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a b s t r a c t

Large discrepancies among the laminar flame speeds and Markstein lengths of methane/air mixtures mea-
sured by different researchers using the same constant-pressure spherical flame method are observed. As
an effort to reduce these discrepancies, one linear model (LM, the stretched flame speed changes linearly
with the stretch rate) and two non-linear models (NM I and NM II, the stretched flame speed changes non-
linearly with the stretch rate) for extracting the laminar flame speed and Markstein length from propagat-
ing spherical flames are investigated. The accuracy and performance of the LM, NM I, and NM II are found to
strongly depend on the Lewis number. It is demonstrated that NM I is the most accurate for mixtures with
large Lewis number (positive Markstein length) while NM II is the most accurate for mixtures with small
Lewis number (negative Markstein length). Therefore, in order to get accurate laminar flame speed and
Markstein length from spherical flame experiments, different non-linear models should be used for differ-
ent mixtures. The validity of the theoretical results is further demonstrated by numerical and experimental
studies. The results of this study can be used directly in spherical flame experiments measuring the laminar
flame speed and Markstein length.

� 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

The laminar flame speed is defined as the speed relative to the
unburned gas, with which a planar, one-dimensional flame front
travels along the normal to its surface [1]. It is one of the most
important parameters of a combustible mixture. Accurate determi-
nation of the laminar flame speed is extremely important for
developing and validating chemical kinetic mechanisms [2].
Another important parameter of a combustible mixture is the
Markstein length, which characterizes the variation in the local
flame speed due to the influence of external stretching and deter-
mines the flame instability with respect to preferential diffusion
[3,4]. The Markstein length is one of the basic input physicochem-
ical parameters in certain models of premixed turbulent combus-
tion [5]. Therefore, accurate determination of the Markstein
length is very important for turbulent combustion modeling.

In the last 50 years, substantial attention has been given to the
development of new techniques and the improvement of existing
methodologies for experimental determination of the laminar flame
speed and Markstein length. Various experimental approaches uti-
lizing different flame configurations, reviewed in Refs. [1,6], have
been developed. Currently, due to its simple flame configuration
and well-defined flame stretch rate, the constant-pressure spherical
flame method [7–19] becomes one of the most favorable methods

for measuring the laminar flame speed and Markstein length. In this
method, a quiescent homogeneous combustible mixture in a closed
chamber is centrally ignited by an electrical spark which results in
an outwardly propagating spherical flame. The flame front history,
Rf = Rf(t), is recorded by schlieren or shadow photography with a
high speed camera. The laminar flame speed and Markstein length
are then extracted through different theoretical models (described
later).

Recently, a great deal of effort has been devoted to obtaining
accurate laminar flame speed and Markstein length utilizing the
constant-pressure spherical flame method. For example, the effects
of ignition [20,21], radiation [22], non-spherical geometry [23],
compression [24], flame instability [25], and non-linear extrapola-
tion [26] have been investigated. However, discrepancies among
the laminar flame speeds and Markstein lengths measured by dif-
ferent researchers for the same fuel are still appearing in the liter-
ature [27,28] and become a great concern for kinetic mechanism
validation. For example, Fig. 1 shows the measured laminar flame
speeds, S0

u, and the Markstein lengths relative to the burned gas, Lb,
of methane/air mixtures. Except for the laminar flame speed calcu-
lated by PREMIX (solid line) [29], all the experimental results
(symbols) were measured using the constant-pressure spherical
flame method [7,10,12–14,17–19]. Figure 1a shows that for very
lean methane/air mixtures (u 6 0.7), there are large discrepancies
among the laminar flame speeds measured by different research-
ers. This is because buoyancy strongly affects the spherical flame

0010-2180/$ - see front matter � 2010 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
doi:10.1016/j.combustflame.2010.09.001

E-mail address: cz@pku.edu.cn

Combustion and Flame 158 (2011) 291–300

Contents lists available at ScienceDirect

Combustion and Flame

journal homepage: www.elsevier .com/locate /combustflame



Author's personal copy

propagation in normal-gravity experiments [16,22]. For near-
stoichiometric and rich methane/air mixtures (u P 0.8), the rela-
tive difference among the measured laminar flame speeds is shown
to be smaller (but still around 10%). Unlike the laminar flame
speeds, Fig. 1b shows that there are huge discrepancies for the
Markstein lengths measured by different researchers and the rela-
tive difference can even be larger than 300%. For example, the
Markstein length of rich methane/air mixtures measured by Halter
et al. [14] is shown to be several times larger than those by Taylor
[7] and Hassan et al. [10]. (The so-called ‘‘burned gas Markstein
length” shown in Fig. 6 of Ref. [14] is in fact the Markstein length
relative to the unburned gas and it is converted to Lb by multiply-
ing the density ratio r = qb/qu.)

