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A deep mixed-effects modeling approach for real-time monitoring of metal
additive manufacturing process

Ruiyu Xu , Song Huang, Zheren Song, Yuanyuan Gao, and Jianguo Wu

Department of Industrial Engineering and Management, Peking University, Beijing, China

ABSTRACT
In-situ process monitoring of additive manufacturing (AM) is critically important and has been
attracting significant efforts to achieve desirable process reliability and quality consistency. Despite
enormous progress in embedding various sensors into the AM system, effectively fusing these sen-
sor data for anomaly detection is very challenging, due to complex relationship among sensing
signals, process condition and environment. In this article we propose a deep mixed-effects mod-
eling approach to monitor the melt pool temperature for anomaly detection. It consists of a deep
neural network (DNN) capturing the relationship between the temperature and other sensing
data, a random-effect term accounting for the random variation of mean temperature, and a
residual term modeling potential autocorrelations. To train the model (Phase I), an efficient hard
expectation-maximization (EM) algorithm is developed, which iteratively optimizes the DNN
parameters and the ones for the random-effect and residual terms. In online monitoring (Phase II),
a T2-based and a generalized likelihood ratio (GLR) test-based control charts are developed to
timely detect the process anomalies. The asymptotic behaviors of both the T2 and GLR statistics
are further established. The effectiveness of the proposed approach is demonstrated through thor-
ough simulation study and real case study of an AM process.
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1. Introduction

Additive Manufacturing (AM) is one of the most promising
emerging manufacturing technologies and has gained significant
application in many industrial sectors, such as aviation, aero-
space and die manufacturing. Compared with traditional manu-
facturing technologies, AM technology offers numerous
advantages, including the capability of producing sophisticated
and customized components, reduced production time and pro-
duction costs (Ko et al., 2015; Chua et al., 2017). Despite these
advances, the lack of quality assurance procdures remains one of
the most significant barriers to the widespread adoption of AM
technology (Everton et al., 2016). Since post-processing opera-
tions, such as surface finishing and heat treatment, cannot
remove internal defects, significant efforts have been expended
by funding agencies and researchers on developing in-situ pro-
cess monitoring for defect detection and mitigation in the early
processing stage (Song and Mazumder, 2011; Tapia and Elwany,
2014; Waller et al., 2014; Rao et al., 2015). With a well-estab-
lished monitoring system, closed-loop control systems can be
developed for defect mitigation by the adjustment of process
parameters (Kruth et al., 2007; Renken et al., 2019; Vasileska
et al. 2020), layer re-melting (Demir and Previtali, 2017; Heeling
and Wegener, 2018; Jalalahmadi et al., 2019) and grinding
(Colosimo et al., 2020).

Laser Powder Bed Fusion (L-PBF) processes are popular
metal AM processes that utilize a high-energy laser beam to

fuse metal particles in the powder bed. They have attracted
most of the research attention in the field of in-situ AM
process monitoring (Grasso et al., 2021). In L-PBF processes,
various quality issues exist, such as pores, cracks, unfused
powder and the balling of molten materials. The potential
causes include improper process parameters, non-homoge-
neous powder deposition, out-of-control heat exchanges, etc.
(Everton et al., 2016; Grasso and Colosimo, 2017; Grasso
and Colosimo, 2019). Many factors are involved in the for-
mation of defects, such as energy density, build geometry,
powder properties and chamber atmosphere (Grasso et al.,
2021). The mechanism of how these factors cause the defects
is very complicated, due to complex physical reactions at the
microscopic level. To provide real-time information of the
manufacturing process, various sensors are nowadays
embedded in the AM monitoring system, including light,
heat, sound, and force signals (Mani et al., 2015; Wu et al.,
2021). Since all metal-based AM processes utilize thermal
energy to fuse metal powders, most of the existing studies
have focused on thermal or temperature monitoring of the
process using pyrometers (e.g., photodiodes, digital cameras)
or thermocouples (Tapia and Elwany, 2014; Colosimo et al.,
2018). Some studies used off-axis mounted photodiodes to
measure the radiation intensity of the entire build area
(Bisht et al., 2018; Nadipalli et al., 2019). In most studies,
photodiodes and cameras are placed co-axially to the laser
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path to gather the temperature information, such as the
intensity and spectrum of emitted radiation.

Despite great progress in collecting in-situ sensing signals,
there is still a lack of effective modeling and monitoring
approaches for real-time anomaly detection, especially for
the photodiode signals. Most of the existing methods are
either for quality prediction of the whole build instead of in-
situ anomaly detection, or simply using photodiode signals
alone to detect anomalies. For example, Alberts et al. (2017)
constructed a monitoring system based on two different
photodiodes and the ratio of the two photodiode signals is
used as a quality assurance tool to control the building
density. Okaro et al. (2019) used Random Singular Value
Decomposition (R-SVD) to process photodiode signals, and
adopted a semi-supervised learning method with a small
number of labeled samples to identify the product quality.
Renken et al. (2019) combined a closed-loop control strategy
with a feedforward approach to fast control the melt pool
temperature, based on the modeling of the relationship
between the laser power and the photodiode signals. Forien
et al. (2020) correlated pore locations measured by X-ray
radiography with pyrometer signals to predict the probabil-
ity of defect formation. Jayasinghe et al. (2022) extracted
features from photodiode signals via SVD and employed
Gaussian Process regression to predict build density.

The modeling and monitoring of the melt pool tempera-
ture is still very challenging, due to the following reasons.
First, the melt pool temperature is highly dynamic, showing
complex nonlinear relationships with other signals that may
continuously change. Figure 1 shows a typical melt pool
temperature profile of a normal layer showing high random-
ness. It periodically varies in the range from 200 to 1800
due to shifts in the scanning path. A sharp temperature rise
is seen at the beginning of each scan trace, which then
decreases without a clear pattern. The existing linear profile
monitoring methods (Zhang et al., 2009) is not capable of
modeling such nonlinear relationships. The common nonlin-
ear profile monitoring methods, such as local linear kernel
estimation (Zou et al. 2009; Qiu and Zou, 2010; Qiu et al.,
2010), b-spline method (Chuang et al., 2013), and p-spline

method (Chen et al., 2015), are mainly designed for univari-
ate functions, i.e., one explanatory variable (time t or other
physical variable). Although these methods can be applied to
multivariate cases, they are not flexible enough to capture
the complex nonlinear relationship in AM processes. The
existing regression-adjusted charts (or risk-adjusted charts in
healthcare), which often employ Poisson regression or logis-
tic regression (Sachlas et al., 2019; Wen et al., 2021), also
face the challenge of modeling the arbitrarily nonlinear rela-
tionship between profile and exogenous variables.

Second, the photodiode signals are highly auto-correlated.
Due to some unobserved or unknown factors, the residuals
after regression adjustment may still be auto-correlated. The
mixed-effects models can model autocorrelation within the
profile. However, this type of autocorrelation is due to the
mean, not the residuals. In their models, the residuals are
assumed to be independent and identically distributed ran-
dom errors, which might not be applicable to photodiode
signals. Third, to timely detect the anomalies, the tempera-
ture profile should be monitored incrementally, i.e., once a
new measurement is collected, the monitoring method
should judge whether this profile is out of control (OC).
Therefore, it is a sequential test problem (Wald, 1992).
However, almost all the existing methods are for monitoring
the whole profile, which cannot be directly applied to our
case. Besides, as the scanning is very fast, a computationally
efficient monitoring algorithm whose computation time
does not depend on the profile length is highly desirable.

