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2.6 T��§ÚÈ©Ïf

~~~µµµxydx+
(
x2

2
+

1
y

)
dy = 0.

½½½ÂÂÂµµµ���§§§

M(x, y)dx+N(x, y)dy = 0 (1)

¡¡¡���TTT������§§§½½½������©©©���§§§§§§XXXJJJ���333������¼¼¼êêêU(x, y)§§§¦¦¦���

dU(x, y) = M(x, y)dx+N(x, y)dy.

∂U(x, y)
∂x

= M(x, y),
∂U(x, y)
∂y

= N(x, y).

ÏÏÏ)))µµµU(x, y) ≡ C§§§C���???¿¿¿~~~êêê"""
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2.6 T��§ÚÈ©Ïf

XXXÛÛÛ���âââM(x, y)ÚÚÚN(x, y)555���äää���������§§§´́́½½½öööØØØ´́́TTT������

§§§ººº

XXXJJJ´́́TTT������§§§§§§XXXÛÛÛ¦¦¦ÑÑÑU(x, y)ººº

XXXJJJØØØ´́́TTT������§§§§§§UUUÄÄÄ===zzz���TTT������§§§?
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T��§��½9¦)

½½½nnn2.3 ���¼¼¼êêêM(x, y)ÚÚÚN(x, y)333«««

���G : a < x < b, α < y < βþþþëëëYYY§§§���kkkëëëYYY���������   ���

êêêMy =
∂M

∂y
ÚÚÚNx =

∂N

∂x
§§§KKK���§§§(1)´́́TTT������§§§���¿¿¿���^̂̂������

∂M

∂y
=
∂N

∂x
, (x, y) ∈ G. (2)

���(2)¤¤¤ááá���kkk

U(x, y) =
∫ x

x0

M(x, y)dx+
∫ y

y0

N(x0, y)dy. (3)

½½½

U(x, y) =
∫ x

x0

M(x, y0)dx+
∫ y

y0

N(x, y)dy, (4)

ÙÙÙ¥¥¥(x0, y0) ∈ G´́́???¿¿¿���½½½���:::"""
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T��§��½9¦)

©©©ÛÛÛ:

(I)µµµeee���§§§´́́TTT������§§§§§§KKK

∂U(x, y)
∂x

= M(x, y),
∂U(x, y)
∂y

= N(x, y) (5)

∂M

∂y
=

∂2U

∂y∂x
=

∂2U

∂x∂y
=
∂N

∂x
.

(II): 333bbb½½½
∂M

∂y
=
∂N

∂x
eee���EEEU(x, y)§§§¦¦¦���(5)¤¤¤ááá"""

∂U

∂x
= M(x, y) ⇒

U(x, y) =
∫ x

x0

M(x, y)dx+ ψ(y). (6)
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T��§��½9¦)

uuu´́́
∂U

∂y
=

∫ x
x0

∂M(x, y)
∂y

dx+ ψ′(y)

=
∫ x
x0

∂N(x, y)
∂x

dx+ ψ′(y)

= N(x, y)−N(x0, y) + ψ′(y)

|||^̂̂
∂U

∂y
= N(x, y)

⇒ ψ′(y) = N(x0, y) ⇒ ψ(y) =
∫ y

y0

N(x0, y)dy.

ddd(6)§§§KKKkkk

U(x, y) =
∫ x

x0

M(x, y)dx+
∫ y

y0

N(x0, y)dy.

ÓÓÓnnn���íííÑÑÑ(4)"""() September 26, 2016 6 / 20



T��§��½9¦)

½½½nnn2.3���yyy²²²µµµ���������yyy"""

333üüüëëëÏÏÏ«««���Gþþþ§§§^̂̂���
∂M

∂y
=
∂N

∂x
���yyy


­­­���ÈÈÈ©©©

U(x, y) =
∫ (x,y)

(x0,y0)
[M(x, y)dx+N(x, y)dy]

���ÈÈÈ©©©´́́»»»ÃÃÃ'''"""������AAAÏÏÏ���´́́»»»XXXãããµµµ

