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Online Steady State Detection Based on
Rao-Blackwellized Sequential Monte Carlo

Yuxing Hou,? Jianguo Wu® and Yong Chen®**'

Online detection of whether a data stream has reached the steady state is known to be an important problem in many
applications such as process control, data reconciliation and fault detection. This paper introduces a novel online steady state
detection algorithm under the Bayesian framework based on a multiple change-point state space formulation and the
sequential Monte Carlo methods. A Rao-Blackwellization technique is proposed to substantially reduce the variance of Monte
Carlo estimation and greatly enhance the computational efficiency. In addition, a resampling scheme called the Optimal
Resampling is used for eliminating duplicate samples and the robustness of steady state detection is significantly improved
by using the information of the particles more efficiently. Numerical studies based on simulated signals and application to a
real data set are used to evaluate the performance of the proposed method and compare with other existing methods from
the literature. The proposed method is shown to establish a more robust performance than other methods. And it is much
more computationally efficient than the standard sequential Monte Carlo method. Copyright © 2016 John Wiley & Sons, Ltd.

Keywords: online steady state detection; multiple change-point model; sequential Monte Carlo; rao-Blackwellization; optimal
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1. Introduction

process or to trigger the next actions in the process control. Timely detection of whether a data stream reaches the steady state

(i.e., mean and variance unchanged) has been found critical in various fields, such as process control considered by Mahuli et al.,'
Cao and Rhinehart,? Jiang et al.* and Wu et al.,* data reconciliation considered by Narasimhan et al.,’ Bagajewicz and Jiang,® Bhat and
Saraf,” Korbel et al.® fault detection and diagnosis (FDD) considered by Kim et al.’ and process optimization considered by Mhamdi
et al.'® We can categorize the steady state detection problem into two types: offline and online. Most of the well-developed methods
in the literature correspond to the offline detection problems arising from discrete-event simulations, where it is usually very difficult
to start the simulation directly from the steady state because the steady state of the system is typically unknown. Data collected
during the transient period (or warm-up period) prior to the steady state causes estimation bias, which is called the initialization bias
in the steady state parameter estimation which is considered by Kelton and Law,'" Gallagher et al,,'? Fishman'® and Hoad et al.'* To
solve this problem, usually the simulation is first run long enough to guarantee the simulation output has reached the steady state.
Then offline methods are typically used to identify the starting point of the steady state in the simulation outputs so that the data
from the transient period can be removed. These methods can be further classified into five different types as proposed by
Robinson'®: graphical methods, heuristic approaches, statistical methods, initialization bias tests, and hybrid methods.

Compared to the offline methods which have been extensively investigated in the simulation literature, studies for online steady
state detection are limited. The main challenge of online detection is that it has to be done in real-time, which justifies the need for
detection procedures to timely update estimations as the latest observations become available. The existing online methods typically
utilize a moving data window, based on which some test statistics are developed to decide if the signal has entered the steady state.
Examples of such methods include polynomial interpolation test (PIT) which is proposed by Savitzky and Golay,'® Roux et al.'”
variance ratio test (VRT) which is proposed by Crow et al.,'® Cao and Rhinehart, slope detection method (SDM) which is proposed
by Holly et al.'® Bethea and Rhinehart,*® Wu et al.* and t-test which is proposed by Narasimhan et al.>' However, the performance
of all these methods is highly dependent on the selection of the data window size. Either too small or too large the size may
significantly increase either the false alarm rates (FAR) or detection delays. Also, the appropriate window size is very sensitive to noise

Steady state of a system in many applications is one of the most important requirements to evaluate the performance of the
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levels as well as types of signals. Usually one specific window size cannot perform consistently well for various types of signals with
different noise levels. Therefore, it is urgent to develop methods with more flexibility and robustness to handle various situations.

Naturally the online steady state detection problem can be approached from the Bayesian perspective, where the prior
information of model parameters and transition point to the steady state, combined with the latest observations, are used to
dynamically update the knowledge of the current state of the process. The main disadvantage of the Bayesian method is that it
usually leads to intractable posterior distributions. However, recent advance in the field of computational statistics makes the
computations of posterior distributions feasible. The most common computational Bayesian methods are the Markov Chain Monte
Carlo (MCMC) algorithms, such as Liu,?*> Robert and Casella.”* However, MCMC algorithms are typically not appropriate for online
applications because of its fast increasing computational cost over time when data size gets larger and larger. On the other hand,
the sequential Monte Carlo (SMC) methods, including the particle filtering (PF) techniques, can be used, such as Doucet et al,**
Arulampalam et al.? In contrast to the standard MCMC approaches, the sequential structure of the SMC methods allows for updating
estimations sequentially for each newly arriving observation in a computationally efficient way, which is very useful for online
inference.

Recently, a PF method has been proposed by Wu et al.?® for online steady state detection. In their method, the targeting signal is
approximated by a multiple change-point model and the PF techniques are used to estimate the posterior distribution of the latest
change-point and other model parameters (slope, intercept and noise variance). Some improvement strategies including the stratified
sampling, partial Gibbs resample-move techniques, and timeliness improvement strategy are developed to overcome the particle
degeneracy and reduce the computational cost. Such PF method is shown to be much more effective and robust in steady state
detection compared with moving data window based methods. However, the major disadvantage of the PF method is that it requires
a large number of particles to achieve accurate posterior distribution approximations, due to the high dimension of model
parameters, which leads to high computational cost and may limit its applications in many online detection problems that require
quick responses. In this paper, we propose a novel SMC method using a Rao-Blackwellization technique, combined with a resampling
method called the Optimal Resampling, to substantially reduce the computational cost and improve the detection robustness on noisy
data. The main contribution of our algorithm is its significant improvement in computational efficiency by taking advantage of the
Rao-Blackwellization technique, while still achieving comparable or even better detection performance compared with the PF
method. The significant reduction of computational costs makes our method a much more preferred method for many online
applications where quick steady state detection is critical.

The rest of the paper is organized as follows. A multiple change-point model formulation of this problem is introduced in Section 2.
In Section 3, we give a detailed description of the proposed SMC algorithm. The numerical examples and application to real signals
are presented in Section 4. And a summary is given in Section 5.