To fill this gap, we propose a deep mixed-effects model-
ing approach to monitor the melt pool temperature.
Specifically, a Deep Neural Network (DNN) is proposed to
better capture the nonlinear relationship between the tem-
perature, process parameters and other sensing data.
Compared with the existing nonlinear methods, DNN has a
stronger capability of modeling complex nonlinearity.
Besides, a random-effect term is added to model the random
variation of the mean temperature that cannot be explained
by the explanatory variables among different printing layers.
Moreover, a correlated residual term is used to model the
potential correlations. However, the coupling of deep learn-
ing and mixed-effects modeling makes the model training
very difficult. To solve this problem, an efficient hard EM
algorithm is developed, which iteratively optimizes the DNN
parameters and the ones for random-effects term and
residual term. In Phase II, two control charts, i.e., a T2-con-
trol chart and a Generalized Likelihood Ratio (GLR) control
chart are developed to detect the process anomalies. The
asymptotic behaviors of the T2 and GLR statistics with and
without anomalies are further established, based on which
the dynamic control limits are designed. A dynamic updat-
ing strategy is proposed to reduce the computational cost.
The effectiveness of the proposed approach is demonstrated
through simulation studies and a real case study of a
Selective Laser Melting (SLM)-based AM process.

The rest of this article is organized as follows. The model
formulation and Phase I optimization algorithm are pro-
vided in Section 2. In Section 3, two Phase II control charts
are developed and the asymptotic properties of the test

Figure 1. The melt pool temperature of the first 3000 measurements in a nor-
mal layer.
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statistics are established. The comprehensive performance of
each of the proposed methods is investigated through simu-
lation in Section 4. A real case study of an AM process
demonstrates the effectiveness of our proposed methods in
Section 5. Section 6 provides a brief conclusion and discus-
sion of this study.

2. Deep mixed-effects modeling

In this section, we first introduce the proposed deep mixed-
effects model for the melt pool temperature in the normal
working condition, and then develop an efficient hard EM
algorithm for optimizing the model parameters.

2.1. Model formulation

In AM processes, the observed photodiode signals in differ-
ent printing layers can be regarded as longitudinal data, and
the temperature monitoring can be treated as a profile mon-
itoring problem with temperature as the response variable
and other observed data as the explanatory variables. In
what follows, we use the term “profile” to represent the
measured photodiode signals of each layer.

Suppose that there are m profiles and the ith profile has
ni observations for i ¼ 1, 2, :::,m: Let yij be the jth observa-
tion in the ith profile and xij be the corresponding explana-
tory variables for i ¼ 1, 2, � � � ,m, j ¼ 1, 2, :::, ni: These
observations are in a temporal order, where profile i is
started at time ti, t1 < t2 < ::: < tm, and xij, yijð Þ is the jth

observation at time tij, ti ¼ ti1 < ti2 < � � � < tini : We propose
the following deep mixed-effects model

yij ¼ g xijð Þ þ ni þ cij, i ¼ 1, 2, :::,m, j ¼ 1, 2, :::, ni, (1)

where gð�Þ is the population profile function (the fixed-effects
term) capturing the complex relation between profile data and
other explanatory variables, ni is the random-effects term model-
ing the between-profile variation of the ith individual profile
from gð�Þ, and cij is the residual term considering the within-pro-
file correlation. It is assumed that ni and cij are independent of
each other and ni’s follow an independent and identically distrib-

uted (i.i.d.) Gaussian distribution N 0,r2n
� �

: The correlation

(covariance) between cij and cik is modeled by a correlation func-

tion Corr xij, tij; xik, tikð Þ and a variance term r2c as follows:

Cov cij, cikð Þ ¼ r2cCorr xij, tij; xik, tikð Þ: (2)

The above correlation function is flexible to model various
types of correlations. For instance, when data are spatially
correlated, the correlation function can be set as

Corr xij, tij; xik, tikð Þ ¼ q xij � xik
�� ��, b� �

with a correlation

function q �ð Þ and a coefficient vector b: The i.i.d. measure-
ment error is a special case of our framework where
Corr xij, tij; xik, tikð Þ ¼ 0: In the literature, there are some
reported spatial-temporal modeling works for AM processes.
Guo et al. (2020) proposed a multivariate first-order autore-
gressive process with a spatially correlated precision matrix

to recognize implicit anomalies in AM processes. Mahmoudi
et al. (2019) and Yang et al. (2022) used Gaussian process
models to capture spatial-temporal correlations in adjacent
regions for characterizing and monitoring melt-pool varia-
tions. Liu et al. (2019) proposed an augmented layer-wise
spatial log Gaussian Cox process to model and quantify the
layer-wise spatial evolution of porosity. However, in the cur-
rent article, only the average temperature of the melt pool is
measured, which moves along the scan path. The tempera-
tures of the adjacent regions on both sides of the scan path
are unknown. Therefore, we only focus on the situation
where data are temporally correlated, which is also a spatial

correlation on the scan path. We set Corr xij, tij; xik, tikð Þ ¼
q tij � tik
�� ��,x� �

, where the function q �ð Þ is set to an expo-

nential function q t,xð Þ ¼ xt: Note that this is exactly the
AutoCorrelation Function (ACF) of a first-order autoregres-
sive model AR(1).

For g �ð Þ, although the existing local smoothing methods
can be applied to a multivariate case, they are not as flexible as
a DNN to capture complex a nonlinear relationship between
profile data and other variables. To address this problem, we
propose to use a DNN to model the population profile g �ð Þ
due to its capability of approximating any nonlinear functions.
For the AM process monitoring case, the structure of the
DNN model is carefully customized by considering the balance
between model accuracy and model complexity. We refer to
the overall model as a Deep Mixed-Effects Model (DMEM).

2.2. Model optimization via hard EM algorithm

The model parameters to be optimized include the DNN
parameters, denoted by h, the random-effects variance r2n,

the noise parameters r2c and x: Let U ¼ ðh, r2n,r2c ,xÞ: In
this subsection, we propose a hard EM algorithm to opti-
mize the model parameters.

Suppose the In Control (IC) historical dataset contains
mIC profiles. Based on the DMEM framework and the
assumptions above, the observed data follow a Gaussian dis-
tribution

yi1
..
.

yini

0
B@

1
CA � N

g xi1ð Þ
..
.

g xinið Þ

0
BB@

1
CCA, r2n1ni1

0
ni þ r2cRi

0
BB@

1
CCA,

where 1ni is a ni � 1 vector with all elements equal to one,
and Ri is the ni � ni correlation matrix with element qjk ¼
x j�kj j: Therefore, we can use the Maximum Likelihood
Estimation (MLE) approach to estimate the model parame-
ters, which is equivalent to minimizing the negative log-like-
lihood function

min
U

XmIC

i¼1

1
2

f0iR
�1
i fi þ log Rij j� �

, (3)

where fi ¼ fi1, :::,fini
� �0,fij ¼ yij� g xijð Þ, and Ri ¼ r2n1ni1

0
ni þ

r2cRi is the covariance matrix.
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To get optimal estimates of h,r2n, r
2
c and x, a widely

used approach is to iteratively optimize each of the parame-
ters via coordinate descent algorithms. However, the com-
plexity of R�1

i , DNN and their coupling make the above
optimization problem extremely difficult to solve. Another
natural approach for a mixed-effects model is the
Expectation-Maximization (EM) algorithm (Dempster et al.,
1977), where the random effects n ¼ ni, i ¼ 1, :::,mICf g can
be treated as latent or unobserved variables. Let Y ¼
y1, :::, ymICf g denote all the historical IC profiles with yi ¼
yi1, :::, yinið Þ0, and X ¼ X1, :::,XmICf g denote the data of
explanatory variables with Xi ¼ xi1, :::, xinif g0: The E-step
and M-step at lth iteration can be expressed as

