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Transfer Learning of Stochastic Kriging for
Individualized Prediction

Jinwei Yao, Jianguo Wu, Yongxiang Li, and Chao Wang

Abstract—Stochastic Kriging (SK) is a generalized variant of Gaussian process regression, and it is developed for dealing with
non-i.i.d. noise in functional responses. Although SK has achieved substantial success in various engineering applications, its intrinsic
modeling strategy by focusing on the sample mean limits its flexibility and capability of predicting individual functional samples.
Moreover, the performance of SK can be impaired under scarce data scenarios, which are commonly encountered in engineering
applications, especially for start-up or just deployed systems. In this paper, we propose a novel transfer learning framework to address
the challenges of individualization and data scarcity in traditional SK. The proposed framework features a within-process model to
facilitate individualized prediction and a between-process model to leverage information from related processes for resolving the issue
of data scarcity. The within- and between-process models are integrated through a tailored convolution process, which quantifies
interactions within and between processes using a specially designed covariance matrix and corresponding kernel parameters.
Statistical properties are investigated on the parameter estimation of the proposed framework, which provide theoretical guarantees for
the performance of transfer learning. The proposed method is compared with benchmark methods through various numerical and real
case studies, and the results demonstrate the superiority of the proposed method in dealing with individualized prediction of functional
responses, especially when limited data are available in the process of interest.
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lationships as realizations of random processes [1]. Due
to its flexible modeling capability and elegant mathemat-
ical properties, the GPR has been widely used in various
applications such as surrogate modeling, geostatistics, and
spatial modeling [2, 3]. Nevertheless, the conventional GPR
is built on the assumption that the noise term is independent
and identically distributed (i.i.d.), which limits its broader

applications [4].
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In practice, the sources of noise vary significantly due
to data generation mechanisms and data collection tech-
niques/environments, leading to the violation of the i.i.d.
noise assumption. A real-world example that illustrates
this problem is shown in Fig. 1, where there are three
testing processes for battery impedance. In each process,
multiple batteries are tested at various frequencies, and each
battery’s testing results are plotted as blue dots along its
unobservable function curve (i.e., one solid function curve
corresponds to one battery). The (unobservable) mean func-
tion in each process is also marked as the dashed line. We
denote the data from one specific battery as one functional
replication from its process. Note that each battery (and its
functional replication) in the process is distinct from the
others because each battery’s charging and recharging cycles
are different. The data features in Fig. 1 can be summarized
as follows:

e Heterogeneous replications: Each battery has not only
distinct functional behaviors but also heterogeneous
input locations due to different charging-recharging
cycles and conditions.

o Within-and between-process correlations: The replica-
tions within-and between-process both have strong
correlations, i.e., non-i.i.d. features. However, it is
important to notice the sources of these two correla-
tions are different: The within-correlation stems from
the same testing process conditions, e.g., tempera-
ture; while the between-correlation is governed by
the general frequency vs. impedance physics for the
same type of batteries.

e Heterogeneous availability: The number of batteries
(replications) in each testing process can be differ-
ent. Typically, the new process has a much smaller
number of replications.

These features are commonly observed in various appli-
cations, see examples in [5, 6]. In practice, it is desirable
to predict each individual functional curve with as few
experiments as possible, especially in a new process. Conse-
quently, the research problem is how to leverage the within-
and between-process correlations so that information from
data rich processes can help predict each individual function
in the data-scarce process.

In the literature, Stochastic Kriging (SK) was proposed
to model the functional relationship with heterogeneous
replications and non-i.i.d. features [7]. The basic idea is to
represent the heterogeneous replications as a shared mean
function with additive non-i.i.d. noise. In this case, the
shared mean function can still be modeled by a conventional
GPR, and the deviations from the mean can be modeled as
a weighted correlation structure for characterizing non-i.i.d.
features. As a result, the SK achieved great success and wide
applications in modeling non-i.i.d. functional relationships
with heterogeneous replications [8].

Nevertheless, the way of constructing SK by focusing
on the sample mean poses challenges and limitations to its
broader applications. For example, the SK suffers from the
individualization issue, which means its prediction is used
for the functional mean of a process instead of an individual
replication. In many engineering practices, however, the
function mean can barely provide an accurate character-

2

ization of all individual units because the data from an
individual unit usually deviates from the population mean.
This is evidenced by the battery-to-battery variation in Fig.
1 and many data profiles in other engineering applica-
tions, e.g., unit degradation [5] and chemical reactions [6]
etc. Although it is feasible to use the estimated correla-
tion structure to provide a conditional prediction for each
replication, the prediction accuracy highly depends on the
estimation quality of the mean and the correlation structure.
Unfortunately, it is well documented that the estimation
performance of SK will be significantly impaired when there
is a limited number of replications [9], which makes SK
unsuitable for individualized prediction in a data-scarce
process.
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Fig. 1: The EIS test data in three processes.

An intuitive idea to remedy the individualization issue
of SK in the data-scarce case is to resort to transfer learning,
where the rich information from source processes can be
leveraged to benefit the learning of the data-scarce target
process. This is in fact attainable in many real applications,
including the example shown in Fig. 1. There are indeed
many existing works using transfer learning to deal with
data-scarce problems in the context of GPR [10, 11], and
we provide a review for these works in Section 2.1. Never-
theless, when dealing with processes with heterogeneous
replications, these works often fail to comprehensively
consider both individual-to-individual (within) correlations
and process-to-process (between) correlations. For example,
as illustrated in Fig. 1, current transfer learning GP tech-
niques can facilitate information sharing among either mul-
tiple means (represented by dashed curves) across different
processes or multiple individual replications within a single
process, but they cannot model means and individuals in
different processes simultaneously. In other words, these
methods cannot fully leverage the within-and between-
process correlations to benefit the prediction of individual
replications. The root cause of this research gap stems from
the lack of modeling components that differentiate between
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individual-to-individual correlations and process-to-process
correlations. In Fig. 1, this gap is illustrated: if the process-
to-process correlation is modeled (by aggregating individ-
uals to the mean curve in each process), then the model
lacks the capability to further capture the correlation among
individual replications within any given process, and vice
versa. As a result, a straightforward extension of existing
GPR transfer learning techniques to the SK cannot resolve
the individualization and data-scarce issues.

In this paper, we propose a novel transfer learning
framework for explicitly modeling the within-and between-
process correlations in SK. This framework provides a com-
prehensive and scalable solution to both individualization
and data scarce issues in the context of SK. Specifically, to
facilitate individualization in the target process, we split
heterogeneous replications into two groups: the replica-
tion of the individual unit of interest and the remaining
replications. One of the key innovations of our work is
that we use the convolution process [1] to build a tailored
covariance structure between the individual unit of interest
and the mean of the remaining replications. Based on their
covariance, the mean of the remaining replications can serve
as prior knowledge about the functional relationship of the
individual unit of interest, and the available data in the
individual unit of interest provides an update about this
prior. For the between-process correlation, we again use
the convolution process to build covariance connections.
Specifically, we build links between each source and the two
groups in the target so that the covariance matrix for the
target process is embedded in the covariance matrix char-
acterizing the process-to-process (between) correlation. We
also add penalization terms when constructing the between-
process covariance matrix. In this case, the individual unit of
interest in the target receives two streams of information: the
penalized information from each source and the unpenal-
ized information from the remaining of the heterogeneous
replications in the target.