2. Piecewise linear model with multiple change-points

Given a noisy signal yo.n= (Yo, Y1, ..., Yn), this paper targets detecting the steady state of the signal using a multiple change-point
model. The basic idea is that we approximate any signal, linear or nonlinear, using a piecewise linear model that allows for local linear
representations of the signal, as shown in Figure 1. The parameters (slope, intercept and noise variance) are assumed to be
independent across different line segments. When the latest line segment is sufficiently ‘flat’, the signal is considered to be in the
steady state.

(b)

t

Figure 1. lllustration of approximating nonlinear signals using piecewise linear model: (a) signal generated using exponential function and noise; (b) oscillating nonlinear
function
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Suppose at time t the model parameters are &, = (ﬁonﬁ”, o*f), where f, is the intercept of the current line segment, /5y, is the
slope, and 62 is the unknown variance of Gaussian noise. The model parameters &, are subject to change at m unknown change-points
C=(c1, ¢y ..., Cm) While remaining constant otherwise. This multiple change-point model can be written as

0, ifo<t<q
0, ifag<t<cg

& =< : : (1)
0n ifcp1<t<cpm

Ot if Cp <t<N

where 0,€.%2%,i=1, 2,...,m+1 are the values of model parameters at m+ 1 different line segments.

Within the Bayesian framework, we assign appropriate priors to the change-points between two segments, as well as other model
parameters. Their posterior distributions can then be sequentially updated and the steady state can be inferred based on the
posterior distributions of model parameters (e.g., slope) of the current line segment. In model (1), the 8/s and ¢/s are unknown.
We assign a prior distribution gg(-) for 8/'s. Let 7, be the latest change-point up to time t. It is easy to see that r,=¢;_, iff ¢;_ <t <,
Therefore 7,'s and ¢;’s contain equivalent information. We assign a prior transition probability for z, given 7, _ 1 as P(z¢|z, _ 1). If a change
occurs at time t, we have 7,=t, otherwise 7,=7,_ ;. In this paper we assume P(z,=t|r, _;)=p, which corresponds to a geometric
distribution with probability p for the random duration of each line segment.

To facilitate application of a sequential Monte Carlo (SMC) method for online inference of model parameters, we first reformulate
the piecewise linear model in (1) into a state space model, where at each time t the distribution of the observation y, depends on a
hidden state vector denoted by x,. Defining the state vector as x,= (&, 7;), the state space model is given as

(0",1) with probability p (change occurs at t)

Xt = (&, 1) Xe—1 = 2
e = Goroxes {XH = (&_;,7t—1) with probability 1-p (no change at t) @

Ve = ﬁor +:81tt + 8t781~N(070_?)

where 0% ~ go(-) and is independent of & _ ;, and &, is the Gaussian noise. The state transition of the state space model is illustrated in
Figure 2. It can be seen that the state space model in (2) equivalently represents the piecewise linear model in (1). Based on (2), at any
time t, with probability p a change occurs (z;,=t) and a new line segment is started. Since &, t>0 contain all the information on /s in
(1) and 7, t>0 contain all the information on ¢/s in (1), the inference of the parameters in the piecewise linear model in (1) is
equivalent to the inference of the state vector x,=(&,z,) in (2). Consequently, we can focus on the state space model in (2) and
the inference of (&, 7,) to develop the steady state detection method.

If 7,=0 for all t, that is, if there is no change-point, the state space model in (2) reduces to a linear Gaussian system, in which the
Kalman filter (KF), proposed by Kalman,”” provides a closed-form solution for efficient state estimations. However, because of the
existence of unknown change-points, the state space model is a nonlinear model which cannot be solved directly by KF. On the other
hand, the PF techniques are common and effective for nonlinear state space models. Recently, a PF method has been proposed by
Wu et al.?® for online steady state detection. A disadvantage of the method in Wu et al.*® is that it requires a large number of particles
because each parameter in the state vector x, needs to be sampled. In the following section, we propose a more efficient sequential
Monte Carlo algorithm based on a variance reduction method called Rao-Blackwellization.

1-p

0" ~qe(") Ty =t—1 0'~g(). T, =t 0'~qg() Ty =t +1

Figure 2. lllustration of the state space model
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3. Rao-blackwellzied sequential Monte Carlo method for online steady state detection

3.1.  Review of standard SMC algorithm for state space model

In this section, the general framework of standard SMC algorithm for state space model is reviewed. The main idea for SMC method is

to use a recursive importance sampling strategy to get a set of properly weighted samples, which are used to approximate the desired

posterior density of the state vector in a state space model. For the state space model in Eq. (2), let Xo .= {Xo, X1, ..., X3 be the set of all

state vectors up to the current time t, and yo. .= (Yo, Y1, - -, ¥o) be the observations up to the current time t. Online inference of X, ., is of

our central interest; that is, at time t, we want to estimate the posterior density p(Xo.|yo ... Usually p(Xo.|yo.s) is of an intractable

density form where direct simulations cannot be implemented.

In such case, we often resort to the Importance Sampling (IS) approach in which we bypass the intractable distribution by

. n

considering some importance distribution where direct simulations can be easily performed. Let {xg)t} be the n samples (particles)
)iz

generated from an importance distribution z(Xo . Yo (), Where ngt denotes the i -th sample/particle. By associating the importance

weight

w) = M 3)

to the sample xg)r, the posterior density of interest can be approximated as
P (Xo:t|¥o.) = Zwt (th - xo)r) )

n
where J denotes the Dirac function and the weights are normalized such that ng') = 1. Therefore p(Xo.t|y,.) is a discrete weighted
i=1

P - n
approximation of the true posterior p(Xo . |yo . ). The pairs {xé’ft, ng)}' 1 are a collection of properly weighted sample with respect to
i

the posterior distribution p(Xo.Yo.,). An important observation is that xgi) is also properly weighted by wg") with respect to the
marginal posterior distribution p(x|yo ).