E�step : Q U,U l�1ð Þ� �
¼ E

njY ,X,U l�1ð Þ log L UjY ,X, nð Þ� �
,

M�step : U lð Þ ¼ argmax
U

Q U,U l�1ð Þ� �n o
,

(4)

where log L UjY ,X, nð Þ is the complete data log-likelihood,

Q U,U l�1ð Þ� �
is the expected log L UjY ,X, nð Þ with respect to

posterior density pðnjY ,X,U l�1ð ÞÞ: Nevertheless, Q U,U l�1ð Þ� �
is very complex and intractable analytically. Besides, due to
the introduction of the DNN model, the Monte Carlo EM
algorithm (Wei and Tanner, 1990), where the Q-function is
computed numerically through Monte Carlo simulation, still
faces a significant challenge due to its high computational
cost. To overcome this issue, we propose to use a “hard” ver-
sion of the EM algorithm (Neal and Hinton, 1998; Ruggieri
et al., 2020), where the latent variables in the complete data
log-likelihood are imputed by the maximum a posteriori
(MAP) estimate. The rationale of using the hard EM algo-
rithm is that the posterior probability of the latent variables n
lies within a narrow range around the peak value, due to large
sample sizes in IC profiles. With this strategy, the parameters
can be effectively decoupled and optimized iteratively.
Mathematically, the hard EM algorithm’s lth iteration can be
expressed as

E�step : n lð Þ ¼ argmax
n

log p njY ,X,U l�1ð Þ
� �n o

,

M�step : U lð Þ ¼ argmax
U

log L UjY ,X, n lð Þ
� �n o

:
(5)

In the E-step, the posterior probability of latent variables
can be obtained by

p njY ,X,U l�1ð Þ
� �

/ p n,YjX,U l�1ð Þ
� �

¼ p njU l�1ð Þ
� �

p Yjn,X,U l�1ð Þ
� �

¼ 2pr2n
l�1ð Þ� ��mIC

2

exp �
PmIC

i¼1
n2i

2r2n
l�1ð Þ

0
@

1
A

�
YmIC

i¼1

2pð Þ�
ni
2 r2c

l�1ð Þ
R l�1ð Þ
i

��� ����1
2
exp

�ĉ0iR
l�1ð Þ
i

�1
ĉi

2r2c
l�1ð Þ

0
@

1
A

0
@

1
A,

(6)

where ĉi ¼ ĉi1, :::, ĉini
� �

, ĉij ¼ yij � gðl�1Þ xijð Þ � ni is the esti-

mation of the residuals. Therefore, the optimization problem

of nðlÞ can be expressed as

nðlÞ ¼ argmin
n

1

r2n
l�1ð Þ
XmIC

i¼1

n2i þ
1

r2c
l�1ð Þ
XmIC

i¼1

ĉ 0
iR

l�1ð Þ
i

�1
ĉi: (7)

The above optimization problem has an analytical solution

n lð Þ
i ¼

1
r2c

P
j

P
k R�1

i

� �
ik

l�1ð Þ
yij � g l�1ð Þ xijð Þ
� �

1
r2c

P
j

P
k R�1

i

� �
ik

l�1ð Þ þ 1
r2n

, (8)

where R�1
i

� �
ik is the j, kð Þth element of the R�1

i : In the M-
step, the complete data log-likelihood is

L UjY ,X, n lð Þ
� �

¼ p n lð ÞjU
� �

p YjU, n lð Þ,X
� �

¼ 2pr2n
� ��mIC

2
exp

�
XmIC

i¼1
n lð Þ
i

2

2r2n

0
B@

1
CA

�
YmIC

i¼1

2pð Þ�
ni
2 r2cRi

��� ����1
2
exp � 1

2r2c
ĉ0iR

�1
i ĉi

 ! !
,

(9)

where ĉi ¼ ĉi1, :::, ĉini
� �

, ĉij ¼ yij � g xijð Þ � nðlÞi : The opti-

mization problem of UðlÞ can be reformulated as

UðlÞ ¼ argmin
U

XmIC

i¼1

1
r2c

ĉ0iR
�1
i ĉi þ log r2cRi

��� ���þ 1
r2n

n lð Þ
i

2 þ log r2n

 !
:

(10)

In the above problem, the four sets of parameters
h, r2n, r

2
c ,x can be optimized iteratively via the block coord-

inate descent algorithm (Tseng, 2001).
In the first term which contains the DNN parameter h,

R�1
i is sparse and can be represented by only three parame-

ters, say a, b, c :

Ri ¼

1 x x2 ::: xni�1

x 1 x ::: xni�2

..

. ..
. ..

. ..
. ..

.

xni�1 xni�2 xni�3 � � � 1

0
BBBBB@

1
CCCCCA,

R�1
i ¼

a b 0 0 ::: 0

b c b 0 ::: 0

0 b c b ::: 0

..

. ..
. ..

. ..
. ..

. ..
.

0 ::: ::: 0 b a

0
BBBBBBB@

1
CCCCCCCA
,

where

a ¼ 1
1� x2

, b ¼ � x
1� x2

, c ¼ 1þ x2

1� x2
:

Due to this sparsity, the term ĉ0iR
�1
i ĉi can be calculated byPni

j¼1 cijĉ
2
ij þ 2bĉijĉi, j�1

� �
where ĉi0 is defined as ĉi0 ¼ 0,

cij ¼ a for j ¼ 1, ni and c for j ¼ 2, :::, ni � 1: To avoid
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cross-multiplication ĉijĉi, j�1 and make the loss function of
DNN independent among samples, a simple trick is proposed
to replace ĉi, j�1 with an optimized value at the previous step,

ĉðl�1Þ
i, j�1 , where ĉðl�1Þ

i, j�1 ¼ yij � gðl�1Þ xi, j�1ð Þ � nðlÞi : Therefore,PmIC
i¼1

Pni
j¼1 cijĉ

2
ij þ 2bĉijĉ

ðl�1Þ
i, j�1

� �
is taken as the loss function

of DNN to simply the optimization process for hðlÞ:

For r2n
lð Þ and r2c

lð Þ, they can be analytically updated:

r2n
lð Þ ¼ 1

mIC

XmIC

i¼1

n lð Þ
i

2

, r2c
lð Þ ¼ 1P

ini

X
i
ĉ0iR

�1
i ĉi

� �
, (11)

where ĉi ¼ ĉi1, :::, ĉini
� �

, ĉij ¼ yij � g lð Þ xijð Þ � n lð Þ
i : In the opti-

mization of xðlÞ, it is difficult to obtain an analytical solu-

tion. However, since the determinant Rij j ¼ 1� x2ð Þni�1
,

we can easily update the estimates in a numerical way. To
judge whether the algorithm converges, we can use the rela-
tive difference of the successive estimates of n, r2c ,x as the
convergence criterion. The stop conditions of the proposed
hard EM algorithm are set as

max
i

n lð Þ
i � n l�1ð Þ

i

��� ���
n lð Þ
i

��� ��� � �1,
r2c

lð Þ � r2c
l�1ð Þ��� ���

r2c
lð Þ

��� ��� � �2,
x lð Þ � x l�1ð Þ
��� ���

x lð Þ�� �� � �3, (12)

where �1, �2, �3 are pre-specified small positive numbers (e.g.,
10�2). The hard EM optimization algorithm is summarized
in Algorithm 1.

Algorithm 1: The hard EM algorithm for DMEM model
training

Input: IC Dataset xij, yijð Þ, i ¼ 1, :::,mIC, j ¼ 1, :::, ni

Initialize: nð0Þ and Uð0Þ

Iterate for l ¼ 1, :::
E-step:

Update nðlÞ by Eq. (8).
M-step:

Optimize hðlÞ by training the DNN model.

Update r2n
lð Þ, r2c

lð Þ and x lð Þ by Equations (11).

Stop if (12) are satisfied.