Theoretical analysis shows that i) the constructed covari-
ance matrix of all sources and the target is positive definite,
and ii) it is guaranteed that we can select useful sources
and remove negative transfer sources asymptotically. These
theoretical properties thus provide evidence for resolving
the issues of individualization and data scarce in the context
of SK. As a result, the major contributions of the work
include:

e A novel transfer learning framework is proposed to
model the within-and between-process interactions
in SK, where the accurate prediction of any individ-
ual unit in SK can be realized with limited data in
the target process.

o Theoretical analysis provides guarantees that the
proposed framework can resolve the issues of indi-
vidualization and negative transfer asymptotically.

o The proposed framework is compared with bench-
mark methods in various numerical and case studies,
and the results demonstrate the superiority of our
method.

The remainder of the article is organized as follows. The
formulation of the problem will be presented in Section 2,
where related works in transfer learning using GP and the
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challenges in exiting SK will also be provided. In Section
3. the proposed transfer learning framework will be intro-
duced, together with implementation details and theoretical
analysis. The numerical and case studies will be in Section
4 and Section 5, respectively. Finally, we draw conclusion
remarks in Section 6.

2 PRELIMINARIES AND PROBLEM FORMULATION

2.1 Related works in transfer learning of GP

The key to the GP-based transfer learning is to identify and
capture the within-and between-process correlations. One
effective way to model such correlations is to construct a
positive semi-definite covariance matrix through a transfer
kernel, which was studied in [12] for one target and one
source domain.

When applying the transfer kernels to multiple source
scenarios, there are two main categories of models: sep-
arable and non-separable models. The overall idea of the
separable models is to use Kronecker products to form the
covariance matrix among multiple GPs, where the positive
semi-definite property of the joint matrix is guaranteed by
the operation of the Kronecker product. Classical separable
models include the intrinsic coregionalization model (ICM)
[13] and the linear model of coregionalization (LMC) [14].
Extensions on ICM and LMC have also been made to
facilitate scalability and handle non-Gaussian likelihoods
and variance inflation [15-17]. Non-separable models, on
the other hand, use a convolution process to generate GPs,
allowing each GP to have its own set of hyperparameters
that dominates the effectiveness of transfer learning [18].
Due to their modeling flexibility, the non-separable models
attract prevalent attentions in the area of transfer learning
[19]. For example, works in [19, 20] construct the multi-
output Gaussian convolution process (MGCP) to facilitate
transfer learning among multiple GPs. Some extensions are
also made for dealing with incomplete samples [21] and
computational issues [22].

Nevertheless, existing GP-based transfer learning ap-
proaches can model either multiple individual replications
(within-process correlation) or multiple mean trends among
processes (cross-process correlation), but they cannot model
both within a single framework. In other words, these meth-
ods cannot fully leverage the process-to-process correlation
to benefit individual replications. For example, the works
in [10, 20, 23] all use non-separable models with different
convolution structures, but they only focus on dealing with
the within-process correlation among multiple individual
replications. Works in [21, 22] also apply the non-separable
models, but they can only model between-process correla-
tion by aggregating replications in each process as a mean
function.

Technically speaking, this research gap arises from the
lack of modeling components that differentiate between
individual-to-individual correlations and process-to-process
correlations. As a result, it is imperative to develop a
comprehensive framework for modeling and differentiating
both correlations in the context of GP transfer learning.
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2.2 Problem formulation for SK

Without loss of generality, we assume there are I processes
and treat the Ith process as the target process. For the
ith process, © = 1,---,1, there will be m; heterogeneous
replications. We denote the mth replication in the ¢th pro-
cess as y\"™ (x{™), where the input locations z\™ are
allowed to be different across different replications. We
denote the union of all replications’ inputs in the ith process
as x; = [¥i1,Ti2, * ,Tin,)T, where n; is the total number
of different input locations across all replications in the ith
process. As a result, we can express the mth replication
in the ith process as y\™ (™) = {y\™ (z;;)|2i; €
:cgm) Em) C x;}. We further require the input elements
in x are ordered in ascending order, ie., x;; < x;

Em), to facilitate the description of

and x
(m)
lfj < j/ for me cx

vectored y{™ (a:l(-m)

i ). Furthermore, for any z; ; € «;, there
will be at least one replication having observation at this
location. We denote the set of replication indices at z; ; € ;
as R; j, where R; ; C {1,---,m;} and |R; ;| > 1. Figure
2 provides an example for our notation system in the ith

process with m; = 3 and n; = 4, where each replication

ygm) (acz(-m)) consists of data points indexed by different
subset input locations of x;, and the elements in sets R; ;

are the indices of replications that have data point(s) at x; ;.
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Fig. 2: Notation example for replications and input locations

To model the heterogeneous replications in Fig. 2, the
SK formulates the data at input location x; ; from the mth
replication in the ith process as:

" (@ig) = filwig) + €™ (@), wg € 2™ )
where the f;(-) is the mean function shared across dif-
ferent replications in the ith process, and the egm) (xi,5)
is the noise term (usually non-i.i.d. across x; ;) indepen-
dent with f;(-). The data generation procedure starts with
Fi(z) = [fi(xin), fi(zio), -+, fi(zin,)]", which is a func-
tional sample from N(0, IC; ;). Note the f;(x;) is sampled
at all possible input locations in the ith process, i.e., x;.
Then, the sampled f;(x;) serves as the mean for all het-
erogeneous replications, and m; different noise functional
samples are added. All m; different noise functional sam-

ples el(»m)(wi) N(0,%;;),m =1,---,m;, are added to each
individual replication. Finally, the observed data yfm) (i)

are those with z; ; available in the mth replication’s input

4

location set, i.e., :cgm), which constructs m; heterogeneous

replications in the ith process. A detailed description of
the data generation procedure is available in Section A of
supplementary materials.

To quantify the mean trend and non-i.i.d. noise (pa-
rameterized by K;; and 3;;, respectively), SK uses m;
heterogeneous replications to compute the sample mean
Yi = [Ui(i1), i(@i2), -+, Pi(zin,)|" at each input z; ; €
x;, where 7;(z; ;) is computed by

bi(wiy) = filwig) + 15— Yo @) @
| 717.7| meER,; ;
LN
which results in a new co-variance representation for ¥;:
Cov(yi, 9;) = Kii + By ®)
where the (4, j')th element of X, ; is:
S 1 m
Zi,i(xiyj,xi’j/) = CO’U(|R | Z 65 )(xi,j)»
©J mER,; ;
Ly )
T & (i)
|R; 5| Ry

The hyperparameters in C; ; and ¥;; are usually esti-
mated by data ¢; with maximum likelihood estimation.