The reason for these discrepancies has yet to be quantitatively
explained. One possible source is the interpretation of the experi-
mental data, particularly for data lying outside of the parameter
range over which the assumptions for the theoretical models em-
ployed are justified. As an effort to reduce these discrepancies, this
study will be focused on the method of extraction. Here ‘‘extrac-
tion” means to obtain the unstretched laminar flame speed and
Markstein length from the spherical flame front propagation his-
tory Rf = Rf(t), in the process of which linear extrapolation or linear
regression based on a theoretical model (the LM, NM I, or NM II to
be introduced below) is conducted. For the constant-pressure
spherical flame method, the burned gas is assumed to be quiescent
when the pressure rise is negligible [7–19]. As a result, the propa-
gation speed of the experimentally visualized flame front is equal
to the flame speed with respect to the burned mixture, i.e.
Sb = dRf/dt. For moderate stretch rates, the flame speed can be con-
sidered to vary linearly with the stretch rate [4,7,14]

Sb ¼ S0
b � LbK; ð1Þ

where S0
b and Lb are, respectively, the unstretched laminar flame

speed and Markstein length with respect to the burned mixture.
K = (2/Rf)dRf/dt is the stretch rate for a propagating spherical flame.
Therefore, according to the theoretical model given by Eq. (1), S0

b

and Lb can be obtained from linear extrapolation based on the plot
of Sb versus K [7,14]. Knowing S0

b , the unstretched laminar flame
speed relative to the unburned mixture, S0

u, can be deduced through
mass conservation: S0

u ¼ rS0
b , where r = qb/qu is the density ratio.

The linear relation, Eq. (1), linking flame speed to stretch is
commonly used to analyze experimental results [7–19]. However,
it is not the only model describing propagation spherical flames.
Under the assumption of large flame radius, i.e. Rf� 1, Frankel
and Sivashinsky [30] analyzed propagating spherical flames with
thermal expansion and the following evolution equation was ob-
tained [30]

Sb ¼ S0
b � S0

bLb � 2=Rf ; ð2Þ

which shows that Sb changes linearly with the flame curvature, 2/Rf.
Therefore, S0

b and Lb can also be obtained from linear extrapolation
based on the plot of Sb versus 2/Rf. It is noted that historically, Eq.
(2) was first proposed by Markstein in 1951 [31].

Unlike these two models given by Eqs. (1) and (2), the following
model was used by Kelley and Law [26] in the extraction of S0

b and
Lb:

lnðSbÞ ¼ lnðS0
bÞ � S0

bLb � 2=ðRf SbÞ; ð3Þ

which shows that ln(Sb) changes linearly with 2/(RfSb). Conse-
quently, S0

b and Lb can also be obtained from linear extrapolation
based on the plot of ln(Sb) versus 2/(RfSb). Eq. (3) can be obtained
from the asymptotic analysis by Ronney and Sivashinsky [32] and
Bechtold et al. [33] for propagating spherical flames that are adia-
batic and propagate in a quasi-steady manner.

Since the theoretical analysis conducted by Ronney and
Sivashinsky [32] and Bechtold et al. [33] was also based on the
assumption of large flame radius (Rf� 1), the model given by Eq.
(3) is accurate to the first-order in terms of the inverse of flame
radius. As shown in Appendix A, the first two models given by
Eqs. (1) and (2) can be readily derived from Eq. (3) in the limit of
large flame radius. The error of the LM, NM I, and NM II is shown
to be in the same order of Oð1=R2

f Þ. Therefore, Eqs. (1)–(3) can be
utilized to extract the laminar flame speed and Markstein length
in the constant-pressure spherical flame method. The model given
by Eq. (1) shows that the flame speed changes linearly with the
stretch rate and thus is referred to as the linear model (LM). Con-
sequently, the other two models given by Eqs. (2) and (3) are re-
ferred to as non-linear model I and II (NM I and NM II),
respectively. Historically, the LM was used by nearly all the re-
search groups [7–19]; NM I was only discussed by Taylor [7] and
was not used by any other researcher; and NM II was only used
by Kelley and Law [26] and Halter et al. [42]. Except the recent
work conducted by Halter et al. [42], there is no quantitative study
investigating the accuracy and performance of these models. In
Ref. [42], only the LM and NM II were used to process the experi-
mental data, and the accuracy of these two models was not thor-
oughly discussed. Therefore, this study will focus on the LM, NM
I, and NM II by addressing the following main concerns. First,
how accurate are these models in terms of describing propagating
spherical flames? Second, what is the performance of these models
in extracting the laminar flame speed and Markstein length from
propagating spherical flames? Third, which model will give the
most accurate laminar flame speed and Markstein length and thus
should be used in the propagating spherical flame method?