3. Online monitoring for anomaly detection

In this section, we develop an online monitoring scheme to
detect anomalies under the conventional assumption that the IC
model parameters are known in Phase II analysis. In the past
few decades, various control charts have been developed for pro-
file monitoring. These profile monitoring methods are mainly
for monitoring the change of population profile function.
Generally, they can be classified into three categories based on
the quantity used to construct the control charts: (i) using the
estimated model parameters, e.g., coefficients of a linear profile
(Kim et al., 2003; Zou et al., 2007; Jensen et al., 2008; Zhang
et al., 2009), (ii) using the estimated confidence band of
observed data via resampling methods (Hung et al., 2012;
Chuang et al., 2013), and (iii) using the residuals of the profile

or deviations from normal profile at a fixed set of design points
(Qiu et al., 2010; Wang et al., 2018). However, all the three
types are not for incremental monitoring. In almost all of these
methods, the whole profile is treated as an instance, and the
control charts are designed to test whether this profile is OC.
However, in our case, the length of the profile dynamically
increases, and the objective is to detect the anomalous profile as
soon as possible based on the observations of the profile at
hand. In addition, it is easy to see that type (i) and (ii) cannot
be applied to our DMEM model, since they are for simple uni-
variate profiles. Therefore, we turn to monitor the residuals of
the profile fi, 1:t ¼ fi1, :::, fitð Þ, fij ¼ yij � gðICÞ xijð Þ, using the

fixed IC parameters hðICÞ of DNN. In a conventional profile
monitoring setting, it is often assumed that only the population
profile function changes, while the other parameters are fixed in
the OC process (Qiu et al., 2010). In such a case, for any profile
i in monitoring, the detection of anomalies is equivalent to the
following testing problem

H0 : gi ¼ gðICÞ and H1 : gi ¼ gðICÞ þ gd, gd 6¼ 0:

The residuals fi, 1:t � N gd xi, 1:tð Þ,RðICÞ
1:t

� �
, where RðICÞ

1:t ¼
r2n

ICð Þ
1t10t þ r2c

ICð Þ
RðICÞ
1:t , gd xi, 1:tð Þ ¼ 0 for IC profiles and

gd xi, 1:tð Þ ¼ gd xi1ð Þ, :::, gd xitð Þ½ �0 6¼ 0 for OC profiles. Naturally,

we can construct theHotellingT2 control chart or v2 control chart
to monitor the change of gð�Þ: It is directionally invariant, i.e., the
detection power only depends on the shift magnitude (measured
by Mahalanobis distance), not in its directions (Montgomery,
2007). However, in practical applications, the model parameters
for ni þ cij in (1) may also change, leading to an unsatisfactory

detection power for the T2 control chart. Therefore, in addition to
the T2 control chart, we also establish a GLR-based control chart
to detect the shift of other parameters.

3.1. T2 control chart

For any IC profile i, at time t with xi, 1:t ¼ xi1, :::, xitð Þ and
yi, 1:t ¼ yi1, :::, yitð Þ observed,

yi, 1:t � N g ICð Þ xi, 1:tð Þ,RðICÞ
1:t

� �
,

where RðICÞ
1:t ¼ r2n

ICð Þ
1t10t þ r2c

ICð Þ
RðICÞ
1:t and

RðICÞ
1:t ¼

1 xðICÞ x ICð Þ2 ::: xðICÞt�1

xðICÞ 1 xðICÞ ::: xðICÞt�2

..

. ..
. ..

. ..
. ..

.

xðICÞt�1
xðICÞt�2

xðICÞt�3
::: 1

0
BBBB@

1
CCCCA:

A multivariate T2 chart can thus be designed, where the
T2 statistic is

T2 tð Þ ¼
f0i, 1:t R ICð Þ

1:t

� ��1

fi, 1:t

t
:

(13)

Note that in T2 tð Þ, the Mahalanobis distance is divided
by the dimension t to avoid a dynamically increasing control
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limit. Theorem 1 shows some obvious results regarding the
distribution of T2 tð Þ and its asymptotic property. The proof
of Theorem 1 is provided in Appendix A.

Theorem 1. For any IC profile i in monitoring,

f0i, 1:t R
ICð Þ
1:t

� ��1

fi, 1:t � v2 tð Þ,T2 tð Þ � v2 tð Þ
t

:

As time t goes to infinity,ffiffiffiffiffiffiffi
t=2

p
T2 tð Þ � 1Þ!d N 0, 1ð Þ:
�

For online monitoring, we need to set control limit for the
T2 tð Þ statistic. Different from traditional SPC methods
where samples are independent, the proposed one is a
sequential test with auto-correlated test statistics. Therefore,
setting a common type I error a for all time steps will not
guarantee that the overall type I error is a: To achieve a
desired global a error or IC average run length ARL0, we

propose to use a upper control limit UCLT2 tð Þ ¼ v2caa tð Þ
t ,

where v2a tð Þ is the a-upper quantile of v2 tð Þ, and ca is a scal-
ing coefficient that can be obtained through Monte Carlo
simulations.

As mentioned earlier, the Hotelling T2 control chart
has equal detection power regardless of the mean shift
directions. The detection power only depends on the shift
magnitude. In AM, the average temperature of a scanning
path often has a shift when anomaly occurs; that is, the
intercept of the DNN function gð�Þ changes. Suppose only
the intercept of gð�Þ can change, e.g., f1:t may have a mean
shift in the direction of 1t , which is equivalent to the case
that only ln can change while gð�Þ and other parameters
remain unchanged. In Corollary 1(1), we show that the
shift magnitude (Mahalanobis distance) converges to a
constant value as t increases. Due to the dimensionality of
the control chart dynamically increasing, the detection
power decreases continuously. This phenomenon is not
surprising, because all observations in a profile share the
same parameter n, and thus increasing the length of the
profile will not increase the information for ln: The con-
clusion can also be made from Corollary 1(2). As t
increases, the asymptotic distribution of T2 tð Þ is identical
to the one without any changes, i.e., the one shown in
Theorem 1. The proof of Corollary 1 is provided in
Appendix B.

Corollary 1. For any OC profile i with only ln changed, i.e.,
ln 6¼ 0, as time t goes to infinity,

(1) The shift magnitude

ln1tð Þ0 R
ICð Þ
1:t

� ��1

ln1tð Þ !
l2n
r2n

,

(2) ffiffiffiffiffiffiffi
t=2

p
T2 tð Þ � 1
� �

!d N 0, 1ð Þ:

Note that in process monitoring, we can equivalently
assume that gð�Þ is fixed, and any change of the profile is
attributed to either model changes or parameter changes of
the remaining two terms ni and ci: For model changes,
T2 tð Þ may work well. However, if only the distributional
parameters of ni and ci change, T

2 tð Þ may perform poorly.
Corollary 1 is just a representative example that T2ðtÞ is
ineffective in detecting the change of ln: Therefore, in the
following subsection, we propose a GLR-based control chart
for monitoring the other parameters.

3.2. GLR-based control chart

Based on the discussion in previous subsection, the testing
problem is formulated to

H0 : ln ¼ 0,r2c ¼ r2c
ICð Þ

,x ¼ x ICð Þ,

H1 : ln 6¼ 0 or r2c 6¼ r2c
ICð Þ

or x 6¼ x ICð Þ:

Note that we are not able to test the change of r2n with
only one profile, and thus, we assume it is fixed. For any
new profile i, at time t, the log likelihood of the observed
data with IC parameters is defined as

L1 tð Þ ¼ � 1
2

f0i, 1:t R ICð Þ
1:t

� ��1

fi, 1:t þ ln R ICð Þ
1:t

��� ���
� 	

: (14)

The log likelihood of the observed data evaluated at the
MLE is expressed as:

L2 tð Þ ¼ max
ln,r2c ,x

� 1
2

fi, 1:t � ln1t
� �0R�1

i, 1:t fi, 1:t � ln1t
� ��

þln Ri, 1:tj jÞ,
(15)

where Ri, 1:t ¼ r2n
ðICÞ1t1t 0 þ r2cRi, 1:t xð Þ: The GLR statistics is

then calculated as

GLR tð Þ ¼ L2 tð Þ � L1 tð Þ:
In (15), the optimization problem has no analytical solu-

tion and needs to be solved numerically. However, the itera-
tive algorithms may make it unrealistic for applications
requiring a fast calculation. In such a case, we assume that
the parameter x is fixed, with which the computational cost
can be significantly reduced. Theorem 2 gives the optimal
solution of l̂n tð Þ and r̂2

c tð Þ, based on which the GLR sta-
tistics can be efficiently calculated. The proof is provided in
Appendix C. Note that in most cases, x can still be effect-
ively monitored with the GLR test, since its change the vari-
ance of observations, and thus cause the change of the
optimized r2c:

Theorem 2. The optimal ln, r
2
c of optimization problem (14)

given x is

l̂n tð Þ ¼
10t R ICð Þ

1:t

� ��1

fi, 1:t

10t R ICð Þ
1:t

� ��1

1t

,
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r̂2
c tð Þ ¼ 1

t � 1
f0i, 1:t R ICð Þ

1:t

� ��1

fi, 1:t �
10t R ICð Þ

1:t

� ��1

fi, 1:t

� 	2

10t R ICð Þ
1:t

� ��1

1t

0
BBB@

1
CCCA

�
r̂2
c tð Þ

� �2
t � 1ð Þ r̂2

c tð Þ þ r2n
ICð Þ

10t R ICð Þ
1:t

� ��1

1t

� 	 :

(16)

and the GLR statistics can be calculated by

The asymptotic property of l̂n tð Þ, r̂2
c tð Þ and the GLR sta-

tistics are further investigated, as given in Theorem 3 (see
Appendix D for the proof).

Theorem 3. For any IC profile i in monitoring, as time t
goes to infinity,

l̂n tð Þ ! ni, r̂
2
c tð Þ ! r2c

ICð Þ
,

GLR tð Þ!d 1
2

v2 1ð Þ þ n2i

r2n
ICð Þ

 !
� 1

2
v2 2ð Þ, t ! 1:

Theorem 3 demonstrates that as time t goes to infinity,
the GLR statistics converges in distribution to a Chi-square
distribution plus a positive value. Note that ni is unknown

in the monitoring process, and ni � N 0, r2n
ICð Þ

� �
for IC pro-

files. This positive value follows v2 1ð Þ considering the ran-
domness of ni and then GLRðtÞ can be regarded as
following 1

2 v
2 2ð Þ: Although the exact distribution of GLRðtÞ

at finite time t is hard to get, it is found that GLRðtÞ also
approximately follows 1

2 v
2 2ð Þ in simulation studies when t is

small. Therefore, 1
2 v

2
að2Þ can be used as an upper control

limit in the proposed GLR control chart. Similar to the T2

control chart, the upper control limit is set to UCLGLR tð Þ ¼
1
2 v

2
caað2Þ to achieve a desired global a error or IC average

run length ARL0: The scaling coefficient ca can be obtained
through Monte Carlo simulations.

Corollary 2 gives the convergence property of the GLR
statistics for OC profiles with shifted ln and r2c: The proof
is provided in Appendix E.

Corollary 2. For any OC profile i in monitoring, as time t
goes to infinity,

(1) If ln 6¼ 0 and r2c ¼ r2c
ðICÞ,

GLR tð Þ!d 1
2

v2 1ð Þ þ ln þ ni
� �2
r2n

ICð Þ

0
@

1
A:

(2) If ln ¼ 0 and r2c ¼ 1þ dcð Þr2c ICð Þ
, ðdc 6¼ 0, dc > �1Þ,

GLR tð Þ ¼ 1
2

t � 1ð Þ dc � ln 1þ dcð Þ� �þ o tð Þ:

Corollary 2 shows that the asymptotic property of the
GLR statistic is influenced by both ln and r2c: The shift of
ln will lead to an increase of GLR statistics and the change
of r2c will make the statistic diverge to infinity. Clearly, the
GLR test can effectively detect the changes as the OC distri-
butions have obvious shifted. Indeed, taking ln for example,
if only ln can change, we can easily show that the GLR test
is exactly a directional v2 control chart monitoring the shift
of gð�Þ in the specific direction of 1t , i.e.,

GLR tð Þ ¼ 1
2

10t R ICð Þ
1:t

� ��1

fi, 1:t

� 	2

10t R ICð Þ
1:t

� ��1

1t

¼ 1
2

f�1:t
� �0 1�tð Þ
� �2
var½ f�1:t

� �0ð1�t Þ�
� 1

2
v2 1ð Þ under IC,

where

f�1:t ¼ R ICð Þ
1:t

� ��1=2

f1:t and 1�t ¼ R ICð Þ
1:t

� ��1=2

1t:

Therefore, GLR is expected to be more powerful than the
proposed T2 control chart in detecting the parameter change
for ni and ci:

3.3. Dynamic updating strategy for computational cost
reduction

For both control charts, storing and computing RðICÞ
1:t

� ��1

requires a substantial amount of storage space and computa-
tional time when t is large, which may hinder its practical
applications. In this section, we propose an efficient
dynamic updating strategy that can significantly reduce the

GLR tð Þ ¼ 1
2

t � 1ð Þ r̂2
c tð Þ

r2c
ðICÞ � 1� ln

r̂2
c tð Þ

r2c
ðICÞ

 !
þ 1
2

r̂2
c tð Þ þ r2n

ICð Þ
10tR

ICð Þ
1:t

�1
1t

r2c
ðICÞ þ r2n

ICð Þ
10tR

ICð Þ
1:t

�1
1t

� 1� ln
r̂2
c tð Þ þ r2n

ICð Þ
10tR

ICð Þ
1:t

�1
1t

r2c
ðICÞ þ r2n

ICð Þ
10tR

ICð Þ
1:t

�1
1t

0
B@

1
CA

þ 1
2

l̂2
n tð Þ 10t R ICð Þ

1:t

� ��1

1t

� 	

r2c
ðICÞ þ r2n

ICð Þ
10t R ICð Þ

1:t

� ��1

1t

� 	þ 1
2

r2n
ICð Þ

r̂2
c tð Þ � r2c

ðICÞ
� �2

10t R ICð Þ
1:t

� ��1

1t

r2c
ðICÞ r̂2

c tð Þ þ r2n
ICð Þ

10t R ICð Þ
1:t

� ��1

1t

� 	
r2c

ðICÞ þ r2n
ICð Þ

10t R ICð Þ
1:t

� ��1

1t

� 	
:

(17)
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computation as well as storage requirement when computing
T2 tð Þ and GLR tð Þ:

The basic idea of the dynamic updating strategy is to

take advantage of the sparsity of R ICð Þ
1:t

�1
, and update

fi, 1:t
� �0 RðICÞ

1:t

� ��1

fi, 1:t
� �

, 10t RðICÞ
1:t

� ��1

fi, 1:t
� �

and 10tR
ICð Þ
1:t

�1
1t

recursively. Denote the three terms as M1 tð Þ,M2 tð Þ and
M3 tð Þ respectively. It can be shown that

M1 tð Þ ¼ fi, 1:t
� �0 RðICÞ

1:t

� ��1

fi, 1:t
� �

¼ af2i1 þ bfi1ri2 þ
Pt�1

j¼2 cf2ij þ bfijfi, j�1 þ bfijfi, jþ1

� �
þ af2it þ bfi, t�1rit

¼ M1 t � 1ð Þ þ c� að Þf2i, t�1 þ af2it þ bfi, t�1rit , t 	 3,

and M1 1ð Þ ¼ f2i1,M1 2ð Þ ¼ af2i1 þ 2bfi1fi2 þ af2i2:
Similarly,

M2 tð Þ ¼ 10t RðICÞ
1:t

� ��1

fi, 1:t
� �

¼ M2 t � 1ð Þ þ cþ b� að Þfi, t�1 þ aþ bð Þfit ,

M3 tð Þ ¼ 10tR
ICð Þ
1:t

�1
1t ¼ M3 t � 1ð Þ þ cþ 2bð Þ, t 	 3,

and

M2 1ð Þ ¼ ri1,M2 2ð Þ ¼ aþ bð Þ fi1 þ fi2ð Þ,M3 1ð Þ ¼ 1,M3 2ð Þ
¼ 2 aþ bð Þ:

Clearly, in the monitoring process, only few values, such
as fit , fi, t�1, M1 tð Þ,M2 tð Þ,M3 tð Þ, have to be stored for
updating, which greatly reduces the storage requirement.
More importantly, the computation at each time step is very
simple, with only several addition, subtraction and multipli-
cation operations. It is worth mentioning that such a strat-
egy can also be used in the Phase I optimization process to
reduce the memory cost.