2.3 Challenges in transfer learning of SK

Although SK has achieved successful application in many
engineering fields due to its strategy in dealing with het-
erogeneous replications, it suffers from intrinsic challenges
for predicting individual replications. This can be evidenced
by its prediction strategy: When having a set of new input
locations «} on the ith process and |z}| = n}, SK can only
predict the mean trend and uncertainty on these new inputs:

. T _
Fi(x)|gs ~ N(IC; ;[KCi s + N T

A N )
K“- - ’CM[’Ci,i + 3] Kzz)

where IC“ is the covariance matrix between f;(x;) and

Ji(x}), and IC} ; is the covariance matrix within f;(x}).

The prediction in Eq. 5 shows a clear limitation of SK that
it can only predict the mean tread f;(-) and fails to predict
the individual replication yz(m) (+), i.e., the individualization
issue. The root cause of the individualization issue is the
model deficiency in representing individual replications in
the existing SK. This can be confirmed in Eq. 1 that all m;
replications are characterized by the same 3J; ;. Thus, the
estimation of the deviation term can only be made for the
parameters in X;; instead of the exact deviation values
in each replication. In other words, there lacks a set of
parameters or a representation tailored for modeling values
in the individual deviation/replication.

To solve the individualization issue, an intuitive idea
is to use the current SK framework to estimate the mean
and X; ;, then the estimated mean can be subtracted from
the data to obtain the deviation in each replication, and
3;,; can be used to provide a conditional prediction for the
deviation at any input locations. However, this idea highly
depends on the accurate modeling of the estimated mean,
which is especially challenging when having a small amount
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of data. An alternative solution is to resort to an effective
transfer learning framework. However, this is a non-trivial
task since it requires i) a holistic consideration of the within-
and between-process correlation with heterogeneous repli-
cations in each process; and ii) an efficient transfer learning
structure for alleviating negative transfer.

3 MODEL DEVELOPMENT

To address these challenges and facilitate our proposed
transfer learning framework, we list some assumptions as
follows:

Al The mean trend of heterogeneous replications in each
process is smooth and is from a stationary Gaussian
process.

A2 The noise in each heterogeneous replication is non-i.i.d.
and stationary.

A3 There exist similarities between the target process and
source processes, and the similarity can be modeled by
kernel functions and their parameters.

A4 We only consider the information transfer from sources
to the target, so the interactions among sources will be
ignored to reduce computational complexity.

We want to mention the first two assumptions are com-
monly used in regular SK [7]. The last two assumptions
are made specifically for transfer learning, and it is also
validated in various literature studying multi-task and/or
transfer learning of GP [21, 23].

3.1 Transfer Learning for Individualized SK

Our proposed transfer learning framework provides a
general and explainable solution to the individualization
issue by devising a holistic within-and between-process
correlation structure. More specifically, the structure of
within-process correlation is inspired by providing param-
eters/representation for the individual replication (as dis-
cussed in Section 2.3). This is mathematically equivalent
to splitting and modeling all replications in a process as
two groups: the individual replication of interest and the
remaining replications.

Here we slightly abuse the notation of processes to
denote the set of source processes as S = {1,---,I — 1}
and split the target process I into two new processes
I = {I,, I}, where I, is for the individual replication of
interest and I, is for the remaining of the replications. These
two new processes have the following formulations:

y W (2r,5) = fr.(@n ) + e (@r, ) 20,5 € 28 2l =
(m)

U@, ) = fr(en ) + € (@, ), € 2 ©
6

where all notations are consistent with the notation sys-
tem defined in Section 2, ie., the subscript denotes the
index of process and the superscri t denotes the index of
rephcatlon Specifically, the y(1 (:cIt ) = {y (.’L‘[t’j)|l'[t,j €

)} is the individual replication of 1nterest which can be
any replication in the target process. The ygm)( ?:1))
{y(m)(xlr,jﬂmm] € 931 ™Y is the mth replication in the

remaining group. As a result, there are m 1. = (mr—1)and

5

my, = 1 replications in the I,.th process and the I; process,
respectively, and we have (Um LT (m)) U w(l) =z

The importance of the split of rephcatlons in the target
process in Eq. 6 is that it provides additional parameter-
ization space for modeling the individual replication and
within-process correlation. For example, the f; () and f7, (+)
can be parameterized by different co-variance matrices, i.e.,
K;,..1. and Ky, 1, where the ICy, ;, is specifically for the
estimation and prediction of the individual replication. The
e(li”)(-) and eg) (-) can also be parameterized by ¥, ;, and
3y,.1,, respectively. The fr (-) and fr,(-) should also be
dependent since they are both in the process I. Meanwhile,
the f7, () and f7, () should be correlated with f;(-),7 € S,
to facilitate the transfer learning.

To model the within-and between-correlation among
fr.(-), fr,(-), and fi(:),i € S, we resort to the convolution
process [24], which provides a flexible framework for con-
structing Gaussian processes. More specifically, convolution
process can represent any f;(-) as a convolution between

Gaussian white noise processes Z.(-),e = ,I and
smoothing kernels g; .(-) as follows [1]:
1
f I'L,J de1 xzy)*Z(zz])
e= l 1 N (7)
= Z/ Ge,i(Tij — u) Ze(u)du.
e=1Y 7>

where * denotes the convolution operator, the g ;(-) is the
kernel convolved with the eth Gaussian white noise process
Z.(-) for the ithe process, and the Gaussian white noise
process Z.(-),e = 1,---,l, are assumed to be mutually in-
dependent. Although the Eq. 7 only works for a single f;(-),
i.e., within-process correlation, in the literature, we notice
it is powerful and flexible in constructing different f;(-) by
assigning different combinations of convolution operations.
We leverage this unique feature and specifically design
the allocations of g.;(-) and Z.(-) to extend it to model
the within-and between-process correlation among f7.(-),
fr,(-), and f;(-). Our proposed transfer learning framework
is presented in Fig. 3, which features some unique designs
tailored for solving individualization issues:

o Within-process correlation for individualization. We use
solid arrows to facilitate the convolution operation of
within-process correlation. It is clear that the fr,(-)
has its unique kernel gy, 1, to characterize its within-
process correlation. This corresponds to the require-
ment of “additional parameterization space” for
modeling the individual replication. Meanwhile, the
kernel g, 1, represents the intrinsic within-process
dependence between fr,(-) and fr.(-). The gy, 1,
thus differentiates the relationship between f7,(+)
and f7,(+) from the relationship between fy,(-) and
fz(),Z es.

e Between-process correlation for transfer learning. We use
dashed arrows to represent the convolution oper-
ation of between-process correlation. More specifi-
cally, the fr,(-) and fr.(-) in the target process both
receive between-process correlation from all source
processes. It is worth noting that the between-process
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Fig. 3: The transfer learning structure of the proposed method.

