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3.1 CþO�

aaa...Iµµµ
dy

dx
= −y

x
+ f(xy).

���§§§zzz���µµµxf(xy)dx = xdy + ydx = d(xy).

---u = xy§§§KKK
du

dx
= xf(u).

~~~3.1-1 )))���§§§µµµ
dy

dx
+
y

x
+ 4x2y2 + 1 = 0.

ÏÏÏ)))µµµy = − 1
2x
tg(x2 + C)§§§C���???¿¿¿~~~êêê"""
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3.1 CþO�

aaa...IIµµµ
dy

dx
= p(x) + q(x)eay, a 6= 0.

---u = eay§§§KKK

du

dx
= ap(x)u+ aq(x)u2.

���ËËËããã|||���§§§"""

~~~3.1-2 )))���§§§µµµ
dy

dx
=

1
x

(x2ey − 1).

ÏÏÏ)))µµµy = −`n(Cx− x2)§§§C���???¿¿¿~~~êêê"""
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3.1 CþO�

aaa...IIIµµµ
dy

dx
= xf(ax+ b

y

x
) +

y

x
§§§ÙÙÙ¥¥¥a, b���~~~êêê"""

£££mmmààà¼¼¼êêê´́́x999
y

x
���¼¼¼êêê"""¤¤¤

---u =
y

x
§§§KKK

du

dx
= f(ax+ bu).

~~~3.1-3 )))���§§§µµµ
dy

dx
=

(x2 + y)2 + y

x
.

���§§§zzz���µµµ
dy

dx
= x(x+

y

x
)2 +

y

x
.

ÏÏÏ)))µµµy = xtg(x+ C) − x2§§§C���???¿¿¿~~~êêê"""
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3.1 CþO�

aaa...IVµµµ
dy

dx
= `x

√
ax4 + bx2 + cy§§§ÙÙÙ¥¥¥a, b, c, ` ÑÑÑ´́́~~~êêê"""

���§§§zzz���µµµ

2
dy

dx2
= `

√
ax4 + bx2 + cy

---t = x2§§§KKK2
dy

dt
= `

√
at2 + bt+ cy.

222---u =
√
at2 + bt+ cy§§§KKKkkk2u

du

dt
= 2at+

c`

2
u+ b.

===
du

dt
=

2at+
c`

2
u+ b

2u
. £££���zzz���àààggg���§§§¤¤¤

~~~3.1-4 )))���§§§µµµ
dy

dx
= 6x

√
x4 + y.

ÏÏÏ)))µµµ(
√
x4 + y − 2x2)4 · (2

√
x4 + y + x2) = C§§§C���???¿¿¿~~~êêê"""
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3.1 CþO�

aaa...Vµµµ
dy

dx
= ay` + bx

`

1 − ` ,

(
dy

dx
= ayβ + bxγ

)
ÙÙÙ¥¥¥a, b, ` ÑÑÑ´́́~~~êêê§§§ab` 6= 0, ` 6= 1.

(
1
β
− 1
γ

= 1
)

üüü>>>ØØØy`§§§KKK

(1 − `)
dy1−`

dx
= a+ b

x
`

1−`

y`
.

---u = y1−`§§§KKKy = u
1

1−` .

���§§§zzz���àààggg���§§§µµµ

du

dx
=

a

1 − `
+

b

1 − `
(
u

x
)

`

`− 1 .
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3.1 CþO�

~~~3.1-5 )))���§§§µµµ
dy

dx
= y2 − 2

x2
.

���{{{���µµµØØØy2§§§,,,���---u =
1
y
.

zzz���àààggg���§§§µµµ
du

dx
= 2(

u

x
)2 − 1.

���{{{���£££Riccati���§§§¤¤¤µµµ���§§§kkkAAA)))y =
1
x

§§§���CCC���y = u+
1
x
.

������§§§zzz���ËËËããã|||���§§§µµµ
du

dx
= u2 +

2
x
u.

() September 29, 2016 7 / 18



3.2 ��xÚy� �

������xÚÚÚy���   ���:

~~~3.2-1 )))���§§§µµµ
dy

dx
=

y

x+ y2
.

ÏÏÏ)))µµµx = cy + y2.
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3.3 UC�§�/ª

UUUCCC���§§§���///ªªª:

~~~3.3-1 )))���§§§µµµ
dy

dx
=

x− y + 2
x+ y2 + 4

.

���§§§���ddduuuµµµ(x− y + 2)dx− (x+ y2 + 4)dy = 0.§§§TTT������§§§"""

~~~3.3-2 )))���§§§µµµ(`nx+ xy2)dx+ 2x2ydy = 0.

���§§§zzz���µµµ
dy2

dx
= −`nx+ xy2

x2
= −1

x
y2 − `nx

x2
.
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§4 ��Û�§

///ªªªµµµF (x, y, y′) = 0. ¦¦¦)))ggg´́́µµµzzz���wwwªªª���§§§

aaa...I. )))ÑÑÑyµµµy = f(x, y′).