The paper is organized as follows: in Section 2, theoretical anal-
ysis on the accuracy and performance of the LM, NM I, and NM II is

+
+ + +

+

+
+

x
x x x x

x

x

x

M
ar

ks
te

in
le

ng
th

,L
b

(m
m

)

0.6 0.8 1 1.2 1.4
-2

-1

0

1

2

3

4

Equivalence ratio, ϕ

(b)

+

+

+

+
+ +

+

+

x

x

x

x
x

x

x

x

La
m

in
ar

fla
m

e
sp

ee
d,

S u0
(c

m
/s

)

0

5

10

15

20

25

30

35

40

Taylor (1991)
Hassan et al. (1998)
Gu et al. (2000)
Rozenchan et al. (2002)
Halter et al. (2005)
Chen et al. (2007)
Hu et al. (2009)
Tahtouh et al. (2009)
PREMIX

+

x

(a)

Fig. 1. (a) Laminar flame speed and (b) Markstein length relative to the burned gas
for methane/air mixtures at atmospheric pressure and room temperature.
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presented; then, in Section 3, numerical simulation is performed to
validate the conclusions drawn from theoretical analysis; the per-
formance of the LM, NM I, and NM II in processing the experimen-
tal data available in the literature are assessed in Section 4; finally,
the conclusions are given in Section 5.

2. Theoretical analysis

Outwardly propagating spherical flames have been analyzed via
asymptotic techniques [30,32–35]. However, all these studies
[30,32–35] were based on the assumption of large normalized
flame radius (R = Rf/d

0
f � 1, where d0

f is the thickness of an adia-
batic planar flame). Consequently, the theoretical results in Refs.
[30,32–35] cannot be used to evaluate the accuracy of the LM,
NM I, and NM II, all of which are accurate to the first-order in terms
of 1/R (demonstrated in Appendix A). Only the recent work by He
[36] and Chen and Ju [37] spanned all the spherical flame sizes and
transitions between flames with small radii (flame kernel after
ignition and flame ball) and large radii (propagating spherical
flame and planar flame). Therefore, theoretical results of Ref. [37]
are utilized here to examine the accuracy and performance of the
LM, NM I, and NM II.

There are two main advantages in employing theoretical analy-
sis for the investigation of the LM, NM I, and NM II: (1) the exact
values of the laminar flame speed and Markstein length/number
are available in the theoretical analysis; they can be compared
with the extracted values and thus the accuracy of different
extrapolations can be strictly evaluated; and (2) the exact values
of the stretched laminar flame speed and stretch rate are available
in the theoretical analysis; thus the effects of buoyancy, ignition,
non-spherical geometry, radiation, compression, and error from
calculating the derivatives can be prevented.

The limitations of the theoretical analysis [37] employed in this
study are: thermal expansion is not considered and quasi-steady
propagation of the spherical flame front is assumed. To the author’s
knowledge, all the spherical flame theories in the literature consid-
ering the thermal expansion are based on the assumption of large
flame radius and thus cannot be used to evaluate the accuracy of
the LM, NM I, and NM II due to the reason mentioned before. Nev-
ertheless, detailed numerical simulations considering thermal
expansion and unsteady transition are conducted in Section 3 to
demonstrate the validity of the theoretical assessment on the accu-
racy and performance of the LM, NM I, and NM II.

2.1. Different models and their accuracy

For adiabatic, freely propagating spherical flames, we have the
following algebraic relationship for flame propagation speed U
(normalized by adiabatic planar flame speed, S0

u) and flame radius
R (normalized by adiabatic planar flame thickness, d0

f ) [37]

eURð1�LeÞ

Le

R1
R s�2e�UsdsR1

R s�2e�ULesds

¼
Z þ 2r ln Le�1R�2e�URLe

� .R1
R s�2e�ULesds

�
Z � 2 1� rÞ lnðLe�1R�2e�URLe

� .R1
R s�2e�ULesds

� ; ð4Þ

where Le, Z, and r are, respectively, the Lewis number, the Zel’do-
vich number, and the ratio of burned to unburned gas densities
[37]. The Zel’dovich number is defined as Z = (1 � r)Ta/Tad, with Ta

and Tad being the activation temperature and adiabatic planar flame
temperature, respectively [37]. By solving Eq. (4) numerically, we
can get the exact solution of flame speed as a function of flame ra-
dius [21,37]. Since Eq. (4) is valid for propagating spherical flames
with small and large radii, it is referred to as the detailed model

(DM) [21]. For flames with large flame radii (R� 1), the DM reduces
to the simplified model (SM) [21]:

U þ 2
R

� �
ln U þ 2

R

� �
¼ Z � 2

R
1
Le
� 1

� �
: ð5Þ

For weakly stretched flames, the stretched flame speed is close
to the adiabatic unstretched flame speed (i.e. U = 1 + e with
|e|� 1). In this limit, Eq. (5) reduces to the following models, all
accurate to the first-order in terms of 1/R (demonstrated by Fig. 3):

U ¼ 1� L0 � 2U=R; U ¼ 1� L0 � ð2=RÞ;
lnðUÞ ¼ �L0 � 2=ðRUÞ; ð6a—cÞ

where L0 = Le�1 � (Z/2)(Le�1 � 1) is the normalized Markstein
length (normalized by the planar flame thickness, d0

f ), which is
the same as that derived for adiabatic premixed counterflow flames
[38]. Eqs. (6a–c) are the non-dimensional forms of Eqs. (1)–(3).
Therefore, we also refer to these models given by Eqs. (6a–c) as
the LM, NM I, and NM II, respectively.