To implement Monte Carlo techniques for the online estimation problem, p(xo.|yo.) with respect to p(Xo.(yo..) needs to be
sequentially computed. Since the state equation in our system follows the Markovian structure, we can implement the importance
sampling recursively, which forms the basis of SMC methods, as in Liu and Chen,?® Doucet et al.?° Based on the Bayes’ theorem,
weights can be sequentially updated as follows

t1Yo: P<x0r|yor 1) ()’r|xg:)rvyo:r—1)
”(xonrwor) ( 1Yo 1) <XEI>|X(()I:>I—17YO:t)
0 P(XEI)\X’ —1:Yo:t— 1) (yt|x(()l:)t7y0:t71>
U i
”(xl‘ |x0:t71 ’ YO:t>

(©)

Applying (5) to the state space model in (2), we have

: o fe 1(xt |x' 1)9r 1(yt|xr )
5’) (i) (6)
("5 ‘xl)r 17yor>

where f; _ 1(Xx, _ 1) is the probability density function (pdf) of (x,x; _ 1) and g, _ 1(y|x,) is the pdf of y, given x..
If we want to estimate the expectation of a function of xg.; say m(x,.,), conditioning on yy.,, we have

E(m(x00)Yor) = Im(xo:)p(0aclyo o=y wi'm (x{)) )
i=1

There are two important issues regarding the design and implementation of the SMC algorithm. One is the selection of the
importance density n(xg")|xf)’;)rf1,y0:[> in (6). It is often convenient to choose it to be the prior n(xgi)\xf)’;)t71,y0:r> = fr (xgi)|x§i_)1>,
which greatly simplifies the weights update in (6) as

W£’>“W£’—)1gt—1 <Yt|x§l)> @)

The other important issue is the use of resampling. The standard SMC algorithm suffers from the degeneracy phenomenon, where
after a few iterations, all but one of the weights are very close to zero, as mentioned in Doucet et al.?° This degeneracy indicates the

Copyright © 2016 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2016, 32 2667-2683



Quiality and

Reliability

Engineering
Y. HOU, J. WU AND Y. CHEN International
]

majority of computational work for updating samples and weights is wasted. The resampling scheme is used to reduce such effect by
eliminating particles with low weights and concentrating on those with large weights, so that all of the resampled particles can
contribute significantly to the importance sampling estimates. A simple and common choice of resampling procedure is the

o n
multinomial resampling, which involves generating a new set of particles {xﬁ”} by resampling with replacement n times from
j=1

. n - n - n
{xg')} according to their weights {ng)} , and then assigning equal weights 1/n to the new set of particles {xg’)}
i=1 i=1 j=1
The above procedure of the standard SMC algorithm with resampling is usually called the PF algorithm and shown in Algorithm 1.
In the following sections, we propose two improvements of the standard SMC algorithm. In section 3.2, a variance reduction method
called Rao-Blackwellization is used to substantially lower the computational cost of the standard SMC algorithm. In section 3.3, we

introduce a new resampling scheme to achieve better detection estimation of the steady state.

Initialization, for i=1, ..., n:
+ Sample particles x = <§8),rg)>, where &) = 0{)~g,(-) and 7 = 0.
¢ Assign wg) = 1/n to each particle x(()i).
Fort=1,...,T:
¢Fori=1,...,n: i )
o Draw samples xE') from the importance distribution f;_; (x,|x§91>.
¢ Updating weights: n
o Compute weights ng) according to Eq. (8) and normalize the weights such that wa') =1.
i=1
e U0 ; ; o0 1" M " L0 11"
4 Resampling: resample {x,”, w;’ ¢ ! to generate n equally weighted particles §X;”, ¢ 1,and set <X, Wy ¢ - e S
i= j= i= Jj=

Algorithm 1. Standard SMC Algorithm

3.2.  Rao-blackwellized SMC algorithm

In this section, a Rao-Blackwellized version of the SMC algorithm is proposed. Its main idea is to marginalize out the parameters
associated with each line segment and achieves substantial variance reduction of Monte Carlo estimates. The parameters of each line
segment can be integrated out and estimated by taking advantage of the results from Bayesian linear regression. With Rao-
Blackwellization proposed by Casella and Robert,*® Doucet et al,** the algorithm is much more efficient than the standard SMC
algorithm.

To make proper inference of the state vector x, which consists of four parameters, the common way for standard SMC algorithm is
to obtain estimates based on their joint posterior distribution, namelyp([}” o2, rr\yom), where B, = (Bon f10) in Wu et al.®® Although such
method is effective and robust to detect the steady state, it is at the expense of high computational cost since a large number of
particles have to be generated at each time step t to approximate the joint distribution of four variables. However, under appropriate
choice of priors, B; and o2 of each line segment can actually be integrated out, resulting in a particularly efficient algorithm with
reduced variance of the estimates. More specifically, the unknown posterior density of interest can be factorized as follows

p(Bn”fthWo:r) = P(ﬁtvO'r2|7r7y0:t)P(Tr‘y0;t) (©)

in which the conditional posterior density p(ﬁ,, aﬂrr,yoit) can be solved analytically if we use the conjugate priors for B, and o?2.
Consequently, estimating the joint distribution p([it, o2, rt|y0:t) requires sampling from only a one dimensional distribution P(z,|y,. ),
which can dramatically reduce the number of particles needed to reach a given estimation accuracy. In the remainder of this section,
we will first discuss how to obtain the analytical solution for the conditional joint posterior density p([ir,aﬂrt, ym). Then we will
discuss how to sample z; based on another application of the Rao-Blackwellization.

To derive the conditional joint posterior density p(ﬁ,, a?|r,,y0:t), we first factorize it as

2 2 2

p(ptv Ur |Tt7 yO:t) = p('}r‘o_t 5> Tty yO:l)p<Ut ‘Ttv yO:t) (.I 0)

= p(BJO’?, Tts yr,:t)p(o-? ‘va Y‘[,:t)

The last equation in (10) is due to the assumption that the model parameters between different line segments are independent.

Using the conjugate prior, we assume that f,|o? follows a normal distribution with mean vector p, and covariance matrix o2Xo, where

¥, is a 2x2 positive definite matrix. The prior distribution of 62 is chosen to be the inverse gamma density with shape parameter a,

(ap > 1) and scale parameter bo(bo > 0). Due to the conjugacy of normal and inverse gamma distributions and based on the results
from Bayesian linear regression in O’Hagan,31 we have

_______________________________________________________________________________________________________________________________________________________|]
Copyright © 2016 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2016, 32 2667-2683




N
o))
N
N

Quality and

Reliability

Engineering

International Y. HOU, J. WU AND Y. CHEN

(Bf|gtz7 Tts y'cr:t)’vN (p"[,,ﬁ JEEZ,J)
(0717, Y1) 16 (a1, bre)

and the parameters . , Xy, dr,r, br, ¢ are updated according to the following equations

Ztt_t - (Z; + D;t_tDT,_t> K
Mot = ZM(Z(‘: 1y + D;t_tyn:t)

t*‘[t+’|
2

bf,_r =bo + %<Y;r:rytt:t + ”’oZ: W — Fl’zt.rz;:t uz,_t>

(m
a.[r_r - aO +

1 Tt

T +1 P .
where D, = | . . , matrix S' is the transpose of matrix S.