¦¦¦)))ÚÚÚ½½½µµµ

(i) ---y′ = p§§§KKKy = f(x, p).

(ii) üüü>>>éééx¦¦¦���µµµp = f ′x(x, p) + f ′p(x, p)
dp

dx
.

ddd���wwwªªª���§§§§§§eeeÏÏÏ)))���p = W (x,C)(x = V (p, C))§§§

½½½φ(x, p, C) = 0§§§KKK������§§§���)))���

y = f(x,W (x,C))

½½½ëëëêêê///ªªªµµµy = f(x, t), φ(x, t, C) = 0§§§t���ëëëêêê"""
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§4 ��Û�§

¦¦¦ÑÑÑp = W (x,C)§§§ØØØ������\\\y′ = p¥¥¥±±±������)))OOO)))§§§���½½½������£££

���'''XXXªªªy = f(x, p)¥¥¥"""

~~~4-1 )))���§§§µµµ(y′)2 − xy′ +
1
2
x2 − y = 0.

ÏÏÏ)))µµµy =
1
2
x2 + Cx+ C2, y =

1
4
x2.
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§4 ��Û�§

aaa...II. )))ÑÑÑxµµµx = f(y, y′).

¦¦¦)))ÚÚÚ½½½µµµ

(i) ---y′ = p§§§KKKx = f(y, p).

(ii) üüü>>>éééx¦¦¦���µµµ

1 = pf ′y(y, p) + f ′p(y, p)
dp

dx
= pf ′y(y, p) + pf ′p(y, p)

dp

dy
.

zzz���±±±y, p���CCCþþþ���wwwªªª���§§§"""

½½½öööuuux = f(y, p)üüü>>>������éééy¦¦¦���§§§ÓÓÓ���kkk

1
p

= f ′y(y, p) + f ′p(y, p)
dp

dy
.
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§4 ��Û�§

~~~4-2 )))���§§§µµµ(y′)3 − 4xyy′ + 8y2 = 0.

ÏÏÏ)))µµµy = C(x− C)2, y =
4
27
x3.
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§4 ��Û�§

aaa...III. ���§§§ØØØwww¹¹¹y§§§F (x, y′) = 0.

���www¤¤¤x, y′²²²¡¡¡������^̂̂­­­���§§§���ÙÙÙkkkëëëêêêLLL«««µµµ

x = ϕ(t), y′ = ψ(t).

òòòy^̂̂ëëëêêêtLLL«««µµµ

dy = y′dx = ψ(t)ϕ′(t)dt, y =
∫
ψ(t)ϕ′(t)dt+ C.

ëëëêêê)))���µµµ  x = ϕ(t)

y =
∫
ψ(t)ϕ′(t)dt+ C

.
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§4 ��Û�§

aaa...IV. ���§§§ØØØwww¹¹¹x§§§F (y, y′) = 0.

���www¤¤¤y, y′²²²¡¡¡������^̂̂­­­���§§§���ÙÙÙkkkëëëêêêLLL«««µµµ

y = ϕ(t), y′ = ψ(t).

òòòx^̂̂ëëëêêêtLLL«««µµµ

dx =
dy

y′
=
ϕ′(t)
ψ(t)

dt, x =
∫
ϕ′(t)
ψ(t)

dt+ C.

ëëëêêê)))���µµµ 
x =

∫ ϕ′(t)
ψ(t)

dt+ C

y = ϕ(t)
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§4 ��Û�§

~~~4-3 )))���§§§µµµx3 + (y′)3 − 3xy′ = 0.

---y′ = tx.

ÏÏÏ)))µµµ


x =

3t
1 + t3

y =
3
2

1 + 4t3

(1 + t3)2

~~~4-4 )))���§§§µµµy2(y′ − 1) = (2 − y′)2.

---2 − y′ = yt.

ÏÏÏ)))µµµy = x− 1
x− C

− C.
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§4 ��Û�§

aaa...V. F (x, y, y′) = 0.

���­­­¡¡¡kkkëëëêêê���§§§µµµ

x = ϕ(s, t), y = ψ(s, t), y′ = k(s, t).

dx =
∂ϕ

∂s
ds+

∂ϕ

∂t
dt, dy =

∂ψ

∂s
ds+

∂ψ

∂t
dt.

|||^̂̂'''XXXªªªµµµdy = y′dx ������µµµ(
∂ψ

∂s
− ∂ϕ

∂s
k

)
ds+

(
∂ψ

∂t
− ∂ϕ

∂t
k

)
dt = 0.

ùùù´́́������'''uuuCCCþþþs, t���wwwªªª���§§§"""
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§4 ��Û�§

������µµµ

P24: 1((1),(5),(8),(9),(12));

P25: 1((2),(5));

P26: 1((3),(7));

P35: 1((1),(8),(9))
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