The accuracy of the LM, NM I, and NM II can be assessed by the
comparison with the DM. Figure 2 shows the results predicted by
the LM, NM I, NM II as well as the DM for Le = 2.0, 1.0, and 0.5.
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Fig. 2. Flame propagation speed (U) as a function of Karlovitz number (Ka = 2U/R)
predicted by different models.
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It is seen that the predictions by the LM, NM I, and NM II converge
to that by the DM when the Karlovitz number (Ka = 2U/R) is small
enough (or the flame radius is large enough). For large flame radius
(R P 100), the results from the LM, NM I, and NM II are shown to
be nearly the same as that from the DM. Consequently, the exact
unstretched laminar flame speed (U0 = 1) and exact Markstein
length (L0 = Le�1 � (Z/2)(Le�1 � 1)) can be predicted by the LM,
NM I, and NM II. For Le = 1, the predictions by the LM, NM I, and
NM II are shown to be close to that by the DM for the whole range
of Karlovitz number considered, while for Le = 2.0 and 0.5, there is
very large difference between the predictions by the LM, NM I, and
NM II and that by the DM, especially for large Karlovitz number.
This is because when the Lewis number is appreciably different
from unity, the relative difference between the stretched and un-
stretched flame speeds will be greater than 20% (i.e. |U � 1| > 0.2)
for large Karlovitz number, as shown in Fig. 2a and c. As a result,
the assumption of |U � 1| = |e|� 1 used to derive the LM, NM I,
and NM II is not strictly satisfied. According to the DM, the flame
speed changes non-linearly with the Karlovitz number for
Le = 2.0 and Le = 0.5. Therefore, as suggested by Kelley and Law
[26], non-linear models should be used for mixtures with Lewis
numbers appreciably different from unity. Moreover, the accuracy
of NM I and NM II are shown to depend on the Lewis number: NM I
is closer to the DM than NM II for Le = 2.0, while NM II is closer to
the DM than NM I for Le = 0.5.

To quantitatively show the accuracy of the LM, NM I, and NM II,
the error of these models is investigated. According to Eq. (6a–c),
the error of the LM, NM I, and NM II is U � 1 + L0 � 2U/R,
U � 1 + L0 � 2/R, and ln(U) + L0 � 2/(RU), respectively, where R and
U are the exact solutions of the DM, and L0 = Le�1 � (Z/2)(Le�1 � 1)
is the exact Markstein length. The absolute value of the error as a
function of R�1 is shown in Fig. 3 in a logarithmic scale. The error
of all these models is shown to be in the order of R�2. Therefore,
the LM, NM I, and NM II are all accurate to the first-order in terms
of the inverse of the flame radius. This is consistent with the anal-
ysis presented in Appendix A.

In order to assess the accuracy of these models at different Le-
wis numbers, Fig. 4 shows the error as a function of Lewis number
for R = 50. Consistent with the results shown in Fig. 2, the error of
all these models is shown to increase with the deviation of the Le-
wis number from a critical value, Le�, which is slightly less than
unity. For Le < Le�, NM II is the most accurate and the LM is the
most inaccurate; while for Le > Le�, NM I is the most accurate and

the LM is the most inaccurate. Therefore, in order to obtain accu-
rate laminar flame speed and Markstein length for mixtures with
different Lewis numbers, different non-linear models should be
utilized in the extraction. The LM is shown to be the most inaccu-
rate for mixtures with Lewis number apparently different from
unity and can be used only when the Lewis number is close to
unity.

2.2. Performance of different models in extraction

In experiments using the constant-pressure spherical flame
method [7–19], the laminar flame speed and Markstein length
are extracted based on different models using a range of flame ra-
dius evolution data, [RL, RU]. The lower bound, RL, is chosen to re-
duce the effects of initial spark ignition and unsteady flame
transition on the flame propagation speed [20,21]. The upper
bound, RU, is chosen to ensure that the pressure rise is small (thus
the compression effect is negligible [24]) and the flame front is
smooth (thus the flame speed is not affected by flame instabilities
[25]). To mimic the data processing conducted in spherical flame
experiments [7–19], a series of exact solutions, (R, U), from the
DM within the range of RL 6 R 6 RU are utilized to extract the lam-
inar flame speed and Markstein length based on different models.
The exact values of the laminar flame speed (U0 = 1) and Markstein
length (L0 = Le�1 � (Z/2)(Le�1 � 1)) are available and thus can be
used to compare with the extracted results. In this way, the perfor-
mance of different models can be evaluated. It is noted that the fol-
lowing comparisons are purely mathematical, with no new
consideration of the physics (such as radiation, ignition, and com-
pression) that beyond that in Eq. (4).