1 t

When approaching the steady state, the signal can be characterized by a sustained ‘flat’ line segment. For this reason, the
posterior knowledge of B;, especially that of the slope parameter f;, is very important for steady state detection. The marginal
posterior distribution of B, after integrating out ¢? can be computed based on Lemma 1 as follows (the proof is included in

Appendix A).

Lemma 1:

(B¢|zt,,,.) follows a bivariate non-standardized student’s t-distribution with degrees of freedom 2a,, ;, location parameter p,, ,, and

i Dot T bey e
scale matrix 7 X, , which is denoted as (Belze, y,,.) ~t2 (”‘[ht’ri.rzz"h 201,;)-

To approximate the desired posterior density p(Br, a?, rt|y0:t) using (9), we also need to generate Monte Carlo samples of z,, the
latest change-point at the current time t, to approximate P(z¢|yo . ). Intuitively, we can generate each sample r§i> from its prior transition
probability P(‘[Ei) |TQ1> based on the idea of the standard SMC algorithm. However, a more efficient way to sample r@ can be done as

follows, which is based on the application of Rao-Blackwellization to 7, that is similar to Chopin®%:

* For each particle rE’L and its associated weight WQ“ i=1,..., n, create its two possible descendants at time t, with weights:

= el =P = Yo = ) 02

1'5"’2) = f, WS""Z) = WEZP(TE” = t|r§?1>p<y,|r£” =1t yz,“’:r— 1)
The predictive densityp(yr|r§i)7ytm: . 1) in (12) can be calculated based on the following Lemma 2 (see Appendix B for the proof).

Lemma 2:
Denote X; = [1 t], then

(a)

Tr,t—1

b , .
(yf\fuyz,:t—1)~t1 (Xrllf,,m’a (1+ Xr21,1r71xt),20n4r71>, if 7¢ =715

T, t—1
(b)
bo . )
(Velte: Yopeq )~ x,po,a—0(1 + XcZoX,), 24 |, if e = t.

wherep, 1, Xt 1,01, b, ¢ 1 are parameters associated with the line segmenty, . , that can be obtained using equationsin (11),
t1(-) the univariate non-standardized student’s t-distribution.
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The resulting set of 2n particles after Rao-Blackwellzation of rgi), i=1,...,n can be resampled according to the weights

wim), wgm, i=1,2,...,n to obtain n resampled particles to avoid an exponentially increasing number of particles. By doing exact

calculations on weights of all possible values of r§i>, ie, rﬁ” = 1'5?1 and z§’> = t, the randomness inherent in the simulation of zﬁ” based
on P(rﬁ”|zf?1> is removed, which leads to further variance reduction.
At time t, similar to the standard SMC algorithm, the resulted 2n particles can be used to approximate the true posterior

distribution P(z|yo.,). Suppose {A"-’%M“} ,j = 1,2 are the 2n properly weighted samples with respect to P(zy,.,) after the

Rao-Blackwellization of rﬁ"), then the posterior density p(B¢|yo ., can be approximated as

P (Blyo) = ZZWt” <Br‘ft 1Yo, ) (13)

i=1 j=1

where p(Br‘Tgi‘j)7yZ(f.j): t) can be obtained from Lemma 1.

It is well-known that the student’s t-distribution in Lemma 2 can be well-approximated by normal distribution with the same mean
and variance when its degrees of freedom 2a,, ;1 (or 2ao) > 30 to reduce the computational cost, as proposed by Li and Moor.3 In
Section 4, we will use both the exact calculations for the pdf of student’s t-distribution and their normal approximations to study the
detection performance.

In summary, the proposed Rao-Blackwellized version of our SMC algorithm is given in Algorithm 2 as follows.

Initialization: ) _ )

4 Sample particles {TO), Wé)}' with rg) =0and Wg) = %

Fort=1,...,T: =

¢Fori=1,...,n ) ) ) ) i

o Create two possible dzescendants rﬁ"” = 75'21, rﬁ"z) =tof 15'21, calculate their associated weights WEH), wi’ 2 based on Eg. (12) and normalize the

n
weights such that ZZW?‘” =1
i=1 j=1
+ Parameter estimation: estimate P(Belyo. ) based on Eq. (13).

n - - n
¢ Resampling: resample { ) ('”} ,j = 1,2 to generate n equally weighted particles { 7® 1}k ¥ and set {rE'),wE') } = {rﬁk)7

’n

Algorithm 2. Rao-Blackwellized SMC Algorithm

3.3, Optimal resampling

A simple resampling method for the Rao-Blackwellized SMC algorithm discussed in previous section is the multinomial
resampling method. However, the resampled particles using multinomial resampling suffer from a significant loss of diversity
(with many duplicate particles) because the particles with significant importance weights ng) are repeatedly selected many
times. Due to the discrete nature of the change points 7, in our model, having duplicate particles is wasteful as they contain
exactly the same information as a single particle with its weight equal to the sum of the weights of the duplicate
particles.

Therefore, at each time t we will combine duplicate particles into a single particle so that we only have distinctive particles before
the resampling step. Then we will apply the Optimal Resampling (OR) method, which is proposed by Fearnhead and Clifford,* for the
set of distinctive particles. Suppose at time t — 1 we have ny distinctive particles after resampling. Then after Rao-Blackwellization of

71" at time t, there will be 2n particles { SRS J)}'d j=1,2,where 7/ =7, 7% = t and Zzwgu) = 1. By combining the
= =1 j=1

. . n ng+1 . . . .
duplicate particles {rﬁ”z) =t, w§'=2>} * " we will have ny+1 distinctive particles {15), wi’} , where ¢l = ") Wl — () i =
i=1 =

ng )
1,2, ...,nd;zg""+1> =t, WE”"“) = Zwﬁ"z). The following Algorithm 3, which is a special case of the OR method, can be used to
p

. A ) Na+1
resample ny distinctive particles from the ny+ 1 distinctive particles {rﬁ'), WEI)} .
i=1

Copyright © 2016 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2016, 32 2667-2683
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ng+1 .
+ Step 1: calculate the unique solution c to the equation: Zmin(] , cwg’)) = ng.
. . i=1 .
«Step 2:fori=1,..., ng+1,if WE')21/C then particle rﬁ') is kept with its original weight Wfl). Assume we keep q particles.
« Step 3: apply the stratified sampling algorithm in Appendix C to resample ny — g particles from the remaining ny+ 1 — g particles, each resampled
particle is assigned a weight 1/c.