4. Simulation study

In this section, we conduct a simulation study to demon-
strate the performance of the proposed modeling and moni-
toring approach. All experiments are done using Python on
an i7-6800K 3.40GHz Intel processor with 16GB RAM. The
number of IC profiles is set to mIC ¼ 100 for Phase I opti-
mization and each profile has a length of 1� 105: Suppose
that there are 10 explanatory variables. The design points xij
of the profiles are uniformly distributed in the range of

ð�1, 1Þ: The IC parameters r2n
ICð Þ

, r2c
ICð Þ

and xðICÞ are set to

1, 0.25 and 0.5 respectively.

4.1. Phase I optimization

In this subsection, the effectiveness of the proposed DMEM
model and hard EM optimization algorithm is demon-
strated. To show the advantage of the DMEM model, we
compare it with some simplified models (SMs) without con-
sidering the random effects ni or the within-profile correla-
tions. Specifically, define model SM1 and SM2 as

yij ¼ g xijð Þ þ cij and yij ¼ g xijð Þ þ ni þ �ij respectively, where

�ij is i.i.d. noise. In addition, the proposed hard EM algo-
rithm is compared with a two-stage optimization algorithm
(DMEM-TS), which first estimates the parameters of the
DNN model, and then uses the residuals to estimate the
parameters of the mixed-effects model. This two-stage algo-
rithm is often used to roughly estimate the mixed-effects
models or Bayesian hierarchical models (Wen et al., 2018)
due to its simplicity and low computational cost. It is actu-
ally used to initialize the parameters in our algorithm. The
model fitting performance is evaluated by the accuracy of
optimized model parameters and the Mean Squared Error
(MSE) of gðICÞ xð Þ � ĝ xð Þ, defined as

MSE ¼ 1PmIC
i¼1 ni

XmIC

i¼1

Xni
j¼1

gðICÞ xijð Þ � ĝ xijð Þ
� �2 !

:

For the IC population profile function g ICð Þ xð Þ, we con-
sider the following three cases:

1. gðICÞðxÞ ¼ b01x:
2. gðICÞðxijÞ ¼ b01xij þ sin ðb02xijÞ:
3. gðICÞðxijÞ ¼ b01xij þ sin ðb02xijÞ þ x0ijB3xij:

The IC parameters b1,b2,B3 are randomly generated in
the range of ð�1, 1Þ: The sparsity of B3 is set to 0.8.
Obviously, from profile (1) to (3), the nonlinearity of the IC
profile is increasing.

For DMEM, we choose a five-layer Multilayer Perceptron
(MLP) network as the DNN network. The structure of this
network is presented in Table 1. The optimization results of
these models are provided in Table 2. The estimated param-
eters closest to the true value and the lowest MSE value are
marked in bold. Clearly, the proposed hard EM algorithm
can effectively estimate the model parameters with much
better performance than the two-stage algorithm and the

other benchmarks. As the profile function g ICð Þ xð Þ gets more

Table 2. The optimization results in Phase I optimization.

r2n r2c x MSE
IC 1.00 0.25 0.50 0.00

Profile 1 DMEM 1.0017 0.2567 0.5119 0.0076
DMEM-TS 1.0130 0.2624 0.5227 0.0144

SM1 / 0.5282 0.6197 0.1019
SM2 0.9806 0.2588 / 0.0101

Profile 2 DMEM 1.0010 0.2557 0.5101 0.0067
DMEM-TS 1.0124 0.2664 0.5297 0.0187

SM1 / 0.5287 0.6127 0.0949
SM2 0.9783 0.2572 / 0.0085

Profile 3 DMEM 1.0040 0.2703 0.5358 0.0219
DMEM-TS 1.0092 0.2886 0.5647 0.0415

SM1 / 0.5391 0.6430 0.1224
SM2 0.9788 0.2706 / 0.0224

Table 1. The structure of the MLP network.

Layer Nodes Number of parameters

MLP model Dense layer 1 32
Dense layer 2 128 4224
Dense layer 3 1024 132,096
Dense layer 4 128 1312,00
Dense layer 5 1 129
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complex, the accuracy of model optimization slightly
decreases, especially in the optimization of r2c and x: The
possible reason is that the specified DNN structure is not
optimal for the other two cases. In comparison, the pro-
posed DMEM outperforms other models in all cases with
more accurate parameter estimation and lower MSE, dem-
onstrating its advantage in modeling these data.

4.2. Phase II monitoring

In this subsection, we test the detection performance regard-
ing different profile anomalies, including the change of gð�Þ
and the change of the model parameters ln,r

2
c ,x: For statis-

tical process control, the performance is typically evaluated
using a-error and b-error, or equivalently Average Run
Length (ARL) for both IC and OC processes. However, in
our case, both the ARL among profiles (each profile as one
instance) and detection delay within each profile are critical
for incremental profile monitoring. Therefore, in this article
we specify ARL0 in terms of profiles in the IC process to a
desirable level, i.e., 100, which corresponds to a type I error
of 0.01, and use both ARL1 in terms of profiles and detec-
tion delay in terms of measurement points in the OC pro-
cess as two evaluation metrics. In addition, the
computational time is recorded to test whether the proposed
methods are efficient enough for online applications.

In all cases we follow the conventional assumption that
the true IC parameters are known in Phase II analysis and

set g ICð Þ xð Þ ¼ 0 without loss of generality. For completeness,
we also studied the performance using the estimated model
parameters, which is provided in Appendix F due to space
limitations. All results reported in this subsection are
obtained by 1000 replicated simulations. To attain the
desired ARL0 value of 100, the scaling coefficient ca for
UCLT2 tð Þ and UCLGLR tð Þ are set to 0.00023. Note that for

both control charts, we find that the scaling coefficient is
approximately the same in the simulation. For the change of
model parameters ln, r

2
c ,x, we consider the following three

cases: (i) l OCð Þ
n ¼ drn, (ii) r2c

ðOCÞ ¼ 1þ dð Þr2cðICÞ and (iii)

xðOCÞ ¼ 1þ dð ÞxðICÞ: For the change of g xð Þ, we consider

the following three cases: (iv) g OCð Þ xð Þ ¼ db1ð Þ0x, (v)

g OCð Þ xð Þ ¼ dsin b02x
� �

and (vi) g OCð Þ xð Þ ¼ x0 dB3ð Þx: Similar
to the simulation of phase I optimization, the OC parame-
ters b1, b2,B3 are randomly generated in the range of
ð�1, 1Þ and the sparsity of B3 is set to 0.8. The parameter d
controls the shift magnitude in all cases.