According to Eqs. (1)–(3) and (6a–c), the formula for extractions
based on the LM, NM I, and NM II are respectively

U ¼ U0 � L � 2U=R; U ¼ U0 � U0L � ð2=RÞ;
lnðUÞ ¼ lnðU0Þ � U0L � 2=ðRUÞ; ð7a—cÞ

where U0 and L are, respectively, the normalized laminar flame
speed and Markstein length from extraction.

Figure 5 shows the effects of different models on the extracted
laminar flame speed and Markstein length. The extracted and exact
unstretched flame speeds, U0, and Markstein lengths, L, are pre-
sented in the tables inset in Fig. 5. For Le = 1.0, the relative differ-
ence between the extracted values based on different models and
the exact values of U0 and L are within 0.2% and 10%, respectively.
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Therefore, accurate laminar flame speed and Markstein length can
be obtained from extrapolations based on all of these models (the
LM, NM I, and NM II). When the Lewis number is appreciably dif-
ferent from unity, Le = 2.0, the relative difference between the ex-
tracted and exact values of U0 and L can reach 3.8% and 59%,
respectively. Figure 5b shows that both U0 and L are over-predicted
by LM and NM I while they are under-predicted by NM II for
Le = 2.0. Compared to the exact values of U0 and L, the results from
extraction based on NM I are the most accurate. These results are
consistent with the conclusions on the accuracy of different mod-
els presented in the previous sub-section.

To assess the performance of different models at different Lewis
numbers, Fig. 6 shows the extracted values of U0 and L from extrac-
tions based on LM, NM I, and NM II. The relative difference be-
tween extracted and exact values for U0 is shown to be within
10%, while that for L can reach 200%, which explains why the lam-
inar flame speeds measured by different researchers agree well
with one another, while there is a very large discrepancy
(�100%) for the Markstein length (see Fig. 1). The performance of
the LM, NM I, and NM II can be compared in four different regimes
shown in Fig. 6. In regime I, the extracted results from NM II are the
most accurate. In regime II, the extracted results from LM, NM I,
and NM II are nearly the same. In regimes III and IV, the extracted
results from NM I are the most accurate. Both U0 and L are slightly
under-predicted by NM I in regime III and over-predicted by NM I
in regime IV. Therefore, in order to get accurate U0 and L, non-lin-
ear models should be used in the extraction, especially for mix-
tures with Lewis number appreciably different from unity. Figure
6 shows that NM II should be used for mixtures with small Lewis
number (negative Markstein length, regimes I and II) while NM I
should be used for mixtures with large Lewis number (positive
Markstein length, regimes III and IV).

To quantitatively show the relative difference among the ex-
tracted values from different models, the results from the LM (de-
noted by subscript ‘LM’) and NM II (denoted by subscript ‘NM II’)

are compared with those from NM I (denoted by subscript ‘NM
I’). Figure 7 shows that the relative difference increases with
|Le � Le�|. Moreover, the relative difference in the Markstein length
is shown to be one-order larger that of in the laminar flame speed.

It is noted that the flame radius range used for the extractions
shown in Figs. 5–7 is 20 6 R 6 100. This range is chosen to ensure
consistency in the relative difference between the stretched flame
speed and unstretched laminar flame speed predicted by theory
(Fig. 2), simulations (Figs. 8 and 9), and experiments (Fig. 12).
The LM, NM I, and NM II, will certainly give a better accuracy for
larger flame radius range than for the smaller range. However,
the conclusion on the performance of different models does not
change with the flame radius range. This is confirmed by results
from extractions based on a larger flame radius range of
50 6 R 6 200.

Summarizing, the above theoretical analysis basically answers
the three questions introduced at the end of Section 1. It is found
that the LM, NM I, and NM II can be derived from the DM and
are all accurate to the first-order in terms of the inverse of flame
radius. The accuracy of the LM, NM I, and NM II is shown to
strongly depend on the Lewis number. Therefore, in order to get
accurate laminar flame speed and Markstein length from the
spherical flame method, different non-linear models should be
used for different mixtures.

3. Numerical validation

The theoretical analysis is constrained by the assumptions of
constant density (no thermal expansion), constant thermal and
transport properties, one-step chemistry, and quasi-steady propa-
gation. Therefore, the comparison based on theoretical results only
provides qualitative rather than quantitative information on the
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accuracy and performance of different models. In order to remove
these assumptions, detailed numerical simulation of propagating
spherical flames is conducted and the validity of the conclusions
drawn from theoretical analysis will be demonstrated in the
following.