correlation from the ith source process shares the
same kernel function g;;, for fr,(-) and fr.(-), or
equivalently ¢; 7, = ¢;,1, for i € S. This is indeed
expected since the f7, (-) and f7,.(-) are both in the tar-
get process. The knowledge transferred through the
between-process correlation from source processes
will be critical and useful when the replications in
the target process is limited, i.e., m; < m;,% € S.

o Flexible and explainable representation of data in het-
erogeneous replications. The right-hand side column
in Fig. 3 demonstrates the data in heterogeneous
replications in each process. It is clear that given
the constructed f;(-), the data generation procedures
for each process are the same as those in Fig. 2 for
single SK. This indicates that the strategy of tak-
ing sample means from heterogeneous replications
can also be used for parameter estimation in the
proposed transfer learning framework. As a result,
the proposed transfer learning framework does not
pose any restrictions on data generation compared
to the single process SK, which successfully inherits
the flexible modeling capability of SK while solving
the individualization issue in the context of transfer
learning.

The mentioned features in Fig. 3 can also be formulated
as mathematical representations to facilitate parameter es-
timation and prediction of the proposed transfer learning
framework. Specifically, the f;(z;;),7 € S U I, can be
represented as follows:

9i,i(wij) * Zi(wi ;) ifies
>cesur, Je.1.(Tig) * Ze(wiy) ifi=1, (8)
Seesur et (Tig) * Ze(xiy)  ifi =14

filwij) =

To formulate the within-and between-process correlation,
we first apply Eq. 2 to each process to obtain the sample
mean ;. As a result, we have the inputs and sample means
from all processes as © = [z17, 2T, -+ ﬁB}C,Q:E]T and
y= [y, gL, - ,g};,g}]T. Note the y;, is equivalent to
yg)(:c 1,) since the replication number in the I;th process
is always 1, ie., the individual replication of interest in
the target process. We provide Lemma 1 to formulate the
covariance matrix among sample means of all processes.

Lemma 1 Suppose the assumptions Al to A4 are satisfied, and
the kernels in Fig. 3 are square-integrable, then y ~ N(0,2),

where § is a positive definite matrix represented as follows:

= Qs s Qs 1
Q=K+5=12% ’
QS,I QI,I
Kii+21, 0 0
0 Koo+3X20 - 0
Qs 5= . . :
0 0 Kitg-1+ 21,11
K1, K1,
K:QJT ’C2J¢, K:[, . +2[, I, ’CI,.,I,,
Qs = . . Q=

. . ’C}:.,It K1, + Ezt,u

K-, Ko,

)

where the IC is constructed by the n; x n; block matrix IC; ;,

and IC; v = Cov(fi(x;), fir(xir)). The ¥ is a diagonal block

matrix with ; ; on the diagonals, and the £, ;,¥i € SU I, is
the n; x n; matrix defined in Eqs. 3 and 4.

The € can further be partitioned into four blocks as
demonstrated in Eq. 9, where the Q25 g, Qs 7, and €2 ; are
for covariance within sources, between sources and target,
and within target, respectively. The proof of Lemma 1 with
the details of each element in /C and ¥ are in Section B of
supplementary materials.
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Remarks on Lemma 1: The 2-by-2 block representation
of © in Eq. 9 clearly interprets the within-and between-
process correlation structure designed in Fig. 3. The Qg g
represents the covariance among I — 1 source processes,
where only the within-process correlation in the main diag-
onal is non-zero. This is because all source processes in Fig.
3 are designed to only have solid arrows (within-process
correlation). The €25 ; represents the between-process corre-
lation between each of the source processes and the target
process, where the target process is further split into two
processes. This block corresponds to the dashed arrows
in Fig. 3. Finally, the Qy; is the within target process
correlation, which consists of the within-process correlations
of processes I; and I, (on the main diagonal) and the
dependence between processes I, and I, (represented as
K1,.1,). These matrices refer to the solid arrows in the target
process in Fig. 3.

The direct use of Lemma 1 results in the prediction of the
individual replication at arbitrary inputs 7, in the process

of interest:
g 0] |[K+X K
(1) * ~ N ol -1 * *
Yr, (wlt) K ’Clt:It + EItJt

vl (@)lg ~ N (K Qg Ky, + B, - chnlr(cl)O )
whete K = (K11, Kap o Ky Ko Ko, ]7)
Kin = C’ov(fi(wi),fjt(w}t)),i € SUlI, and ’C?tﬁlt
Cov(fr,(x7,), f1,(x7,))- It is worth noting that K1, in Eq.
10 and the IC; ;, in Eq. 9 use the same kernel (parameters)
to construct the covariance matrix, but they differ in terms
of the input locations. The K;;, uses the inputs xj, for
prediction, while the IC; 7, uses the inputs x;, from training
data. The same difference applies to Kj, ;, vs. Ky, ;, and
E?tylt VS. E[“]t.

3.2 Implementation Details and Properties for Dealing
with Negative Transfer

The Egs. 9 and 10 provide a novel and general transfer
learning framework for dealing with the individualization
issue in SK. As we mentioned in Section 2.3, however,
the effectiveness of any transfer learning method depends
on the successful identification of useful sources and the
exclusion of inappropriate sources. This is especially critical
in the era of “Big Data”, where extensive data or processes
are involved in transfer learning as potential sources. In this
section, we will first parameterize the Egs. 9 and 10 with the
widely adopted kernels and non-ii.d. noise matrix. Then,
a parameter estimation method and its statistical properties
are proposed to deal with the potential negative transfer and
guarantee the performance of the proposed transfer learning
framework.

Specifically, we use the Gaussian kernel for g; ;(z) in
Fig. 3:

Q3 2

-z
gi,ir () = exp(
' 2v/7\/|Bi,i| 262,
where «; ;s is the scaling parameter and f3; ;/ is the length-
scale parameter.

For the non-i.i.d noise in ¥; ;, we parameterize it using
the equicorrelation matrix (a special scenario of Toeplitz

) (1D

7

matrix) [25], which is widely used in characterizing auto-
correlated noise [26]:

Lopi - pi
pi 1 g
popioee 1
where 07 and p; are the intensity of noise and auto-

correlation for the non-ii.d. noise in the ith process. To
guarantee the positive definiteness of X, it requires —n% <
pi < 1. The detailed structure of /C; s and ¥ by using
Eq. 11 and Eq. 12 is provided in Section B of supplemen-
tary materials. As a result, the £ can be fully parameter-
ized by the parameter set 0 = {w;, 1,0, Bir1, ]t €
Syular, 1, a1, 1,1, 811, B, 1, Br,, 1, U {0, pili €
SUT}.

Before we introduce the parameter estimation method,
we want to point out an interesting observation that the
K; 1. in Eq. 9 will be a zero block matrix if o; 7, = 0
for i € S. This means the parameters c; ;, dominate the
effectiveness of transfer learning from source processes.
In fact, the parameters «; ;. determine the inclusion or
exclusion of observed data in source processes, and we
extend this observation into a general case in Section C of
supplementary materials.