Since there are no online control charts designed in the
literature for incremental profile monitoring with a large
number of measurement points in each profile, it is chal-
lenging to compare the proposed control charts with alter-
native methods. To demonstrate the superiority and
effectiveness of our method, the widely used EWMA (expo-
nentially weighted moving average) control chart and
CUSUM (cumulative sum) control chart are chosen as the
benchmarks, which also monitor the residuals fi, 1:t in an
online manner. The EWMA statistics are calculated by

EWMA tð Þ ¼ k1
f2it

r2n
ðICÞ þ r2c

ðICÞ þ 1� k1ð ÞEWMA t � 1ð Þ,

where the parameter k1 is set to 0.2. The two-side CUSUM
statistics are calculated by

CUSUMupper tð Þ ¼ max 0, CUSUMupper t � 1ð Þ þ fit � k2
� �

,

CUSUMlower tð Þ ¼ min 0, CUSUMlower t � 1ð Þ þ fit þ k2
� �

:

The parameter k2 and the control limits of these two
control charts are set to achieve the desired ARL0 ¼ 100:

Figure 2. Online monitoring of some IC and OC profiles via (a) T2 control chart and (b) GLR control chart. The change patterns in cases (i)-(iv) are the change of
ln ,r

2
c ,x and g xð Þ respectively.
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Figure 2 illustrates the online monitoring process of IC
and OC profiles by the proposed T2 control chart and GLR
control chart on randomly generated profiles. For the
change of model parameters ln, r

2
c and x, the proposed

GLR control chart outperforms the T2 control chart.
According to Corollary 1, the T2 control chart is not effect-
ive to detect the shift of ln: In this case, an abnormal ln
leads to some deviations for the T2 statistics in the early
period, and then the T2 statistic becomes stable as t
increases. Whereas for the GLR control chart (Figure 2 i-b),
the GLR statistics are shifted upwards significantly. In the
other cases, the T2 control chart can only detect one-side
change of r2c and x, specifically the increase of r2c and the

decrease of x: The convergence values of the T2 statistics
deviate from the IC convergence value of one. However, the
GLR control chart is capable of detecting all kinds of
changes, whereas the GLR statistics would diverge to infin-
ity as the sample size goes to infinity. For the change of
g xð Þ, both control charts can detect the anomalies. The T2

statistics are shifted upwards and the GLR statistics diverge
to infinity. As the shift magnitude d increases, the detection
delay for both control charts decreases.

The detailed detection results for these cases are shown
in Table 3. The best values among these methods are
marked in bold. From the table we can find that:

1. The EWMA control chart and CUSUM control chart
perform well only when ln changes. Note that the
within-profile correlations are ignored in these two con-
trol charts. They focus on the mean value of the moni-
tored residuals, therefore, they are not effective in
monitoring other changes, especially the change of r2c
and x:

2. The proposed T2 control chart performs best in the
change of g xð Þ and the one-side change of r2c and x,
while it performs worst in the remaining cases. The
poor detection performance is due to the asymptotic
properties shown in Corollary 1 and the one-side test
issue.

3. The proposed GLR control chart is the most robust
method, which shows good performance in all cases.
The running time of the T2 control chart and the GLR
control chart are around 0.84s and 1.88s per profile
(1� 105 points) respectively, both computationally effi-
cient for online monitoring.

5. Real case study

In this section, we apply the proposed DMEM-T2 control
chart and DMEM-GLR control chart to a SLM-based AM
process. As shown in Figure 3, one spatially-integrated sen-
sor, which is an indium gallium arsenide (InGaAs)

Table 3. The ARL and detection delay for all methods.

ARL Detection delay

Case d T2 GLR EWMA CUSUM T2 GLR EWMA CUSUM

IC 0 100.00 100.00 100.00 100.00 99,054.1 99,011.7 99,221.1 99,084.9
(i) �4 1.98 1.31 1.10 1.10 49,550.7 24,671.7 10,692.0 91,98.8

�2 15.38 7.81 3.88 3.82 93,609.0 87,522.4 76,110.7 73,987.1
�1 76.92 31.25 16.67 16.39 98,793.7 96,910.4 94,524.5 94,004.0
1 90.91 37.04 21.28 22.73 98,992.8 97,347.7 95,745.6 95,620.6
2 18.18 8.00 4.29 4.17 94,589.9 88,242.5 78,436.1 76,172.4
4 1.94 1.35 1.12 1.11 48,528.8 26,677.6 11,800.9 10,173.3

(ii) �0.02 333.33 1.31 100.00 100.00 99,700.0 67,323.7 99,275.5 99,085.0
�0.01 250.00 9.71 100.00 100.00 99,600.3 95,686.8 99,221.1 99,085.0
�0.005 250.00 55.56 100.00 100.00 99,600.3 98,657.0 99,221.1 99,084.9
0.005 25.00 41.67 100.00 90.91 97,389.9 98,326.0 99,221.1 99,062.4
0.01 4.81 9.71 100.00 90.91 90,229.3 95,475.4 99,221.1 99,062.4
0.02 1.14 1.26 100.00 90.91 51,719.9 63,251.6 99,200.4 99,062.4

(iii) �0.03 1.14 1.27 100.00 100.00 51,642.8 63,438.7 99,257.5 99,085.0
�0.02 2.16 3.50 100.00 100.00 79,916.8 89,453.6 99,221.1 99,085.0
�0.01 13.51 27.78 100.00 100.00 95,815.1 97,821.8 99,221.1 99,085.0
0.01 250.00 35.71 100.00 90.91 99,600.3 98323.4 99,221.1 99,062.4
0.02 250.00 3.89 100.00 90.91 99,600.4 90,398.6 99,221.1 99,062.3
0.03 333.33 1.32 100.00 90.91 99,700.0 67,329.6 99,199.4 99,062.3

(iv) �0.15 1.04 1.06 66.67 52.63 28,255.7 34,293.7 98,659.3 98,251.9
�0.10 1.86 2.39 76.92 62.50 73,355.6 81,891.7 99,074.1 98,497.8
�0.05 35.71 50.00 100.00 76.92 97,975.9 98,473.0 99,217.8 98,847.7
0.05 32.26 55.56 100.00 83.33 97,996.3 98,552.7 99,221.8 98,870.1
0.10 1.89 2.42 90.91 62.50 73,193.5 81,724.5 99,095.6 98,578.4
0.15 1.04 1.06 66.67 55.56 28,227.8 34,778.0 98,791.2 98,376.9

(v) �0.20 1.05 1.10 71.43 66.67 41,705.5 51,600.8 98,955.3 98,631.3
�0.15 2.18 3.27 83.33 76.92 80,626.9 89,199.7 99,138.2 98,733.1
�0.10 20.83 38.46 90.91 76.92 97,159.9 98,257.7 99,174.6 98,773.6
0.10 17.86 33.33 100.00 76.92 96,893.9 97,952.5 99,221.8 98,802.5
0.15 2.18 3.38 100.00 76.92 81,011.9 89,044.4 99,104.5 98,756.2
0.20 1.05 1.10 90.91 62.50 41,893.3 51,700.6 99,057.0 98,606.5

(vi) �0.15 1.09 1.16 62.50 47.62 40,650.2 49,565.0 98,736.0 98,350.1
�0.10 3.45 5.46 90.91 71.43 86,238.6 9,1963.8 99,061.5 98,795.8
�0.05 40.00 62.50 100.00 90.91 98,163.3 98,619.3 99,253.7 98,940.6
0.05 47.62 66.67 100.00 83.33 98,374.1 98,648.2 99,185.8 98,835.8
0.10 3.38 5.46 90.91 71.43 86,651.8 92,344.7 99,094.2 98,728.5
0.15 1.10 1.15 76.92 55.56 40,708.3 50,332.8 9,8907.8 98,469.3
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photodiode, is mounted co-axially to the laser path to meas-
ure the integral radiation within a field of view centered in
the melt pool in the near/short infrared range.

In this study, we aim to detect the heat conduction
anomalies as soon as possible during the manufacturing pro-
cess. As shown in Figure 4, one parallelepiped specimen of
size 10� 10� 25 mm is designed with some unexposed
blocks to introduce heat conduction anomalies. In these
blocks, no laser scan occurred for a number of consecutive
layers. The first layer after an unexposed block has a large
overhanging area with loose powder underneath. The heat
exchange in this overhanging layer is altered by the fact that
the loose powder has much less conductivity than the bulk
material. Therefore, unexposed blocks tend to result in heat
conduction anomalies with increasing severity as the num-
ber of unexposed layers increases. Figure 5 illustrates the
photodiode signals of one IC layer and three OC layers
which follow three, six and nine unexposed layers respect-
ively. The photodiode signals turn higher with more unex-
posed layers. In addition, the heat conduction anomalies are
possible to continue in a few of the following layers. In this
case study, the first three overhang layers after each unex-
posed block are regarded as anomalies. Other bulk layers are
supposed to be in control. A total of 10 unexposed blocks
are designed with the number of unexposed layers increas-
ing from 1 to 10 along the z-direction.