(x0, y0) → (x, y0) → (x, y).
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T��§��½9¦)

)))���§§§µµµxydx+
(
x2

2
+

1
y

)
dy = 0.

ÏÏÏ)))µµµ
x2

2
y + `n|y| = C.

£££|||^̂̂½½½nnn2.3999©©©|||nnn������©©©üüü«««���{{{¤¤¤
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È©Ïf�{

XXXJJJ���333¼¼¼êêêµ(x, y) 6≡ 0¦¦¦������§§§

µ(x, y)M(x, y)dx+ µ(x, y)N(x, y)dy = 0

���TTT������§§§§§§KKK¡¡¡µ(x, y)������§§§Mdx+Ndy = 0���ÈÈÈ©©©ÏÏÏfff"""

������§§§���)))���µµµU(x, y) = C§§§ÙÙÙ¥¥¥

dU = µ(x, y)M(x, y)dx+ µ(x, y)N(x, y)dy.
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È©Ïf�{

µ(x, y)������ÈÈÈ©©©ÏÏÏfff⇔ ∂(µM)
∂y

=
∂(µN)
∂x

"""===

N
∂µ

∂x
−M

∂µ

∂y
=

(
∂M

∂y
− ∂N

∂x

)
µ. (7)

���§§§(7)´́́±±±µ(x, y)���������¼¼¼êêê���������   ���©©©���§§§§§§)))���333���������

���¹¹¹eeeØØØ´́́¦¦¦)))"""

ÈÈÈ©©©ÏÏÏfff���½½½���333"""
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�§k��xk'�È©Ïf

(I) ���§§§kkk������xkkk'''���ÈÈÈ©©©ÏÏÏfffµ = µ(x):

dµ

µ
=

∂M

∂y
− ∂N

∂x

N
dx.

(((ØØØµµµ���§§§kkk������xkkk'''���ÈÈÈ©©©ÏÏÏfffµ = µ(x)������===���

∂M

∂y
− ∂N

∂x

N

���´́́x���¼¼¼êêê§§§���ÙÙÙ���ψ(x)§§§KKK

dµ

µ
= ψ(x)dx, µ(x) = e

R
ψ(x)dx.
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�§k��yk'�È©Ïf

(II) ���§§§kkk������ykkk'''���ÈÈÈ©©©ÏÏÏfffµ = µ(y):

dµ

µ
=

∂M

∂y
− ∂N

∂x

−M
dy.

(((ØØØµµµ���§§§kkk������ykkk'''���ÈÈÈ©©©ÏÏÏfffµ = µ(y)������===���

∂M

∂y
− ∂N

∂x

−M

���´́́y���¼¼¼êêê§§§���ÙÙÙ���φ(y)§§§KKK

dµ

µ
= φ(y)dy, µ(y) = e

R
φ(y)dy.
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�§k/Xµ = µ(ϕ(x, y))�È©Ïf

(III) ���§§§kkk///XXXµ = µ(ϕ(x, y))���ÈÈÈ©©©ÏÏÏfff:

dµ

µ
=

∂M

∂y
− ∂N

∂x

N(x, y)
∂ϕ

∂x
−M

∂ϕ

∂y

dϕ.

(((ØØØµµµ���§§§kkk///XXXµ = µ(ϕ(x, y))���ÈÈÈ©©©ÏÏÏfff������===���
∂M

∂y
− ∂N

∂x

N(x, y)
∂ϕ

∂x
−M

∂ϕ

∂y

���´́́ϕ(x, y)���¼¼¼êêê§§§���ÙÙÙ���g(ϕ(x, y))§§§KKK

dµ

µ
= g(ϕ)dϕ, µ(ϕ(x, y)) = e

R
g(u)du|u=ϕ(x,y).
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È©Ïf�{

µ(xαyβ), µ(x± y), µ(xy), µ(
y

x
), µx2 ± y2).

