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x(k + 1) = x(k) + u(k)− s(k),

Ù¥ x(k)§u(k)§s(k) ©O´¥�þÚü �mãS�)
�þ9�Èþ§k ´lÑz
��m"
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J =
N−1∑
k=0

[
au2(k) + x(k)

]
.

�½ s(k)§¿b½k

x(0) = x(N) = b,

Ïé��Ü·���¼ê u(k)§¦o¤^ J ��"
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ẋ = f(x,u, t), x(t0) = x0.

5U�I

J [u(·),x0, t0] = K(x(tf ), tf ) +
∫ tf

t0

L(x(t),u(t), t) dt.

#N��

U[t0,tf ].

�`��µ¦)÷vG��§����� u∗(t) ∈ U[t0,tf ]§

¦�XÚ�5U�I J [u(·),x0, t0] �`£���½��
�¤"
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x(k + 1) = f(x(k),u(k), k), x(0) = x0.

5U�I

J [u(·),x0, 0] = K(x(N), N) +
N−1∑
k=0

L(x(k),u(k), k).

#N��

U .
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u∗(k) ∈ U§¦�XÚ�5U�I J [u(·),x0, 0] �`£��
�½���¤"
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P (n) =


1 n = 1
n−1∑
k=1

P (k)P (n− k) n > 1

Catalan ê

P (n + 1) = C(n) =
1

n + 1

(
2n
n

)
= Ω

(
4n

n3/2

)
¡Þ|¢w,Ø�1"
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Step 1: ©Û�`)�(�

�`)�±L«�

((A1 · · ·Ak)(Ak+1 · · ·An))

O�þ� (A1 · · ·Ak) �O�þ� (Ak+1 · · ·An) �O�þ�
Ú2\þ§��¦�O�þ

'�A�µO� (A1 · · ·Ak) Ú (Ak+1 · · ·An) �^S�AT
´�`�

�Ï3u¦�©O�O�þ�§��¦�O�þùnö´p

�Õá�
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Step 2: ïá48'X

XJO� (Ai · · ·Aj) ¤I���O�gê� m(i, j)§@o
�¯K��`�� m(1, n)
|^�`f(�5�§k

m(i, j) =

 0 i = j

min
i≤k<j

{m(i, k) + m(k + 1, j) + pi−1pkpj} i < j
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Step 3: O��`�

ØÓ�f¯K�ê�k θ(n2) �
z�f¯K�O��g

g.�þ�O�

O�(J��3L¥

±�^���I�L
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1: MatrixChain (p)
2: n← length[p]− 1
3: for i← 1 to n do
4: m[i, i]← 0
5: for l← 2 to n do
6: for i← 1 to n− l + 1 do
7: j ← i + l − 1
8: m[i, j]← inf
9: for k ← i to j − 1 do

10: q ← m[i, k] + m[k + 1, j] + pi−1pkpj

11: if q < m[i, j] then
12: m[i, j]← q
13: s[i, j]← k
14: return m and s
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Step 4: �E�`)

þ��è¥� s[i,j] ��
��`��Ý
ó�äm �§
dd�déN´��EÑ�`)"



¯K �`��¯K Ä�5y�{ lÑXÚ�Ä�5y ·��¯K '�µ«O�éX Ù§�Ä�5y�{

Ä�5y�{�Ä���

Ä�5y�{�Ä���

�`f(�5�

ù´©)�f¯K¦)�7�^�

­Uf¯K5�

ù´Ä�5y�{p���Ï¤3



¯K �`��¯K Ä�5y�{ lÑXÚ�Ä�5y ·��¯K '�µ«O�éX Ù§�Ä�5y�{

�`z�n

lÑXÚ�`��¥�Ä�5y�{

�`z�nµXJ u∗(0),u∗(1), . . . ,u∗(N − 1) ´��lÑ
XÚ��`��S�§@o u∗(k),u∗(k +1), . . . ,u∗(N − 1)
´ù�XÚéAuÐ©G�

x(k) = f(x∗(k − 1),u∗(k − 1), k − 1)

����`��"
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P J∗i (x(i)) = J∗ [u(·),x(i), i]§d�`z�n§�±ïá4
í'X

J∗i (x(i)) =

 KN (x(N)) i = N

min
u(i)

{
Li(x(i),u(i)) + J∗i+1(x(i + 1))