The importance of this observation is that it reveals a fea-
sible way to select source processes and data, i.e., the o 1,
should be close to 0 for non-informative source processes. To
implement this idea, we add a penalty to the parameter set
0o = {1, - ,ar-1,1,} during the parameter estimation
procedure:

meax Lp(@) = L(B) — ]P’V(BO)

1 = 1 = N
L) = —in[lC + 37 g~ 3 log|IC + 3| — 5 * log(2m)

B (8y) = 47 2ies (3;0%1,)
i ’yZiGS (|ai,I,,‘ - g) if ‘Ozi)1| >

if e 1| <m

(13)
where L(8) is the log-likelihood function for g, P.,(6o) is the
penalization term, the Lp(0) is the penalized log-likelihood
function, and N = }, n;. We apply the Huber smooth
approximation [27] of a Ly norm to construct the P.,(6o),
where the 7 is a tuning parameter that can be determined
by cross-validation and 7 is a small constant.

The formulation of the parameter estimation in Eq. 13

provides a general platform for penalizing those o ;. that
do not contribute to maximizing the L(0). In this way, the
corresponding data and processes are also penalized and
given less attention in the parameter estimation procedure.
Moreover, the formulation in Eq. 13 enjoys some theoret-
ical properties that provide conditions and guarantees for
excluding the non-informative sources.
Theorem 1 (Parameter estimation consistency) Given that the
MLE 8, for the unpenalized likelihood function L(6) converges
to the true parameters 0* with rate vy, if max{|IP>i;(a; )
i ;. # 0} — 0, under some regularity conditions, there exists 6
that attains the local maximum of Lp(0) such that ||6 — 6*|| =
Op(rx,l +70), where o = max{\]P’iY(a;"IT)\ rajg # 0}, af g
are the true parameters in 0%, and ||-|| is the Lo norm.
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The proof of Theorem 1 is detailed in Section D of sup-
plementary materials. This theorem states the estimation re-
sults from Eq. 13 are consistent under regularity conditions,
which provides theoretical justifications for the accuracy
of parameter estimation and prediction of the proposed
framework. More importantly, the negative transfer can be
asymptotically resolved based on the result of Theorem 1:
Theorem 2 (Resolve negative transfer) Let 07y = {a} ; |aj ; =
0,i € S} be the parameter set of zeros in true parameters 6
for o, and let @1 be the corresponding local optimal based on
Lp(0). If the Theorem 1 holds, §inthm mia=1p (a7 ) > 0
and rny "ty —= 0 with 1y — oo, then

lim P(6y0=0) = 1.

N—o0

(14)

The proof of Theorem 2 is detailed in Section E of
supplementary materials. This theorem shows the capability
of resolving negative transfer in the proposed framework,
where the non-informative sources (with «; 7, = 0) will
be eventually identified and excluded from the learning
procedure. As a result, the proposed framework comprehen-
sively resolves the issues of individualization and negative
transfer, thus providing a flexible and robust solution to
predicting non-i.i.d. functional data.

It is worth noting that the performance of alleviating
negative transfer depends on many factors, including the
designed covariance structure, the penalization form, and
the type of kernels. Fortunately, given the proposed covari-
ance structure (in Fig. 3) and the penalization form (in Eq.
13), the performance of alleviating negative transfer will
not be significantly affected by most, if not all, kernels.
This is because many widely used kernels, e.g., rational
quadratic, Matérn, and periodic, can be represented in the
form « - f(Ax) [28, 29]. In our proposed framework, the
target process receives distinct kernels, i.e., g; 1,, from each
source, and the penalization part applies to the scaling
parameters of these kernels, i.e., a; ;.. In this case, as long
as the kernels used for g; ;, have the form « - f(Az), our
theorems hold. As a result, our proposed framework can
accommodate different types of kernels with guaranteed
performance in alleviating negative transfer, and we use
Gaussian kernels in the paper to illustrate the implemen-
tation details.

We also want to point out the scalability of the pro-
posed framework in terms of the number of observations
and the dimension of the input space. For the number of
observations, thanks to the sparse transfer learning structure
in Fig. 3, the computational complexity (dominated by the
inverse of 2) has improved to O(},; n?), compared with
O((>2; n:)?) in commonly used multivariate Gaussian pro-
cess [15]. Nevertheless, it still scales exponentially with the
number of data. For the dimension of input, it also requires
the number of data scales exponentially with the dimension
[30, 31], which is a challenge widely known as the curse
of dimensionality [30]. In practice, the variational infer-
ence [32] and the Gaussian Process Latent Variable Model
(GPLVM) [33] are commonly used tools to further reduce
the computational complexity and improve the scalability
of GP. However, the detailed discussions and investigations
on developing tailored tools for our proposed framework
go beyond the focus of this work, as our contribution

8

lies in proposing a novel transfer learning framework that
incorporates both individual-to-individual and process-to-
process correlations.

4 NUMERICAL STUDY

In this section, we demonstrate the effectiveness of the
proposed transfer learning framework by comparing it with
various benchmark methods under different signal settings.
More specifically, we introduce five different benchmarks,
and each of them represents one type of simplification of
the proposed method. We also implement the comparisons
under three different signal settings, where the scarce data
collected at random locations, at segment locations, and
under large-scale processes are considered.

4.1 General Setting and Benchmarks

The proposed method aims to address the individualization
and data-scarce issues associated with applying SK to pre-
dict non-i.i.d. functional data. To compare with the proposed
method, we set up five different benchmarks, and each one
represents a type of simplification of the proposed strategy.
We elaborate on each of the benchmarks as follows:

1) Relax penalization. This benchmark method uses the
same framework, i.e., Fig. 3, as our proposed method,
but it does not apply the penalization term, i.e., P, (6o),
in Eq. 13. Thus, its likelihood function is L(8) instead of
Lp(0). This benchmark is proposed to test the effective-
ness of mitigating negative transfer, and it is denoted
as "Unpenalized”.

2) Down-sampling to resolve heterogeneous replications.
An alternative way for SK to resolve the heterogeneous
replications in each process is to down-sample the
replications in each process so that only one replication
is retained. In this case, a regular MGP structure can
be used to model the one replication in each process.
To retain information for each process, we select the
replication index that has the largest number of data

argmax |@\™].

me{l,--- ,m;}
It is clear this benchmark method drops a significant
amount of data, thus it might not be robust to the
non-i.i.d. noise. This benchmark method is a variant
of the method in [20], where we impose the non-ii.d.
structure. We denote this model as "Minimal Transfer”.

3) Relax non-ii.d. assumption. This benchmark method
assumes i.i.d. noise, i.e., Egm) (z,7) ~ N(0,0?), for all
processes. In this case, the prediction of the individ-
ualized replication (/;) might fail because the devia-
tion from the underlying mean trend becomes purely
stochastic under i.i.d. noise. As a result, this benchmark
will focus on predicting the mean trend, instead of the
individual replication. This model is denoted as ”i.i.d.
MGP”.

