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4.2 p��§�A«�Èa.

aaa...I F (x, y(n)) = 0.

eee)))ÑÑÑy(n) = f(x)§§§ÈÈÈ©©©nggg.

ÄÄÄKKK§§§���ÄÄÄëëëêêê���§§§///ªªªµµµ

x = ϕ(t), y(n) = ψ(t).

üüü���§§§rrry(n−1)^̂̂ëëëêêêtLLL«««:

dy(n−1) = y(n)dx = ψ(t)ϕ′(t)dt

⇒ y(n−1) =
∫
ψ(t)ϕ′(t)dt+ C1 = ψ1(t, C1).
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4.2 p��§�A«�Èa.

üüü���§§§rrry(n−2)^̂̂ëëëêêêtLLL«««:

dy(n−2) = y(n−1)dx = ψ1(t, C1)ϕ′(t)dt

⇒ y(n−2) =
∫
ψ1(t, C1)ϕ′(t)dt+ C2 = ψ2(t, C1, C2).

· · ·

y = ψn(t, C1, C2, · · · , Cn)

ÏÏÏ)))µµµ

 x = ϕ(t),

y = ψn(t, C1, C2, · · · , Cn).
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a.II

aaa...IIµµµF (x, y(n−2), y(n−1), y(n)) = 0.

---z = y(n−2)§§§zzz������������§§§µµµ

F (x, z, z′, z′′) = 0 (1)

1. ���§§§(1)ØØØwww¹¹¹gggCCCþþþxµµµF (z, z′, z′′) = 0.

---z′ = u§§§rrr���§§§zzz���¹¹¹kkkCCCþþþz, u������������§§§"""ddduuu

z′′ =
du

dz
· dz
dx

= u
du

dz
.

���§§§zzz���¹¹¹kkkCCCþþþzÚÚÚu���ÛÛÛªªª///ªªªµµµF (z, u, u
du

dz
) = 0.
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a.II

~~~4.2-1 )))���§§§µµµz′′ = f(z).

���{{{���µµµ---z′ = u§§§KKK

z′′ =
du

dz
· dz
dx

= u
du

dz
.

���§§§zzz���µµµu
du

dz
= f(z).

���§§§üüüààà¦¦¦2z′§§§KKKkkk2z′z′′ = 2f(z)z′.

dz′2

dx
= 2f(z)z′.

dz′2 = 2f(z)dz ⇒ z′2 =
∫

2f(z)dz + C1.

ddd���§§§���������CCCþþþ���©©©lll���§§§.
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a.II

~~~4.2-2 )))���§§§µµµa2y(4) = y′′.

2. ���§§§(1)ØØØwww¹¹¹CCCþþþzµµµF (x, z′, z′′) = 0.

---z′ = u§§§KKK���§§§zzz������������§§§µµµF (x, u, u′) = 0.
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a.II

3. ���§§§(1)¥¥¥F'''uuuCCCþþþz, z′, z′′´́́mgggàààggg¼¼¼êêê§§§===

F (x, tz, tz′, tz′′) = tmF (x, z, z′, z′′).

---z′ = uz§§§KKK

z′′ = u′z + uz′ = (u′ + u2)z.

F (x, z, z′, z′′) = F (x, z, uz, (u′ + u2)z) = zmF (x, 1, u, u′ + u2).

���§§§zzz������������§§§µµµ

F (x, 1, u, u′ + u2) = 0
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a.II

4. ���§§§(1)¥¥¥F'''uuuÙÙÙCCCþþþ´́́222ÂÂÂàààggg¼¼¼êêê§§§===

F (λx, λmz, λm−1z′, λm−2z′′) = λkF (x, z, z′, z′′).

---x = et, z = uemt§§§ÙÙÙ¥¥¥t´́́###���gggCCCþþþ§§§u = u(t)´́́###���������¼¼¼

êêê§§§KKKkkk

z′ =
dz

dt
· dt
dx

= e(m−1)t(u′ +mu),

z′′ =
dz′

dt
· dt
dx

= e(m−2)t(u′′ + (2m− 1)u′ +m(m− 1)u).