The experiment was repeated twice using a multi-laser L-
PBF Trumpf system, so two specimens are manufactured.
The data of 379 layers in each experiment are collected,
including 294 bulk layers, 55 unexposed layers and 30

overhang layers. Each bulk layer and overhang layer con-
tains about 30,000 measurement points. The process param-
eters are fixed with a scan speed of 1500mm/s, a laser
power of 4800 W, and a laser spot diameter of 100 mm. The
photodiode signal was initially acquired with a sampling rate
of 100 kHz and then down-sampled in order to have one
measurement point every 30 lm along the laser scan path.
The orientation of the laser scan and the laser scan path
were changed every layer, so the coordinates of the measure-
ments vary from layer to layer. The coordinates of the laser
spot and the measured laser power are collected along with
the photodiode signal. The dataset is part of an Open Data
Science project between Trumpf GmbH and Politecnico di
Milano and it is available at www.ic.polimi.it/open-data-
challenge.

Based on the heat exchange process of the melt pool
and the theory of thermodynamics, the photodiode signal
can be regarded as a profile with some explanatory varia-
bles, including the position of the laser spot and the laser
power. In order to better model the photodiode signal,
five features are extracted from the observed data, namely,
the distance between the laser spot and the scanning edge,
the length of the previous scan trace, the length and index
of the current scan trace and the distance between the cur-
rent and previous laser spot. Finally, these five features,
together with the measured laser power of the latest 10
measurement points, are used as the explanatory variables.
All bulk layers are taken as the training data in Phase I
optimization, and the overhang layers are used for per-
formance evaluation and comparison of Phase II online
monitoring.

In Phase I analysis, we find that the optimized DNN
model is not accurate in fitting the first measurement point
of each scan trace. Therefore, we treat it as an outlier and
remove it to improve model fitting. Figure 6(a) shows the
observed signals and fitted values in the first IC layer, where
the observed signals fluctuates around the estimated ĝ xð Þ:
Figure 6(b) and (c) shows the autocorrelation and partial
autocorrelation of the residuals, from which we see the
residuals indeed follow an autoregressive model AR(1). The

normal Q-Q plots of the estimated n̂i of IC profiles in these

two specimens are shown in Figure 7. The estimated n̂
approximately follows a Gaussian distribution. Therefore,
the DMEM model fits the temperature data very well.

Figure 4. Schematic view of the additively manufactured specimens with unex-
posed blocks.

Figure 3. (a) The co-axial monitoring system. (b) Schematic side and top views of the melt pool along the laser scan direction.
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Figure 5. The photodiode signals of (a) one IC layer and three OC layers which follow (b) three, (c) six and (d) nine unexposed layers.

Figure 6. (a) The observed signals and the estimated ĝ xð Þ in the first IC layer. (b-c) The autocorrelation function and partial autocorrelation function of the
residuals.

Figure 7. The normal Q-Q plots for the estimated n̂ i of IC profiles in the (a) first and (b) second specimen.
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Based on the simulation study, we know that the one-
side T2 control chart performs poorly in some cases with
shifted model parameters for the random effect and resid-
uals. To make it more robust, we also set a lower control
limit LCLT2 tð Þ for the T2 control chart, where

UCLT2 tð Þ ¼
v2caa=2 tð Þ

t
and LCLT2 tð Þ ¼

v21�caa=2
tð Þ

t
:

The coefficient ca is determined to achieve a fixed a-error
at 0.01. Figure 8 illustrates the Phase II monitoring process via
DMEM-T2 control chart and DMEM-GLR control chart for
the first specimen. The monitoring of the second specimen
shows similar results. The b-error and detection delay are
summarized in Table 4. Here we calculate the b-error in two
ways, one for OC profiles and the other for OC blocks. The
b-error of OC blocks is defined as the probability of failing to
detect any anomaly in the three OC layers of one OC block.
The best values among these methods are marked in bold.
The proposed DMEM-T2 control chart and DMEM-GLR con-
trol chart both perform well in detecting anomalous blocks.
All the unexposed blocks except the first one can be detected

(9 out of 10 blocks). As there is only one unexposed layer in
the first OC block, the anomaly is not obvious and thus both
methods fail to detect it. The DMEM-GLR control chart is
superior to all other methods in terms of the detection delay,
indicating that it can more timely detect the anomalies. The
b-error of OC layers is relatively lower than that of OC
blocks. One reason is that the influence caused by abnormal
heat exchange may not last for three layers, especially when
the number of unexposed layers is small. The proposed meth-
ods only detect anomalies in one or two layers among the
three OC layers in one OC block. As the number of unex-
posed layers increases, the detection by both proposed control
charts becomes faster and more accurate. The computational
time of DMEM-T2 and DMEM-GLR method are around
2.11 s and 2.51 s per printing layer respectively, fast enough
for online monitoring.

6. Conclusion and discussion

In this article, we proposed a deep mixed-effects modeling
approach for real-time monitoring of the melt pool

Figure 8. Phase II monitoring process of (a-b) DMEM-T2 control chart and (c-d) DMEM-GLR control chart in the first manufacturing process.

Table 4. The detection results using specimen 1, specimen 2, and both specimens respectively as the data source.

b-error Detection delay

T2 GLR EWMA CUSUM T2 GLR EWMA CUSUM

Specimen 1 Layers 0.267 0.267 0.9 0.767 20,157.2 18,344.5 28,348.7 24,799.6
Blocks 0.1 0.1 0.7 0.4 25,988.2 21,394.2 66,548.9 39,065.6

Specimen 2 Layers 0.333 0.3 0.933 0.633 19,367.7 18,186.9 30,767.3 23,980.4
Blocks 0.1 0.1 0.8 0.2 26,976.5 22,489.5 83,045.4 28,870.0

Specimen 1&2 Layers 0.300 0.283 0.933 0.700 19,558.3 17,837.7 29,165.8 24,390.0
Blocks 0.1 0.1 0.8 0.3 26,272.4 21,117.6 75171.3 33,967.8
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temperature in AM processes. In the DMEM model, a DNN
is proposed to capture the relationship between the tempera-
ture and process setting and other sensing data. A random-
effect term is added to model the random variation of mean
temperature among different printing layers, and a residual
term is used to model the within-profile auto-correlation and
measurement error. An efficient hard EM algorithm is devel-
oped to train the model in Phase I stage, which iteratively
optimizes the DNN parameters and the ones for random-
effect term and residual term. In Phase II monitoring, a T2

control chart and GLR-based control chart are developed to
timely detect various process anomalies. The asymptotic prop-
erties of the T2 and GLR statistics with and without anomalies
are further established. An efficient dynamic updating strategy
is proposed to reduce the computational cost. The effective-
ness of the proposed method is demonstrated thorough simu-
lation studies and a real case study of an AM process. The
results show that the DMEM-GLR control chart is the most
robust method in handling various process changes in both
simulation study and real case study.

There are several issues that are worthy of further investi-
gation. First,, the random terms in DMEM are modeled by
a autoregressive model AR(1), which may not hold in other
more complicated cases. A Gaussian process is an alternative
approach and is more general for different situations by set-
ting different kernel functions. Second, although very effect-
ive in our study, the proposed optimization algorithm may
not be accurate when limited historical IC profiles are avail-
able. Finally, the proposed method focuses on the photo-
diode signals in monitoring the AM process. Other type of
signals, such as thermal images may be more effective in
AM process monitoring.
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