Algorithm 3. OR Algorithm

The stratified sampling scheme used in the last step ensures each distinctive particle is resampled at most once so that the

N ) Nd .

resulting ny particles are distinctive. It is shown in Fearnhead and Clifford®* that the resampled ny samples {?ﬁ'), wi')} are still
i=1

properly weighted with respect to the desirable posterior distribution P(z/]y,.,). The OR method has the computational complexity
na+1 . N2 .
E <W§') — WEI)> ] where W is the random weight of

of O(n). And it is optimal since it minimizes the expected squared error E{
i=1

a particle after resampling (Wﬁi) equals w§’>, 1/c or 0), which is proved in Fearnhead and Clifford.>*
Note that when tis small (e.g., t =1, 2...), only t distinctive particles are needed, corresponding to 7,=1, ..., t, respectively. When t is
large, we need to limit the maximum number of distinctive particles after resampling at each time t. Let n, denote this maximum limit

and n; (n;<ny+ 1) be the number of distinctive particles after Rao-Blackwellization ofrgi) at time ¢, with the properly weighted samples

. S Ne
{ri'), wi')}l_:1 with respect to P(z]yo ), the posterior density p(B,|yo.) at time t can be approximated as

n( - -
B (Bulyor) = > w'p(Bilet".y,0..) (14)
i=1

The Rao-Blackwellized SMC algorithm with the OR method is summarized in Algorithm 4.

Set n;=1, 151) =1and Wsn =1

Fort=2,...,T:
¢Fori=1,..., ng: _ ) ) ) _ )
o Create two possible descendants rﬁ"” = TE’_>1, Ti/-l) = tof each 751—)11 calculate their associated weights wﬁ"”, WS"Z) based on Eq. (12) and normalize

n 2 .
the weights such that ZZWE"” =1.
_ ) == o ) @ H"! (I (DI () (A D
¢+ Combine duplicate particles into n,+ 1 distinctive particles, the resulted samples are {Tr W } ,Where ;" =70/, wy’ =w "/, i =
i=1

ne )
1,2, = g wm ) = ng"'z). Set ny=n,+1.
=1
+ Parameter estimation: estimate p(B|yo ., based on Eq. (14).

. AN p - ne—1 S ) N
¢ Resampling: if n;=ng+ 1, using the OR method in Algorithm 3 to obtain {“r@, WE')}.:; set {r§’>, wl } o= {?ﬁ'),wio}.: and n,=ny.
1= = i=

Algorithm 4. Rao-Blackwellized SMC Algorithm with Optimal Resampling

3.4. Steady state detection rule

As the steady state can be characterized by a sustained ‘flat’ line segment in the piecewise linear model of signals, we can develop our
detection rule based on the slope parameter of the last line segment of the piecewise linear model. Therefore, we define the steady
state detection index as 7= Pr(|81] <so|¥o..) Where sq is the slope threshold. At time t, the detection index can be estimated as

nf - -
= ngl) Pr(\/)’"| Sso|r§'),yfy>: t> (15)
i=

Based on Lemma 1, the marginal posterior distribution of B;; follows a non-standardized student’s t-distribution. However,
computing cumulative probability for the non-standardized student’s t-distribution is time-consuming. Note that the conditional
posterior distribution of #;, given &2 is

j 2 22
Bie lot, T§I)>VT§0 :t~N(H<,t(?J o U?E( >_))

(i
Tt
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(

2) . 22). . . .
where ut(iz s the second element of o, Eim 3 is the second diagonal element of Ez““ o and no rand Et@ ,are obtained using (11). If
t t o t t t o t
. b
we replace af with its posterior mean value E(aﬂrg'),yrm_t) = a(;—4 , Where ao, ,b[m ,are obtained using (11), the marginal posterior
t e to t
t

distribution of ﬁg? can be approximated by the normal distribution as

. b )
Pz, Yo, N <Mi§>), ; #f‘?)zﬁ)
Tt
Based on this approximation, the corresponding probabilities of each particle can be calculated much faster. From our experience
7, typically increases quickly and becomes close to one after the data reach the steady state. So the detection result is pretty robust to
small errors in approximating 7.
At each time t, if 7 is larger than a given threshold value, 7o, we stop the algorithm and consider that a steady state is detected at
time t. Similarly, since 7; typically increases quickly and becomes close to one after the data reach the steady state, the detection
results are robust to small change of 7. In this paper, we set 7, to be 0.9 for all the examples.

4. Numerical Study

4.1. Simulated signals and model parameter setup

Simulations based on artificially generated signals are first conducted to evaluate the performance of our proposed steady state
detection algorithm. A signal is generated based on the superposition of a bias functions and the noise. This paper uses four types
of bias functions: linear, quadratic, exponential and oscillating, as shown in Table I. These are the most commonly tested functions
for off-line steady state detection algorithms in the discrete-event simulation literature. For the bias direction of the first three
functions, without loss of generality, we use the negative bias which represents the biased data starting below the steady state mean,
as mentioned in Hoad et al."* A linearly decreasing function is chosen for the amplitude of the oscillating signals. For the noises, we
use three types of autoregressive model: random Gaussian error (AR(0)), AR(1) and AR(2), as shown in the following Table II. The signal,
y(t), is generated based on the addition of the bias function B(t) in Table | and the noise r; in Table I, namely y(t) =B(t) +r,, t=1,...,N.

