ///¥¥¥������þþþ§§§mµµµ¥¥¥(((������þþþ§§§rµµµ///¥¥¥���///%%%���¥¥¥(((­­­%%%

���mmm���ååålll§§§kµµµÚÚÚååå~~~êêê""" m
d2r

dt2
= −k

mM

r2

r(0) = R,
dr

dt
|t=0 = v0

dv

dr
· dr

dt
= −k

M

r2
, v

dv

dr
= −k

M

r2
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1
2
v2 =

kM

r
+ C.

|||^̂̂r = R���v = v0§§§KKK

1
2
v2 =

kM

r
+

1
2
v2
0 −

kM

R
.

ÏÏÏ���v > 0§§§


���r���ØØØäääOOO���
kM

r
CCC���???¿¿¿���§§§ÏÏÏddd

1
2
v2
0 −

kM

R
≥ 0, v0 ≥

√
2kM

R
.

|||^̂̂r = R���§§§­­­ååå\\\���ÝÝÝ���g§§§KKKkkkg =
kM

R2
§§§===kM = gR2§§§���

v0 ≥
√

2gR =
√

2× 9.8× 6.3× 105 = 11.2× 103£££���/¦¦¦¤¤¤"""
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P67: 2(1), 2(3).
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