4) Relax non-i.i.d. assumption with enforced correlation.
This is based on the third benchmark method, but
the between-process correlation model in [10] is used,
where a fully correlated covariance matrix can be con-
structed. A feature of the model in [10] is that it assumes
all processes are always mutually correlated (enforced

points in each process, ie., m; =
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9
. . i s
correlation). We denote this benchmark as “ii.d. En- . (a) Sample Mean .. (b) Individual replication
f d” q q
orce . i Target process | ® Observed data samples
5) No transfer case. To test the effectiveness of transfer o {117 Sowree ] 1L Sowee? wy |~ Truth of individual replication
ource 2 ---  Source 4 —— Prediction

learning, this benchmark uses only data in the tar-
get process. However, to facilitate the prediction of

individual replication, we still split the replications in ol e T ol
the target process to I, and I; processes. Thus, this 00 05 10 15 20 25 30 00 05 10 15 20 25 30
is a modified single SK method, and we denote this ) (c) Proposed ) (d) Unpenalized

benchmark method as “Individualized SK”.

To evaluate the performance of the prediction result, the
root mean square deviation (RMSE) is used to quantify the
deviation between prediction and observed data in the I; T T
replication. The RMSE for each method will be calculated 1
and compared, and each experiment will repeat 100 times
to show the box plot of RMSE.

0246 8
Lo
02 468
Lo

-4

00 05 10 15 20 25 30 00 05 10 15 20 25 30
(e) Minimal Transfer (f) ii.d. MGP

4.2 Setting | (randomly collected data)

02 46 8
[
02 46 8
[

In this section, we set the total number of processes as I = 5, . .
i.e., 4 source processes:

-4

00 05 10 15 20 25 30 00 05 10 15 20 25 30
y1(21) = 2cos(5a1) + Egm)(x]_) (g) Individualized SK (h) i.i.d. Enforced
) ~ -

ya(z2) = 2sin(bzs) + egm) (z2),

(15)

0246 8
Lo
02 4 6 8
Lo

1 m
y3(z3) = 5 exp(@s) + ™ (x3),

]. m
ya(ra) = £ (2 +3) (s +4) + " (2a),

-4
1
-4
1

00 05 10 15 20 25 30 00 05 10 15 20 25 30

d 1 target :
an ATget process Fig. 4: Prediction results in one specific trial of Setting I

ys(x5) = cos(bxs) + sin(bxs) + eém)(xg,), (16)

where the ¥; ; for 61(_m) (+) is with the equalcorrelation struc-

ture,and p; =09and o; = 1,Vi € SUI.
The sample space x; for each process is defined on a

regularly spaced domain X, which is on [0, 7]. To ensure 1.5
the source process has more data points and replications
than the target process, we set m; = 5 for7 =1,--- ,4 and
ms = 3. For each replication in the source, we first randomly
select an integer number between 25 and 30 to determine
the number of data points in the replication, i.e., |z{™]. |
The space X is randomly occupied by these \wgm)| points. 05

The target process generates data in a similar way, and the I | | | |
only difference is that we only allow 10 to 15 data in each

2.0

RMSE

replication. One of the replications in the target process will D 2 R o Y
be randomly selected as the I;th process, and the remaining \OQO & A< N é'@ @ ({\o‘(‘
two replications construct the two replications in the I,th < 0(\9?’ & W 6\@\ .,\.@Q/
process. & \(\&“\ N

We provide the visualization of sample means of 5
processes in Fig. 4 (a), i.e., Y1, -, Y4, and Yr,, where the

4 sources are with sample mean of 5 replications and the Fig. 5: Setting [ RMSE with 100 trials

I,th target process is with sample mean of 2 replications.
The individual replication for prediction, i.e., I;th process,
is shown as a green solid line in Fig. 4 (b) with green dots as
data samples. The prediction results using different methods
are shown in Fig. 4 (c)-(h). There are some interesting obser-
vations about the prediction performance among different
methods in Fig. 4:

prediction (red solid curve) and the reasonable con-
fidence interval (grey area).

o The Unpenalized method achieves a similar perfor-
mance to the proposed method in terms of mean pre-
diction, but it provides a much larger confidence in-
terval, indicating the prediction quality is not as good

e The proposed method achieves the best performance as the proposed method. This is because sources
in predicting the individual replication in the target 3 and 4 in Fig. 4 (a) have large deviations from
process. This is demonstrated as the accurate mean the target, and the inclusion of these two sources
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generates inferior prediction performance.

o The Minimal Transfer achieves inferior performance
in mean and confidence interval, where the predic-
tion of mean deviates from the observed data and
most of the data are at the boundary or outside of
the confidence interval. This is because the Minimal
Transfer drops a significant amount of data during
parameter estimation, and the remaining data cannot
capture the correct trend of the individual replica-
tion. Such a strategy also indicates the prediction
quality of Minimal Transfer highly depends on the
remaining limited number of training data, which
can cause robustness issues in the prediction results.

e The iid. MGP provides a large deviation in the
prediction result. This is expected since the ii.d.
MGP ignores the deviation resulting from the non-
ii.d. noise and only focuses on the prediction of the
signal mean. Unfortunately, the individual replica-
tion in the I;th process has a large auto-correlated
deviation from the mean. As a result, the prediction
performance of the i.i.d. MGP is unsatisfactory.

e Thei.i.d. Enforced provides even worse performance
compared to the i.i.d. MGP. This is because the neg-
ative sources affect prediction accuracy and increase
uncertainty. In fact, the difference between the pro-
posed method and the unpenalized method, as well
as the difference between the i.i.d. MGP and the i.i.d.
Enforced, share a similar pattern, where the impaired
prediction accuracy and increased uncertainty are
due to the neglect of negative transfer.

o The Individualized SK provides a straight line for
mean prediction and a large confidence interval that
covers most of the data. This is because the limited
data in the target process cannot support the accurate
identification of the mean trend, which results in a
rough estimation of the mean with a large confidence
interval.

It is worth noting that the results in Fig. 4 is just one
specific trial of the signals in Setting I. The randomness
in data generation will impact the training and prediction
results. We repeat the procedures in Fig. 4 100 times and
report the box plot in Fig. 5. It is clear that the proposed
method still achieves the best performance among 100 trials.
An interesting observation from Fig. 5 is that both Minimal
Transfer and iid. MGP/Enforced have larger variances
than other methods. We want to point out that the root
cause of uncertainties in these two methods is different.
For the Minimal Transfer, the larger uncertainty is mainly
from dropping data, i.e., the uncertainty is due to lack-
ing sufficient data. On the other hand, the uncertainty of
iid. MGP/Enforced is rooted in the model structure, in
which only the prediction of the mean is considered. This
is visualized in Fig. 4 (a), where the RMSE of prediction
highly depends on the observed data: If the observed data
is generated close to the mean, then the RMSE can be small,
otherwise the RMSE is large. We also provide the results
of 6y in Table 1, where the proposed method correctly
penalizes sources 3 and 4 (with estimated values close to
0). The Unpenalized benchmark still heavily relies on the
information from source 4. This validates the effectiveness
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of the penalization term in mitigating the negative transfer,
which is a critical advantage in transfer learning. Note the
iid. Enforced does not allow penalization, and it is not
provided in Table 1.