3.1. Numerical methods and specifications

A time-accurate and space-adaptive numerical solver for Adap-
tive Simulation of Unsteady Reactive Flow, A-SURF (1D), is used to
carry out high-fidelity numerical simulation of outwardly propa-
gating spherical flames. A-SURF has been successfully used and
validated in a series of studies on spherical flame initiation and
propagation [21–24,28,43]. Details on the governing equations,
numerical schemes, and code validation of A-SURF can be found
in Refs. [21,43] and hence are only briefly described below.

The unsteady compressible Navier–Stokes equations for multi-
component reactive flow are solved in A-SURF [21,43]. The finite
volume method is used to discretize the conservation governing
equations in the spherical coordinate. The second-order accurate,
Strang splitting fractional-step procedure [39] is utilized to sepa-
rate the time evolution of the stiff reaction term from that of the
convection and diffusion terms. In the first fractional step, the
non-reactive flow is solved. The Runge–Kutta, MUSCL-Hancock,
and central difference schemes, all of second-order accuracy, are
employed for the calculation of the temporal integration, convec-
tive flux, and diffusive flux, respectively. The chemistry is solved
in the second fractional step using the VODE solver [40]. The de-
tailed methane/air reaction mechanism, GRI-MECH 3.0 [41], is
used in this study. The chemical reaction rates as well as thermo-
dynamic and transport properties are evaluated using the CHEM-
KIN and TRANSPORT packages [29] interfaced with A-SURF. To

maintain adequate numerical resolution of the moving flame, a
multi-level, dynamically adaptive mesh refinement algorithm has
been developed and used in A-SURF. Nine grid levels are utilized
in this study and grid convergence is tested to ensure the numer-
ical accuracy of the solutions.

In all simulations, the spherical chamber radius is set to be
Rw = 100 cm (i.e. the computational domain is 0 6 r 6 100 cm)
and only the flame trajectory data with flame radius less than
3.5 cm are utilized for the extraction. As a result, the pressure in-
crease (<0.01%) and compression-induced flow [24] are negligible.
The initial and boundary conditions are the same as those in Ref.
[43]. The propagating spherical flame is initiated by a small hot
pocket (1–2 mm in radius) of burned product surrounded by fresh
mixture at room temperature (Tu = 298 K) and initially specified
pressure. The size of the hot pocket is chosen so that the effects
of ignition [20,21] can be minimized. Similar to the theoretical
analysis, the effect of radiative loss [22,35,43] is not included in
the numerical simulation.

From the flame front history, Rf = Rf(t), defined as the position of
maximum heat release in the simulation, Sb = dRf/dt and K = (2/Rf)
dRf/dt = 2Sb/Rf can be calculated from numerical differentiation.
Consequently, the unstretched laminar flame speed, S0

b , and Mark-
stein length, Lb, can be obtained from extractions based on the LM,
NM I, and NM II given by Eqs. (1)–(3), respectively.
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3.2. Results and discussions

Figure 8 shows the effects of different models on the extracted
laminar flame speed and Markstein length of atmospheric meth-
ane/air mixtures at the equivalence ratio of u = 1.0 and u = 1.4.
The flame radius range used for the extraction is 1 6 Rf 6 2 cm
(closed symbols). Flame propagation speed at 2 6 Rf 6 3 cm (from
the same simulation, denoted by open symbols) is shown to
elucidate the performance of different extrapolation methods.
For u = 1.0, the Markstein length is less than 1 mm and the Lewis
number is close to unity [38]. Figure 8a shows that the LM, NM I,
and NM II give very close results: the maximum relative differ-
ences among the extracted values for S0

b and Lb are 1.5% and
34.5%, respectively. This is similar to the theoretical results for
Le = 1.0 shown in Fig. 5a. With the increase of the equivalence ratio,
the Markstein length and Lewis number of methane/air mixtures
increase [38]. For u = 1.4, Fig. 8b shows that the stretched flame
speed, Sb, changes non-linearly with the stretch rate, K, and the
maximum relative differences among the extracted values from
different models for S0

b and Lb are 14.7% and 149%, respectively.
Figure 8b also shows that NM I fits the data for comparison much
better than the LM and NM II. Therefore, the extracted results from
NM I are the most accurate, while those from LM and NM II are
over-predicted and under-predicted, respectively. Again, this is
similar to the theoretical results for Le = 2.0 shown in Fig. 5b.

