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A������???êêê

I + A +
1
2!

A2 + · · · + 1
n!

An + · · ·

ýýýéééÂÂÂñññ"""½½½ÂÂÂeA =
∞∑

n=0

1
n!

An.

eAt =
∞∑

n=0

1
n!

(tA)n.
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���êêê¼¼¼êêêeAt kkkeee���555���µµµ

(i) AeAt = eAtA

(ii) eeeAB = BA§§§KKKe(A+B)t = eAt · eBt = eBt · eAt.

(iii) eAt���___§§§���(eAt)−1 = e−At.

(iv) eeeP���___§§§KKKePAP−1t = PeAtP−1.
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½½½nnn2.1 ÝÝÝ


���êêê¼¼¼êêêΦ(t) = eAt´́́~~~XXXêêêàààggg���555���©©©���§§§|||

���������ÄÄÄ���)))ÝÝÝ


§§§���Φ(0) = I. £££¡¡¡���IIIOOOÄÄÄ���)))ÝÝÝ


¤¤¤

���ÏÏÏµµµI + At +
1
2
A2t2 + · · ·+ 1

k!
Aktk + · · ·333???ÛÛÛkkk���«««mmmþþþ������

ÂÂÂñññ���eAt§§§===

Φ(t) = eAt = I + At +
1
2
A2t2 + · · · + 1

k!
Aktk + · · ·

ÅÅÅ������©©©§§§KKKkkk
dΦ(t)

dt
= AeAt = AΦ(t).
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���f(t)333«««mmmIþþþëëëYYY§§§~~~XXXêêê���àààggg���555���§§§|||ÏÏÏ)))µµµ

x = eAtC +
∫ t

t0

eA(t−s)f(s)ds.

ÙÙÙ¥¥¥C���???¿¿¿~~~êêê���þþþ§§§t0 ∈ I.
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~~~2.1

A =


a1

a2

. . .

an

§§§eAt =


ea1t

ea2t

. . .

eant

.
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~~~2.2 ���A =

 1 1

0 1

§§§¦¦¦eAt.

(i) A = I +

 0 1

0 0

 = I + B, B2 = 0.

(ii) eAt = eIt · eBt.

(iii) eIt =

 et 0

0 et

 , eBt = I + tB =

 1 t

0 1

.

(iv) eAt =

 et 0

0 et

  1 t

0 1

 =

 et tet

0 et

.
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(i) ���333���___ÝÝÝ


T¦¦¦���T−1AT = J§§§ÙÙÙ¥¥¥

J =


J1

J2

. . .

Js

 , Ji =



λi 1

λi 1
. . .

. . .

λi 1

λi


ni×ni

(ii) eAt = TeJtT−1 = T


eJ1t

eJ2t

. . .

eJst

 T−1.
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(iii) ¦¦¦eJit.

Ji = λiI + N, N =


0 1

. . .
. . .

0 1

0

 , Nni = 0
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eJit = eλit ·
(

I + tN + · · · + tni−1

(ni − 1)!
Nni−1

)

= eλit



1 t
t2

2!
· · · tni−1

(ni − 1)!

1 t · · · tni−2

(ni − 2)!
. . .

. . .
...

1 t

1


eJit���þþþnnn���ÝÝÝ
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(1) eAt = TeJtT−1´́́ÄÄÄ���)))ÝÝÝ


"""

(2) T���___§§§eAtT = TeJt���´́́ÄÄÄ���)))ÝÝÝ


"""

(3) þþþããã���{{{���`̀̀""":::"""
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�½Xê{)�§|ẋ = Ax

(�) A���kkküüü���������///"""

(�) Akkk­­­���������///"""

£££���¤¤¤A���kkküüü���������///

���Akkkn���ØØØÓÓÓ���AAA������λ1, · · · , λn"""

���333���___ÝÝÝ


T¦¦¦A = TJT−1 = T


λ1

. . .

λn

 T−1.

ÄÄÄ���)))ÝÝÝ


Φ(t) = TeJt.
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�½Xê{)�§|ẋ = Ax

Φ(t) = TeJt = (r1 r2 · · · rn)


eλ1t

eλ2t

. . .

eλnt


= (eλ1tr1 eλ2tr2 · · · eλntrn).

===eλ1tr1 eλ2tr2 · · · eλntrn´́́���©©©���§§§���n������555ÃÃÃ''')))"""

òòòx = eλitri���\\\���§§§ẋ = Ax§§§KKKkkk(A − λiI)ri = 0. ===ri´́́λiéééAAA

���AAA������þþþ"""
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½½½nnn2.2 ���n���ÝÝÝ


Akkkn���ØØØÓÓÓ���AAA������λ1, · · · , λn§§§KKK

Φ(t) = (eλ1tr1 eλ2tr2 · · · eλntrn)

´́́���§§§���������ÄÄÄ���)))ÝÝÝ


§§§ÙÙÙ¥¥¥ri���A���éééAAAuuuλi���AAA������þþþ"""

555£££i¤¤¤µµµΦ(0) = (r1, · · · , rn)§§§detΦ(0) 6= 0.

áááuuuØØØÓÓÓAAA���������AAA������þþþ´́́���555ÃÃÃ'''���"""

555£££ii¤¤¤µµµ½½½nnn2.2UUUÄÄÄííí222§§§XXXÛÛÛííí222ººº£££A���ééé���zzz������///¤¤¤
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�½Xê{)�§|ẋ = Ax

~~~2.3 ¦¦¦���§§§|||

dx

dt
=


5 −28 −18

−1 5 3

3 −16 −10

 x

���ÏÏÏ)))"""

AAA������µµµλ1 = 0, λ2 = 1, λ3 = −1

λ = 0éééAAA���AAA������þþþ


2

1

−1


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EEE���)))===zzz���¢¢¢���)))"""

~~~2.4 ¦¦¦���§§§|||
dx

dt
=

 1 1

−1 1

 x ���ÏÏÏ)))"""

e(1+i)t

 1

i


zzz���ppp������§§§
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�½Xê{)�§|ẋ = Ax

������µµµ

(1) )))���§§§µµµẋ =

 3 4

5 2

 x +

 0

2et

.

(2) )))���§§§µµµ
dx

dt
=


−5 −10 −20

5 5 10

2 4 9

 x.
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