TABLE 1: Median of estimated scaling parameter, Setting I

Proposed  Unpenalized Minimal Transfer ii.d MGP
a1, 0.76 081 0.90 1.05
oo g, 141 -1.19 0.77 073
oz, 0.01 -0.08 0.15 0.28
oy4.1, 0.03 240 0.02 0.07

4.3 Setting Il (segmentally collected data)

In this section, we apply the methods to a different signal
setup, where the data in the target process are only available
at the beginning section of X'. More specifically, we have the
4 source processes as:

y1(z1) = 0.3(z1 — 3)3 + egm) (1),

ya(z2) = 3(952)3 + 2sin(2z2) + egm) (22),
ys(@s) = (w3 — 2)2 + ™ (23),

ya(wa) = (@a = V)(@a — 2)(wa — 4) + ™ (24),

and the target process as:

17)

ys(25) = 0.2(z5 — 3)2 + 0.15(x5)2 + sin(2zs) + €™ (25),
(18)

where the non-ii.d. noise setting and the sampling pro-
cedures are the same as those in the Setting 1. The only
difference is that the 10 to 15 data points in the target process
will only appear in the beginning 40% section of X. In this
case, there will be no data in the remaining 60% section of
X, and the prediction for the remaining section becomes
an extrapolation task. Such a signal setting is commonly
used in system condition prognosis [34, 35]. We visualize the
generated sample mean in Fig. 6, where the target process
mean in Fig. 6 (a) covers only a limited section in X. The
extrapolation results are shown in Fig. 6 (c) to (h).

The result in Fig. 6 shows the proposed method again
achieves the best result. However, there are some different
observations comparing with the results in Fig. 4. First, the
difference between the proposed and the Unpenalized is
very minor, which is due to the much closer source and
target data in Fig. 6. It is also worth noting that the Minimal
Transfer even provides a wrong trend in extrapolation. This
is because of the influence of source 4, and it indicates that
Minimal Transfer is sensitive to the trend in sources due to
the limited data included in the training stage. Finally, the
ii.d. MGP/Enforced provides a reasonable prediction. This
is because the individual replication (observed data) in this
specific trial is very close to the mean trend (as opposed to
the case in Fig. 4). To provide a more comprehensive view of
the performance in Setting II, we repeat the procedures 100
times, and the box plot is in Fig. 7. A notable observation is
that the variance of the Minimal Transfer becomes larger
compared with that in Fig. 5. This is expected since the
Minimal Transfer suffers from uncertainties from both the
data generation and extrapolation in Setting II, which also
explains its high RMSE. We also provide the results of 6,
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in Table 2, where the proposed method identifies source 3
as the negative source. This is a reasonable result because
the source 3 is the most deviated signal at the beginning
of X, which can also be visualized in Fig. 6 (a). It is also
worth noting in Table 2 that although Minimal Transfer
also identifies the correct negative source, its performance
is the worst among all the methods. This observation shows
that successful transfer learning depends not only on the
selection of the source but also on the correct way of lever-
aging data. The Minimal Transfer deals with heterogeneous
replications in an inappropriate way (dropping too much
information), which results in inferior performance.

(b) Individual replication

7 ® Observed data samples
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Fig. 6: Prediction results in one specific trial of Setting II

TABLE 2: Median of estimated scaling parameter, Setting 11

Proposed  Unpenalized Minimal Transfer ii.d MGP
i1, 5.90 8.30 3.88 3.95
g1, 212 2.24 1.70 1.45
as, 1, 0.03 -0.97 1.35e73 0.24
oy, 0.75 0.34 1.70 2.01

4.4 Setting lll (large scale processes)

In this section, we test the performance of the proposed
method and five benchmark methods with large scale source
processes. We make slight modifications on the Setting II
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Fig. 7: Setting II RMSE with 100 trials.

and construct the setting of sources as follows:

Yg(zq) = 0.3(z4 — 2.5 — e({)s + €§m)(3«“q)7

Yrta(Tatq) = 3(@rtq)” + 252001 +€5) + E(Qz(fﬂ/\w)a
Yarrq(T2rsq) = (W2r4q — L5 — )% + €] (w231g),
Ysr+q(T3rtq) =(Tartq — D(@3a4q — 2) - (T3r4q — 3.5 — €})

+ GéTJ)rq(ﬂ«"qu)
(19)

and the target process is:

y4A+1(x4)\+1) :0.2($4A+1 — 25— 6%)2 + 0.15($4A+1)2

+ Sin(2$4)\+1 + 6%) + EiTll($4A+1)
(20)

where the source processes are with four different groups,
the A is the number of source processes in each group,
g € {1,---,)A} is the index of source process in each
group, and ef,el,--- el are all independently sampled
from U (0, 1). The sampling procedures for x; are the same
as those in Setting II, but we allow more replications in
source processes, i.e., 6 < m; < 10. The target process still
has m; = 3 replications. We select A = 4 and A = 25,
i.e., the total number of processes I = 17 and I = 101,
to demonstrate the performance. Due to the large number
of processes, we directly show the box plot of these two
scenarios in Fig. 8.

The performance among different methods in Fig. 8 is
consistent with observations in Setting I and Setting II,
where the proposed method achieves the best prediction
performance (RMSE median and variance). Besides, there
are some critical observations under the large-scale case.
First, the variances in all methods increase significantly from
I =17 to I = 101 except for the Individualized SK. This is
because the Individualized SK is the only method that does
not involve transfer learning (not affected by the number of
sources). Second, the RMSE median of the Minimal Transfer
and the ii.d. MGP is similar to that in Individualized SK.
This is a strong indication that as the number of processes
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Fig. 9: Measurement diagram of battery impedance.

increases, the correct way of modeling the data becomes
vital to the performance. Otherwise, the transfer learning
results will be quite similar to a non-transfer case. Finally,
the i.i.d. Enforced achieves the worse performance, which
is due to the inappropriate correlation structure and the
violation of the non-i.i.d. assumption. These observations
again validate the effectiveness and contribution of the pro-
posed transfer learning framework in dealing with issues of
individualization and scarce data.

5 CASE STUuDY

In this section, we validate the performance of the proposed
method using data in two case studies: the electrochem-
ical impedance spectroscopy (EIS) test and the reduced
graphene oxide (RGO) field-effect transistors (FET) based
Sensors.