The Markstein length is known to be strongly affected by pres-
sure [38]. To further assess the performance of different models for
mixtures with different Markstein lengths, Fig. 9 shows the results
for rich (u = 1.4) methane/air mixture at P = 0.5 atm and
P = 2.0 atm. The Markstein length at 0.5 atm is much larger than
that at 2.0 atm. As a result, Fig. 9 shows that the difference among
the extracted results increases with the decrease of pressure (i.e.
increase of the Markstein length). This is consistent with the theo-
retical results in Fig. 7 which shows the relative difference in-
creases with the Markstein length. Furthermore, Fig. 9a shows
that NM I almost exactly fits the data for comparison and thus
NM I are much more accurate than the LM and NM II. Compared
to the results extracted from NM I, the over-predictions in S0

b and
Lb by the LM are 26.6% and 171.4%, respectively, and the under-pre-
dictions in S0

b and Lb by NM II are 6.3% and 28.0%, respectively.
Figure 10 shows the extracted results from three different mod-

els for atmospheric methane/air mixtures at different equivalence
ratios. For each equivalence ratio, the Markstein length is shown to
be positive and thus the corresponding Lewis number, Le, is larger
than the critical value, Le�, which is slightly less than unity [38].
Figure 10 shows that the extracted values of S0

b and Lb from NM I
are always smaller than those from the LM while larger than those
from NM II. This is consistent with the theoretical results that the
LM gives the largest extracted values (for both laminar flame speed
and Markstein length) while NM II gives the smallest extracted val-
ues (see Fig. 6). According to the theoretical analysis, when Le > Le�

(positive Markstein length), the laminar flame speed and Mark-
stein length are both over-predicted (under-predicted) by the LM
(NM II) and NM I is the most accurate. Therefore, for methane/air
mixtures, NM I should be used in the extraction. Otherwise, as
shown by Figs. 10b and 1b, the Markstein length of very rich meth-
ane/air mixtures will be significantly over-predicted (�100%) by
extractions based on the LM.
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Figure 11 shows the relative differences among S0
b and Lb

extracted from different models. It is noted that the Lewis number
or the Markstein length can be easily changed in the theoretical
analysis while this change is realized by varying the equivalence
ratio of methane/air mixtures in the numerical simulation. The
magnitude of the relative differences is shown to increase mono-
tonically with the equivalence ratio. This is due to the similar
monotonic change of the Markstein length (or the Lewis number)
with the equivalence ratio shown in Fig. 10b. Therefore, the simu-
lation results shown in Fig. 11 are consistent with the theoretical
predictions shown in Fig. 7: the relative differences for U0 and L
both increase with the Markstein length (or the Lewis number)
when L0 > 0 (or Le > Le�). Furthermore, comparison between
Fig. 11a and b shows that the relative difference for the Markstein
lengths predicted by different models is about one-order larger
than that for the laminar flame speeds. As a result, the extracted
value of the Markstein length depends on theoretical models much
more strongly than that of the laminar flame speed. The same con-
clusion is also drawn from theoretical results shown in Fig. 7.

Summarizing, similar conclusions to those from theoretical
analysis are drawn from numerical simulations including thermal
expansion and detailed kinetic and transport properties. The ef-
fects of different models are found to increase with the magnitude
of the Markstein length (or |Le � Le�|) and the extracted values of S0

b

and Lb from NM I are always smaller than those from the LM while
larger than those from NM II. Moreover, NM I is shown to be the
most accurate for CH4/air mixtures for which the Markstein length
is positive.

4. Application in processing experimental data

In this section, the LM, NM I, and NM II are utilized to process
the experimental data available in the literature and to further

validate the theoretical results in Section 2. Many studies (see,
for example, Refs. [7–19]) reported the unstretched laminar flame
speeds and Markstein lengths measured from spherical flame
experiments. However, only a few of them reported the stretched
flame speed as a function of flame radius or stretch rate, which
can be utilized to test the performance of the LM, NM I, and NM
II. In this study, the experimental data for methane/air from Figs.
20 and 21 of Ref. [7] are used.

Figures 12–14 show the results for methane/air mixtures from
extractions based on experimental data reported by Taylor [7].
The effects of different models on the extracted flame speed and
Markstein length of methane/air with u = 1.0 and u = 1.34 (the
corresponding stoichiometry used in Ref. [7] is 1.0 and 1.3, respec-
tively) are shown in Fig. 12. Similar to the numerical results shown
in Fig. 8, it is seen that with the increase of the equivalence ratio,
the Markstein length (or the Lewis number) increases and so does
the difference among the extracted results from different models.
For u = 1.0, Fig. 12a shows that LM, NM I, and NM II give very close
results: the maximum relative differences among the extracted
values for S0

b and Lb are 2.2% and 46.8%, respectively. This is similar
to the theoretical results for Le = 1.0 shown in Fig. 5a. Moreover,
the extracted values of S0

b and Lb are found to be very close to the
numerical results shown in Fig. 8a. For u = 1.34, the stretched
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flame speed, Sb, is shown to change non-linearly with the stretch
rate, K, and the maximum relative differences among the extracted
values from different models for S0