���§§§zzz���ØØØwww¹¹¹gggCCCþþþ������������§§§µµµ

F (1, u, u′ +mu, u′′ + (2m− 1)u′ +m(m− 1)u) = 0.
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a.II

~~~4.2-3 )))���§§§µµµxyy′′ − yy′ − xy′2 = 0.

���ààà'''uuuy, y, , y′′´́́���gggàààggg¼¼¼êêê§§§---y′ = yu. KKKy = 0, xu′ = u.

ÏÏÏ)))µµµy = c2e
c1x2

.

~~~4.2-4 )))���§§§µµµ2x2yy′′ − 6xyy′ + 8y2 − x4 = 0.

F (tx, tmy, tm−1y′, tm−2y′′) = t2m(2x2yy′′ − 6xyy′ + 8y2)− t4x4.

m = 2, k = 4.

---x = et, y = ue2t.

���§§§zzz���µµµ2uu′′ = 1.
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Riccati�§

���§§§///ªªªµµµy′ = p(x)y2 + q(x)y + r(x), p(x) 6≡ 0, r(x) 6≡ 0.

������àààggg���555���§§§µµµy′′ + a(x)y′ + b(x)y = 0.

---y′ = −uy§§§KKK���§§§zzz���Riccati ���§§§µµµ

u′ = u2 − a(x)u+ b(x).

���x = ϕ(t)´́́Riccati���§§§���������)))§§§---y = u+ ϕ(x).

KKK���§§§zzz���ËËËããã|||���§§§µµµ

u′ = p(x)u2 + (2p(x)ϕ(x) + q(x))u.
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Riccati�§

AAAÏÏÏ���Riccati���§§§µµµy′ = y2 + rxα, r, α´́́¢¢¢êêê§§§r 6= 0.

ËËËããã|||(Daniel Bernoulli, 1700-1782)3331724cccyyy²²²


µµµ���

α

2α+ 4

´́́���êêê½½½ÃÃÃ¡¡¡���§§§���ÏÏÏLLLkkk���gggCCC���zzz���CCCþþþ���©©©lll���§§§.

444������(Liouville, 1809-1882)3331841cccyyy²²²


µµµ���

α

2α+ 4

ØØØ´́́���êêê½½½ÃÃÃ¡¡¡���§§§���§§§ØØØUUU^̂̂ÐÐÐ������{{{¦¦¦))).

���§§§y′ = y2 + xØØØUUU^̂̂ÐÐÐ������{{{¦¦¦))).
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��

������µµµ

P39: 1((1), (5), (6), (9)).

P41: 1((1), (2)).
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SK

1. P17: 2. 2. P19: 3.

3. P30: 2. 4. P30: 3.

5. )))���§§§µµµ
dy

dx
=

1
cos y

+ xtgy.

6. )))���§§§µµµ
dy

dx
=

3x2 + y2 − 6x+ 2y + 4
2xy + 2x− 2y − 2

.

7. )))���§§§µµµ
dy

dx
=

2x3 + 3xy2 − 7x
3x2y + 2y3 − 8y

.

8. )))���§§§µµµ
dy

dx
=

y

2x
+

1
2y
tg
y2

x
.

9. )))���§§§µµµ(5xy − 3y3)dx+ (3x2 − 7xy2)dy = 0.

() October 11, 2016 13 / 14



öSK

1. ������§§§xy′ + ay = f(x)¥¥¥~~~êêêa > 0§§§��� lim
x→0

f(x) = b"""yyy²²²µµµ���§§§

���kkk������)))���x→ 0������±±±kkk...§§§¿¿¿¦¦¦ÑÑÑùùù���)))���444���"""

£££a < 0���XXXÛÛÛººº¤¤¤

2. ���y = ϕ(x)÷÷÷vvv���©©©ØØØ���ªªª

y′ + a(x)y ≤ 0, (x ≥ 0).

yyy²²²µµµϕ(x) ≤ ϕ(0)e−
R x
0 a(s)ds.

3. )))���§§§µµµx2 + (y′)2 = 1.

4. )))���§§§µµµxy2(y′)2 − 2y3y′ + 2xy2 − x3 = 0.
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