}
i < N

¤¦�`���5U�I=� J∗0 (x0)"

,
Uìc¡��{§I�3z��m i �§¦Ñ¤k�U
� x(i) éA� J∗i (x(i))"
Ï~�¹e§z��m i ����G� x(i) �õ§ù��
O�Ø�1"
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5¿�3 i < N �

J∗i (x(i)) = min
u(i)

{
Li(x(i),u(i)) + J∗i+1(x(i + 1))

}
= min

u(i)

{
Li(x(i),u(i)) + J∗i+1(f i(x(i),u(i)))

}
XJk
 J∗i+1(x) �äN¼ê/ª§þ¡��)ÒpÒ´�
�'u x(i) Ú u(i) ���¼ê"
rù���¼êP� Ji(x(i),u(i))§K4�:?k

∂Ji(x(i),u(i))
∂u(i)

∣∣∣∣
u∗(i)

= 0,

dd¦� u∗(i)£�� x(i) �¼ê¤=�� J∗i (x) �äN
/ª"

qk J∗N (x(N)) = KN (x(N))
5U�I¼ê J∗i (x) 9�`��S� u∗(i) �4í'Xï
á�
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J =
3∑

k=0

[
au2(k) + x(k)

]
,

Ù¥ a = 0.01"
x(k) ÷vG��§

x(k + 1) = x(k) + u(k)− s(k)

o�GÝ�¾Àþ©O�

s(0) = 550, s(1) = 750, s(2) = 500, s(3) = 1200.

�å^�

x(0) = x(4) = 100, x(1), x(2), x(3) ≥ 0; u(k) ≥ 0.
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J∗i (xi) =
{

0 i = 4
Ji(xi, u

∗
i (xi)) i < 4

,

Ù¥

Ji(xi, ui) = au2
i + xi + J∗i+1(xi + ui − s(i)),

u∗i (xi) ÷v
∂Ji(xi, ui)

∂ui

∣∣∣∣
ui=u∗i (xi)

= 0.
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4íµk = 3

k = 3 ���`��Ad�å^�

x4 = x3 + u3 − s(3) = b

)Ñ§�

u∗3(x3) = b + s(3)− x3 = 1300− x3.

�

J∗3 (x3) = a(u∗3)
2 + x3 = ax2

3 − 25x3 + 16900.
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4íµk = 2

k = 2 �

J2(x2, u2) = au2
2 + x2 + J∗3 (x2 + u2 − s(2))

d J2(x2, u2) é u2  ��")�

u∗2(x2) = 875− x2

2
.

�

J∗2 (x2) = au∗2
2+x2+J∗3 (x2+u∗2−s(2)) =

1
2

(
ax2

2 − 33x2 + 33175
)
.
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4íµk = 1

k = 1 �

J1(x1, u1) = au2
1 + x1 + J∗2 (x1 + u1 − s(1))

d J1(x1, u1) é u1  ��")�

u∗1(x1) = 800− x1

3
.

�

J∗1 (x1) = au∗1
2+x1+J∗2 (x1+u∗1−s(1)) =

a

3
x2

1−15x1+22175.
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4íµk = 0

k = 0 �

J0(x0, u0) = au2
0 + x0 + J∗1 (x0 + u0 − s(0))

d J0(x0, u0) é u0  ��")�

u∗0(x0) = 700− x0

4
.

�

J∗0 (x0) = au∗0
2+x0+J∗1 (x0+u∗0−s(0)) =

a

4
x2

0−13x0+24900.
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J∗ = J∗0 (x0) = 23625.

�`��9�A�XÚG�

x∗(0) = 100, u∗(0) = 675;
x∗(1) = 225, u∗(1) = 725;
x∗(2) = 200, u∗(2) = 775;
x∗(3) = 475, u∗(3) = 825;
x∗(4) = 100.
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Hamilton-Jaccobi-Bellman �§

−∂J∗

∂t
= L

(
x(t),u∗

(
x(t),

∂J∗

∂x
, t

)
, t

)
+

∂J∗

∂x
f

(
x(t),u∗

(
x(t),

∂J∗

∂x
, t

)
, t

)
,

J∗(x(tf ), tf ) = K(x(tf ), tf ).

J∗(x(t), t) �����5 �©�§"
�©Ä�5y

ò5U�I¼êÛÜÐm���§^Ä�5y�{¦)§Ø

äS�%C"