For all signals Ty is the true transition point to the steady state. In selecting the prior parameters, a non-informative prior with
10000 0

0 10000
respectively. For the prior transition probability p, any value between 0.1 and 0.5 can work well and here we use p = 0.2. The maximum
number of distinctive particles after resampling is chosen to be ny= 16 for all simulations.

o =0 0]' and Xy = { } is used for p. For the noise variance ¢?, its prior parameters a, and b, are set to be 10 and 0.1,

Table I. Four types of bias functions
Signal Bias function Shape

Linear

Quadratic ( .
B(t) = h 1(7_0_1)2), t=1,...,To ﬁ

h, t=To+1,....N
Exponential 1—t
hl1-10 To—1 t=1,..T
B(t): ) ) s 10
y(To), t=To+1,...,N
Oscillatin I
’ hTOitsin(nt) t=1 T /\ [\ [
R = b5 l0 o
Bt)y=¢ To—1 f (f=19 “‘ \/W
0, t=To+1,....N \
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Table Il. Equations and parameter values for three types of noises
Types Equation Parameter values
AR(0) re=¢
o &~N(0,02)
AR(1) =il 1 +é »1=0.6
AR(2) e=@ale 1+ @3l _2+& p2=—0.25¢3=0.5

4.2. lllustration of the steady state detection

We illustrate our proposed algorithm on steady state detection by using a simulated linear signal with noise level 6 =0.06, h=1 and
To=200. The slope threshold s, is set to be 0.0025. Figure 3 shows the corresponding detection process. It can be seen that 7; jumps
abruptly to large values close to 1 shortly after Ty (the true steady state transition point). Besides, at time t=100, 200 and 500, the
estimate of the posterior probability of the latest change-point, p(z|y,.), is almost concentrated near the true change-points: 1
(t<200) or 200 (t > 200). Processing each signal with 500 time steps by the proposed algorithm only takes an average of 0.9 seconds
in MATLAB 2014b running on a 3.40 GHz Intel processor, which is much lower than that of the PF method in Wu et al.° (12 seconds for
500 time steps). Meanwhile, by sampling only one variable based on the Rao-Blackwellization method and employing the efficient OR
resampling algorithm, our method uses at most 16 particles for each time step, which is substantially lower than the 1000 particles
used for each time step by the PF method of Wu et al.2® In addition, using normal approximations for calculating the pdf of student’s
t-distribution leads to further reduction of computational time to an average of 0.6 seconds and similar detection performance. This
example shows that our algorithm can detect the change-point with timeliness and high computational efficiency.

Many signals in practice have a decaying variance with a fixed mean. When the signal enters the steady state, the variance is small
and stable. To see how well our algorithm performs to detect the transition to steady state for such signals, we simulate the signal
with zero mean and the noise amplitude as follows

T T E | ] T T T E | T
12f
L b d A kb N { | ‘
| AP A Ay
o8l A I
i Ay I
> 06f " Iir‘i'u.r:‘ﬁ i"iﬁ :
04 l’f« {lr‘,.vl v :
02k i ¥ |
o N M I I I | 1 I I 1 1
1] 50 100 150 a0 250 300 30 400 450 500
t
12 - 12 - = — 12 - . -
S~ 1 t=100 i t=200 | t=500
g 8 o8 08 08
= -3 s 06 06
o e a4
T = oo 04 04
Q ) )
Ay = 02 02 02
% &0 100 % 50 00 150 W Qo w0 = m
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Figure 3. lllustration of steady state detection for linear signal: simulated signal (top), estimated posterior probability of the latest change-point at different time steps
(middle), and the detection index 7#; (bottom)
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30T~ 0/To=N gy if t < T
a(t) = ,
) ,If t>To

where g7=0.1 and T, = 300. The following Figure 4 shows that our detection algorithm is also well-performed for such a signal.

4.3. Performance evaluation

Following Wu et al,”® we consider the false alarm rates (FAR) and deviation of the estimated steady state transition point * from the
true transition point T, (also called detection bias) to evaluate the performance of the proposed online steady state detection
algorithm. The FAR is the probability that 7 < Ty. It is considered because in some situations the cost of early detection is higher than
that of delayed detection. The FAR usually serves as an auxiliary evaluation metric. The main evaluation metric in this paper is the
weighted standard detection error (WSDE), as defined in Wu et al.*®

1N , { we(0,1],% > T
WSDE = ,|— > w(%) (5 —T w(t) = (16)
N, ,§:1 (@)( 0) (%) 1 < T

where 7; denotes the estimated change-point in the i™ replication and N; is the total number of replications used for each type of
signals in the simulation. When w=1, WSDE is the root mean square deviation (RMSD) of #; from To,. When w < 1, larger penalty is
given to early detection than late detection in WSDE.

4.4.  Comparison with existing online methods

In this section, we compare the proposed method in this paper with three other existing online steady state detection methods: the
PF method proposed by Wu et al,”® the SDM method proposed by Holly et al,'® Bethea and Rhinehart,®® Wu et al.* and the VRT
method proposed by Crow et al.,'® Cao and Rhinehart.? The PF method proposed by Wu et al.?® is the most recently developed online
steady state detection method in the literature. It is based on the standard SMC, or the PF algorithm, and incorporates several
improvement strategies such as the partial Gibbs resample-moves technique. The other two methods, the SDM and VRT, both
incorporate a moving data window based on which they estimate either the slope or the variance to determine if the signal enters
the steady state. In this section, we refer to the proposed Rao-Blackwellized SMC method in this paper as RBSMC method.

Each type of signal is generated by combining one of bias functions in Table | and one of noise autoregressive types in Table II. For
the bias function, we set h=1 and test two values of Ty: To=200 and T, =300. Three noise amplitudes ;= 0.06, 0.1, 0.14 are used for

3 T L] T L) L

}J’
[ J—

3
K
1

_3__ 1 1 ] 1 1 | | 1

0 50 100 150 200 250 300 350 400 450 500

o
[uu)
T

f |

|
|
|
0B} i
|
|
|

o
=
T

A AT
N, 'J ["N
i 1"'1;”/‘| 1 | ! ! !

0
0 & 100 150 200 250 300 350 400 450 500
t

o
L]
T

Figure 4. Steady state detection for a signal with zero mean and exponentially decaying variance: simulated signal (top), and the detection index 7; (bottom)

_______________________________________________________________________________________________________________________________________________________|]
Copyright © 2016 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2016, 32 2667-2683




N
o))
N
(o)

Quality and

Reliability

Engineering

International Y. HOU, J. WU AND Y. CHEN
_______________________________________________________________________________________|

AR(0) and 6,=0.06, 0.1 are used for AR(1) and AR(2). As in Wu et al.*® we use N, =500 replications for each type of signal and the
detection parameters (window size, thresholds) of all methods are selected to minimize the WSDE with w = 1. For our proposed
method, we set slope threshold s, =0.0021 for all signals.

Figure 5 shows the WSDE as functions of the penalty weight w for each noise autoregressive type. As we can see, the proposed
RBSMC method and PF are much more accurate than SDM, VRT in terms of the WSDE in all penalty weights. Besides, the proposed
RBSMC method is slightly better comparing with the PF method in most of the penalty weights.