The EIS test is a widely used technique to measure the
internal state of electrochemical systems, such as lithium-
ion batteries [36]. The measurement diagram is shown in
Fig. 9, where a disturbance current is fed to the battery
to get an impedance response. It is desired to obtain the
impedance response under different frequencies of the dis-
turbance signal so that a comprehensive understanding of
the battery can be obtained. However, the EIS test can only
input one frequency disturbance signal at a time, and the
measurement process is time-consuming. In practice, the
EIS test is usually conducted in batches, where batteries
under the same condition, e.g., state of charge (SoC), will be
tested under different frequencies to obtain the responses.
For example, Fig. 1 demonstrates the response data of three
batteries with the same SoC (samples belonging to the same
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Fig. 10: Prediction results in one trial of EIS battery data.

curve are from one battery). As we stated the response
functions of these three batteries are highly non-linear and
auto-correlated with non-i.i.d. noise, and it is difficult to
predict the underlying truth (the solid line) of any of these
batteries with few data points. To boost the understanding
of each of the individual battery’s responses, it is intuitive
to leverage testing results from batteries in other SoCs. In
our experiment setting, there are five different SoC groups,
and each group contains 6 batteries. We randomly select one
SoC group as our target process and treat the remaining as
sources. In each source process, we randomly select 5 to
10 frequencies and their responses in each battery. In the
target process, we randomly select 3 frequencies and their
responses for each battery. The mean responses of 6 batteries
in each group are shown in Fig. 10 (a), the individual
replication to be predicted is in Fig. 10 (b), and the prediction
performance using different methods is in Fig. 10 (c) to (h).

The prediction performance in Fig. 10 validates that the
proposed method can achieve decent predictions even with
only 3 available data points in an individual replication. The
Unpenalized method also achieves a reasonable trend, but
the prediction quality is inferior to the proposed method
(when z is around 0 and 4). All other three benchmark
methods provide poor predictions or even wrong trends.
The same pattern is more clear in the box plot of 80
trials in Fig. 11, where the proposed method achieves the
best performance. The Minimal Transfer has the largest
variance among all methods. This is because the Minimal
Transfer drops most of the replications in sources, and the
remaining replication only has 5 to 10 data points. The
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Fig. 11: EIS battery impedance data RMSE with 80 trials.

limited data points and significant information loss together
lead to the large uncertainty in Minimal Transfer. The i.i.d.
MGP/Enforced, on the other hand, perform relatively con-
sistently, but they have larger RMSE values, showing worse
prediction quality. This is mainly because of the strong non-
iid. feature and significant heterogeneity among replica-
tions in the case study data (as shown in Fig. 1). As a result,
the prediction that focuses on the mean trend cannot adapt
to the functional shape of each individual replication. This
also demonstrates the importance of incorporating non-i.i.d.
features into the prediction. The Individualized SK also
suffers from a large variance, which is due to the few data
points in the target process (only three in each replication).

The second case study is to predict the functional re-
sponse from reduced graphene oxide field-effect transis-
tors based sensors, which have wide applications in bio-
engineering and environment protection [37, 38]. The basic
structure of a RGO FET is shown in Fig. 12 (a), where the V,
is the gate voltage and the V, is the drain-source voltage.
When an object to be monitored, e.g., protein molecule or
chemical ion, touches the RGO, the reaction between the
RGO and the object will change the resistance between the
drain and the source so that the change in /45 can report the
detection of the object. Due to different reaction mechanisms
between the RGO and the objects to be monitored , differ-
ent V;s and Vy, values will be used for sensing different
objects/materials [39]. However, every RGO FET sensor is
disposable, which means it is desirable to use as few sensors
as possible to predict the Vi, vs. I, relationship for a new
detection task, i.e., the combination of Vs and V.

Such task is feasible using transfer learning because there
are many Vs vs. I4s relationships available in previous
tasks. This is shown in Fig. 12 (b), where the V, vs. I,
curves under a specific Vg, construct a “process”. In each
process, different V;, provide different curves. In practice,
a “process” (V) represents an intensity of the materials to
be sensed, e.g., lead ion or mercury icon, and the Vs rep-
resents the variations in sensing environment. It is clear the
functional curves have strong within-and between-process
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Fig. 12: RGO FET setup and signals.

correlations in Fig. 12 (b). To validate the effectiveness of
our proposed method, we randomly select one curve in
one process as the replication of interest in the target, i.e.,
I;. Figure 13 presents the prediction performance in one
specific replication, where the proposed again achieves the
best prediction result. It is worth noting that the Unpenal-
ized achieves similar prediction results with a bit larger
confidence interval. This is indeed an expected case in this
case study because the sources and the target are quite
similar (as shown in Fig. 12 (b)), which explains the minor
difference between the proposed and the Unpenalzied. This
observation is further confirmed in the box plot of 80 trials
in Fig. 14, where the Unpenalized is similar to the proposed
except for a larger variance. Other benchmark methods
all perform worse than the proposed, and the consistent
conclusion can be made from this case study is that our
proposed framework can achieve superior performance in
transfer learning for individualized prediction.

6 CONCLUSION

In this paper, we propose a novel transfer learning frame-
work to deal with the individualization and data-scarce
issues in traditional SK. The proposed framework features
a within-process model for facilitating individual predic-
tion and a between-process model for mitigating nega-
tive transfer. The within-and between-process models are
integrated through a tailored convolution process, which
quantifies the within-and between-process interactions with
a specially designed covariance matrix and corresponding
kernel parameters. We analyze the parameter estimation of
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Fig. 13: Prediction results in one trial of RGO FET data.

the proposed framework and provide theoretical guarantees
of the transfer learning performance. Various numerical
studies are designed to test and compare the performance
of the proposed method with alternative solutions. A real
case study also validates the effectiveness of the proposed
method in dealing with individual prediction of non-i.i.d.
data. The superior performance in both numerical and case
studies provides evidence that the proposed method is an
effective solution to the individualization and data-scarce
issues.

There are some opening topics based on our study in
this paper. First, the non-i.i.d. noise can take more flexible
forms. In this paper, we apply the widely used equicor-
relation matrix to represent the non-i.i.d. noise, and other
parametric/non-parametric formulations of the non-i.i.d.
noise can be considered. However, a more complicated
structure of non-i.i.d. noise, e.g., using another CP to con-
struct such structures, may require an additional layer of
non-convex objectives in the optimization procedure, which
raises concerns about numerical and practical efficiency.
Another interesting topic is to apply computationally effi-
cient algorithms to boost the computational speed of the
proposed method. For example, variational inference of
MGP [40] and online MGP [41] can be considered. However,
directly applying these methods might not provide satisfac-
tory prediction results since none of the existing variational
methods can simultaneously model the process mean and
individualized replication in a transfer learning context. As
a result, novel modeling frameworks and inference tech-
niques are necessary to further reduce the computational
load of the proposed method. We will explore these topics
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Fig. 14: RGO FET data RMSE with 80 trials.

in our future work.
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