~~~2.6-1 )))���§§§µµµ(y2 − 3xy + 1)dx+ (xy − x2)dy = 0.

£££µ = x, U =
1
2
x2y2 − x3y +

1
2
x2.¤¤¤

~~~2.6-2 )))���§§§µµµ(xy + y2)dx+ (xy + y + 1)dy = 0.

£££µ =
1
y
, U =

1
2
x2 + xy + y + `n|y|, ~~~êêê)))y = 0.¤¤¤
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È©Ïf�{

~~~2.6-3 ¦¦¦���§§§���ÈÈÈ©©©ÏÏÏfffµµµ
dy

dx
+ p(x)y = q(x).

~~~2.6-4 ¦¦¦���§§§���ÈÈÈ©©©ÏÏÏfffµµµ

M1(x)M2(y)dx+N1(x)N2(y)dy = 0.

ÙÙÙ¥¥¥M1,M2, N1, N2þþþ���ëëëYYY¼¼¼êêê"""
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È©Ïf���5

ÈÈÈ©©©ÏÏÏfff���������555µµµ

ÚÚÚnnn: XXXJJJµ´́́���§§§Mdx+Ndy = 0���ÈÈÈ©©©ÏÏÏfff§§§���

dU = µMdx+ µNdy.

KKKµϕ(U)���´́́���§§§���ÈÈÈ©©©ÏÏÏfff§§§ÙÙÙ¥¥¥ϕ(U)´́́U���???���ëëëYYY¼¼¼êêê"""

£££���ÏÏÏµµµµϕ(U)Mdx+ µϕ(U)Ndy = ϕ(U)dU = dφ(U)¤¤¤
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¦È©Ïf�©|�{

(i) ���§§§©©©|||µµµ(M1dx+N1dy) + (M2dx+N2dy) = 0.

(ii) ������§§§M1dx+N1dy = 0kkkÈÈÈ©©©ÏÏÏfffµ1§§§===���333U1¦¦¦���

dU1 = µ1M1dx+ µ1N1dy.

KKKµ1ϕ(U1)´́́111���|||���§§§���ÈÈÈ©©©ÏÏÏfff§§§ÙÙÙ¥¥¥ϕ(·)´́́???¿¿¿ëëëYYY¼¼¼êêê"""

(iii) ������§§§M2dx+N2dy = 0kkkÈÈÈ©©©ÏÏÏfffµ2§§§===���333U2¦¦¦���

dU2 = µ2M2dx+ µ2N2dy.

KKKµ2ψ(U2)´́́111���|||���§§§���ÈÈÈ©©©ÏÏÏfff§§§ÙÙÙ¥¥¥ψ(·)´́́???¿¿¿ëëëYYY¼¼¼êêê"""

(iv) ÀÀÀJJJ¼¼¼êêêϕÚÚÚψ¦¦¦���µ1ϕ(U1) = µ2ψ(U2) = µ, KKKµ���������§§§���������

ÈÈÈ©©©ÏÏÏfff"""
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¦È©Ïf�©|�{

~~~2.6-5 )))���§§§µµµ(y2 + 2x2y)dx+ (xy + x3)dy = 0.

©©©|||µµµ(y2dx+ xydy) + (2x2ydx+ x3dy) = 0.

µ1 =
1
y
, U1 = xy, µ2 =

1
x
, U2 = x2y.

µ =
1
y
ϕ(xy) =

1
x
ψ(x2y).

���ϕ(u) = uα, ψ(u) = uβ§§§(((½½½α, β.
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¦È©Ïf�©|�{

~~~2.6-6 )))���§§§µµµ(
y

x
+ 3x2)dx+ (1 +

1
y
x3)dy = 0.

ÏÏÏ)))µµµ
(xy)3

3
+

(x3y)2

2
= C
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��

µ1 = x, U1 = xy, µ2 = y, U2 = x3y.

ggg���KKKµµµAAA«««���{{{£££àààggg���§§§!!!���555���§§§!!!TTT������§§§¤¤¤���'''���999

ÙÙÙéééXXX"""

������µµµ

P21: 1(1), 1(4).

P30: 1(1), 1(5), 1(6), 1(7), 2, 3.
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