The detailed results for the AR(0) noise with w = 1 are shown in Table IIl. From Table llI, it can be seen that the two SMC-based
methods (RBSMC and PF) offer the most competitive detection results in terms of the WSDE and FAR with signals of various bias

——som AR
—5—VRT

—¥—RBSMC

WSDE
WSDE
WSDE

0.1 0.3 0.5 0.7 09 1
w

Figure 5. The weighted standard detection error (WSDE) of the proposed RBSMC, PF, SDM, VRT as a function of the penalty weight w for AR(0), AR(1) and AR(2)

Table Ill. Comparison of RBSMC, PF, SDM and VRT for w = 1 and noise type AR(0). The detection parameters are (1) RBSMC,
So = 0.0021; (2) PF, Sp = 0.0022; (3) SDM, window size m = 50, threshold = 8 %107 (4) VRT, m = 98, threshold = 0.6
WSDE FAR
Signal o RBSMC PF SDM VRT RBSMC PF SDM VRT
Linear h=1,Ty=200 0.06 526 42.0 59.8 786 0 0 0 0
0.10 557 53.9 60.7 66.1 0 0 0 0
0.14 59.6 64.5 57.6 60.4 0 0 0 0
h=1,To=300 0.06 46.7 40.9 58.0 70.9 0 0 0 0
0.10 49.9 53.1 55.9 56.6 0 0 0 0.04
0.14 53.5 704 58.6 1216 0.01 0.01 0.03 0.75
Quadratic h=1,Ty,=200 0.06 17.6 12.1 336 37.6 0.01 0.11 0 0
0.10 228 21.2 31.9 26.7 0.03 0.04 0.02 0.04
0.14 26.3 337 28.2 18.5 0.06 0.06 0.14 0.36
h=1,Ty,=300 0.06 20.0 338 224 16.3 0.89 1 0.11 0.33
0.10 244 28.1 239 375 0.81 0.93 0.45 0.83
0.14 29.9 224 34.5 72.8 0.71 0.62 0.62 0.93
Exponential h=1,Ty,=200 0.06 233 16.6 459 444 0.01 0.12 0 0
0.10 28.1 26.3 40.5 23.2 0.07 0.08 0.03 0.30
0.14 317 35.0 348 26.1 0.12 0.06 0.17 0.73
h=1,Ty=300 0.06 37.6 61.7 355 27.2 0.93 1 0.04 0.51
0.10 454 494 322 67.3 0.85 0.98 0.38 0.96
0.14 51.1 40.1 55.7 107.8 0.85 0.88 0.82 0.99
Oscillating h=1,Ty,=200 0.06 231 27.1 94.9 744 0 0.01 1 0
0.10 293 27.6 90.2 61.5 0 0.04 0.99 0
0.14 38.7 26.6 94.0 541 0 0.06 1 0
h=1,T,=300 0.06 9.4 23.0 156 63.6 0.39 0.04 1 0
0.10 19.5 25.7 156 49.8 0.21 0.2 0.99 0
0.14 326 294 152 40.6 0.07 0.55 1 0
Overall 373 39.1 59.9 60.3 0.25 0.28 0.38 0.28
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functions. Both of them have consistently better performance than the moving-window based methods (SDM and VRT). The advantage
of the SMC-based methods over the moving-window based methods can be understood intuitively as follows: The SMC-based
methods are based on the piecewise linear model in (1) with multiple unknown change-points. Therefore they behave as methods with
adaptive "window” sizes. Compared with the moving-window based methods with a fixed “window” size, SMC-based methods are very
flexible in adjusting their “window” sizes based on the observed signals to give much more robust detection performance.
Comparing between the RBSMC and PF methods, the RBSMC has slightly better overall performance in terms of smaller WSDE (37.3
vs. 39.1) and smaller FAR (0.25 vs. 0.28), and using normal approximations for calculating the pdf of student’s t-distribution in RBSMC
leads to the same overall performance (see Appendix D for detailed results). Most importantly, the main advantage of the RBSMC
method to the PF method is in the substantial saving of computational cost. This significant saving of computational cost makes the
RBSMC method a much more preferred method for many online applications where quick processing of the data in real time is critical.
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Figure 6. Steady state detection for the CNP signal with ultrasonic power 30 W and 50 W in the dispersion of 30 g Al,O3
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4.5. Application to steady state detection in micro/nanopatrticle dispersion process

In this subsection, we apply the RBSMC algorithm to real signals called cavitation noise power (CNP) signals from the ultrasonic-cavitation
based nanoparticle dispersion process. Currently, the micro/nanoparticle research has attracted intense scientific interests because of its
potential applications in biomedical, optical and electrical fields. In these applications, micro/nanoparticles need to be dispersed evenly
into the base materials before use to improve the material properties. However, the particles often cluster together as a result of high
surface energy and large surface-to-volume ratio. The ultrasonic cavitation method can be used for effective dispersion of
micro/nanoparticles. The dispersion process can be monitored by detecting the steady state of CNP signals based on the fact that the
steady state of CNP signals corresponds to the maximum dispersion extent at the ultrasonic power level. Please refer to Wu et al.* for
details on the ultrasonic cavitation process, the experimental setup used to collect the data, and the method to obtain the CNP signals.

Figure 6 shows the detection results for the CNP signals with ultrasonic power 30 W and 50 W, respectively, in the dispersion of 30 g
Al,O;. The offline method EWMA-MSER in Wu et al.* is used as a benchmark method to evaluate the proposed method. It can be seen that
the detection results (red solid line) of the proposed RBSMC method are quite close to those of the offline method (black dashed line).

5. Summary

In this paper, we study the problem of online steady state detection using a multiple change-point model and sequential Monte Carlo
methods. A piecewise linear model is used to approximate the signal. Within the Bayesian framework, the posterior densities of model
parameters can be sequentially updated given the latest observations. The stopping criterion for detecting the steady state is
established based on the fact that the steady state can be characterized by a sustained ‘flat’ line segment in the piecewise linear model.

The main contribution of our proposed algorithm is its high computational efficiency based on the Rao-Blackwellization technique.
By solving analytically for the conditional distribution of the model parameters, estimating the joint posterior distribution of four
variables in the state vector requires sampling from only a one dimensional posterior distribution. This leads to substantial variance
reduction of the Monte Carlo estimates and the use of significantly smaller number of particles than the standard SMC algorithm,
while achieving comparable or better estimation accuracy. In addition, by applying the so-called Optimal Resampling method and
eliminating duplicate particles, the robustness and timeliness of steady state detection is significantly improved by using the
information of the particles more efficiently.

The performance of our proposed method is evaluated through both artificially simulated signals and a real data example from the
ultrasonic-cavitation based nanoparticle dispersion process. Results demonstrate the robustness of the proposed algorithm for
various types of signals with different levels of noises, and much faster computational time compared to the standard PF method.
Note that in this paper, only non-informative priors are selected for our change-point model parameters. However, in practice, we
may have better prior knowledge for the signals, such as slopes, bias shapes, levels of noises, and steady state transition locations.
Therefore, under the Bayesian framework we can easily use more informative priors of model parameters in our steady state detection
algorithm to take advantage of the prior knowledge on the process and further improve the detection performance. Note that in our
current method, we only consider the problem with univariate observations. A potential future work is to develop methods for
multivariate data. Additionally, the change point model used in this paper can be applied to develop a Bayesian statistical process
control (SPC) method for short-run production processes, where we can conduct on-line inference of process parameters to
determine whether they have shifted into the out-of-control range. This is our ongoing research.
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Appendix A

Proof of Lemma 1
The joint posterior distribution of B, and o2 is:
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=ty e exp{'a—zA}daf—(A;:m Jua-(a0)

1 . “(axat1)
= (brpr + E(Br'”r,‘r) Zz:,t(Br'Hz,,r))

(205, +2
s 2
1 (Bt_prr,t) Zr,‘t (BI_HT,AI’)
20,,,, brhr

ar,,r

1+

bet
Therefore (Br"’h y,r:r)ﬂ‘z (um, af‘z,,u 20n.t> .
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Appendix B

Proof of Lemma 2
a If z,=7; _,, we are making posterior inferences based on the observationsy, . ;.

Since (B;_107_1, 7t = -1, ¥r,_ 1) "N (Be 11,071 Zee1), we have (XeBe_ |07y, 7 = 701, ¥r, 1) ~N(Xemte, s ot XeZy1X,), and
the conditional distribution of y, would be (y,|o7_;,7c = 7e-1, ¥, . 1)~N(Xtty, 1 1,07 (1 4+ XiZr,-1X;)), The joint posterior
distribution of y,, a2 , is:

p(yt,af,1 |7e = TH,YTH:H) = p(ytlo-tz—WTt = Tr—hyf,q:tq)p("?q |oe = TH,VTH:H)

. - X ? .
°((0't2_1) 1/2 exp{ (yt l’p'z',,t—1) } (a_tz_1) (atr_r,1+1) exp{_bttz,t71 }

2072 1 (1 + XeZp e 1X;) o,

1
I L :
o (afr-~+2+ ) L e X )"
(th) exp > rt—1 1 2(1 n X121t$t71x't)

Ot 1

(}’r—xtl’-rrrq)z

Let B=b, 1 + 2(1KE, X)) The posterior predictive distribution of y, can be obtained after integrating out o2 ;:
! t&rp t—1R¢

P(Yr|fr =Tt any;H) = Jp(th”?q |te = Tr*17yrt,1:t71)d0—t271

1
- (Gz,.r—w + E + 1) 1
“j(0'371) exp{fTB}datzq

Ot 1

1 1
r<ar t—1 +*> ,( _)
1 6 rt—1+
B}da,{1 2/ «p 2

1
1
-1+ 3
B t 2 7(arr.t71+_+1>
- '[71(0571) 2 exp{
F(arr,t71 + 5)
1
=\ Gt 3
P Ve T < 1 2)
T t—1 5 )

(14 XeZg 1X,
_ 201,,!*1 +1
2

1 (yf B xt”‘[g.t—l )2
20z, -1 M(

| 14

1+ XX eo1X;)
a‘[t,t71

byt !
Therefore (y |t = 7t-1,Y,, 4 1)~ (tim_“‘—‘ (1+ XrE,hqut)Ja,htq)

Arpe—1
b If 7;=t, y, is independent of y,.,_; and we are making posterior inferences based on the prior information. That is to say,
p(yilte = t.¥,.« 1) = P(y;). Therefore, we have (y |t = t,y, .. ;)~t (Xrl’«mz—g (1+ szox;),zao).

Appendix C

Let wgi), i=1,2,...,ng+ 1 — q be the weights of remaining particles to be resampled, a total of n; — g particles need to be resampled.
With the unique solution ¢, we apply the stratified sampling algorithm of Carpenter et al.>*:

« Initialize: simulate s as the realization of a uniform random variable on [0,1/c], and set j = 1.
* While i<ny+1-q do
s= s-wii).
If s<0do
Resample particle i, assign it with weight 1/c;
s=s+1/c.
End
i=i+1.
End
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Appendix D

RBSMC detection results for AR(0) noise with both exact calculations and normal approximations for the pdf of student’s t-distribution:

WSDE FAR
Signal o Exact Approximation Exact Approximation
Linear 0.06 526 526 0 0
h=1,Ty=200 0.10 55.7 55.0 0 0
0.14 59.6 59.6 0 0
0.06 46.7 45.9 0 0
h=1,T,=300 0.10 49.9 49.5 0 0
0.14 535 54.5 0.01 0.01
0.06 176 174 0.01 0.01
h=1,Ty=200 0.10 228 22.8 0.03 0.02
Quadratic 0.14 263 275 0.06 0.06
0.06 20.0 213 0.89 0.93
h=1,Ty,=300 0.10 244 237 0.81 0.77
0.14 299 28.7 0.71 0.75
0.06 233 245 0.01 0.01
h=1,Ty=200 0.10 28.1 289 0.07 0.06
Exponential 0.14 317 325 0.12 0.11
0.06 376 38.9 0.93 0.92
h=1,T,=300 0.10 454 440 0.85 0.87
0.14 511 52.1 0.85 0.86
0.06 23.1 234 0 0
h=1,Ty,=200 0.10 293 28.6 0 0
Oscillating 0.14 38.7 40.0 0 0
0.06 9.4 9.8 0.39 0.39
h=1,Ty,=300 0.10 19.5 20.8 0.21 0.19
0.14 326 314 0.07 0.05
Overall 373 373 0.25 0.25
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