b and Lb are 35.1% and 283.1%,
respectively. According to the theoretical analysis, NM I is the most
accurate since the Markstein length is positive and the extracted
results from the LM and NM II are over-predicted and under-pre-
dicted, respectively. The extractions above are based on data with
flame radius less than 2 cm. Similar to numerical results in Fig. 8,
Fig. 12 also shows the experimental results for flame propagation
speed at 2 6 Rf 6 3 cm (denoted by open symbols). However, we
cannot judge which model is the most accurate by simply compar-
ing the results predicted by models (lines) and those measured in
experiments (open symbols in Fig. 12). This is because, unlike the
simulation results, the experimental data at large flame radii might
be affected by radiation [22], compression [24], and flame instabil-
ities [25]. Consequently, these effects will be reflected in the ex-
tracted flame speed and Markstein length, even if the appropriate
model is used.

Figures 13 and 14 show the extracted results and relative differ-
ences as functions of equivalence ratio. These results are similar to
the simulation results presented in Figs. 10 and 11. Besides, the
performance of the LM and NM II was also compared in Ref. [42]
and similar results to those in Fig. 13 were reported (see Figs. 4
and 5 of Ref. [42]). Therefore, the conclusions on the performance
of the LM, NM I, and NM II drawn from theoretical analysis are also
confirmed via processing experimental data of propagating spher-
ical flames. As mentioned before, the Markstein length is positive
for methane/air mixtures with 0.6 6 u 6 1.4 and thus we have
Le > Le�. Consistent with the theoretical results shown in Figs. 6
and 7, Figs. 13 and 14 show that the flame speed and Markstein
length are both over-predicted (under-predicted) by the LM (NM
II) compared to those by NM I. It is seen that if the LM is used to
process the experimental data for rich methane/air mixtures, the
over-prediction of laminar flame speed is in the order of 10% while
that of Markstein length is in the order of 100%. The relative
difference from experiments (Fig. 14) is shown to be about two
times that from simulation (Fig. 11). This is because there is much
larger scatter in the experimental results [7] than that in the
simulation.

5. Conclusions

One linear model (LM) and two non-linear models (NM I and
NM II) utilized for extracting the laminar flame speed and Mark-
stein length in the constant-pressure spherical flame method are
studied theoretically and numerically. The detailed model (DM)
valid for propagating spherical flames with small and large radii
is presented first. The LM, NM I, and NM II are then derived from
the DM. It is shown that the LM, NM I, and NM II are all accurate
to the first-order in terms of the inverse of flame radius and thus
can be utilized to extract the laminar flame speed and Markstein
length in the constant-pressure spherical flame method.

The accuracy of the LM, NM I, and NM II is found to strongly de-
pend on the Lewis number. It is demonstrated that NM I is the
most accurate for mixtures with large Lewis number (positive
Markstein length) while NM II is the most accurate for mixtures
with small Lewis number (negative Markstein length). Therefore,
in order to get accurate laminar flame speed and Markstein length
from the spherical flame method, different non-linear models
should be used for different mixtures. For mixtures with Lewis
number appreciably different from unity, both the laminar flame
speed and the Markstein length are over-predicted from extrac-
tions based on the LM. The over-prediction by the LM for laminar
flame speed is within 10%, while that for Markstein length can
reach 100% or even larger. The above conclusions drawn from
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theoretical analysis are confirmed by conducting detailed numeri-
cal simulation and processing experimental data available in the
literature.
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Appendix A

The theoretical analysis conducted by Ronney and Sivashinsky
[32] and Bechtold et al. [33] was based on the assumption of
large flame radius (Rf� 1). Therefore, Eq. (3) can be exactly
written as

Sb

S0
b

 !
ln

Sb

S0
b

 !
¼ �2Lb

Rf
þ O

1
R2

f

 !
; ðA1Þ

in which the second term on the right hand side represents the er-
ror in the order of 1=R2

f

� �
. In the limit of large flame radius (or mod-

erate stretch rate), the normalized flame propagation speed, Sb=S0
b ,

can be written in the following asymptotic form:

Sb

S0
b

¼ 1þ eþ O
1
R2

f

 !
with e � 1

Rf
: ðA2Þ

Substituting Eq. (A2) into (A1) and using ln(1 + x) = x �
x2 + O(x3) for x� 1, we get

e ¼ �2Lb=Rf : ðA3Þ

Therefore, according to Eqs. (A2) and (A3), we have the exact
form of NM I as

Sb

S0
b

¼ 1� 2Lb

Rf
þ O

1
R2

f

 !
: ðA4Þ

According to the definition of the stretch rate, we have

K

S0
b

¼ 2
Rf

Sb

S0
b

¼ 2
Rf

1� 2Lb

Rf
þ O

1
R2

f

 !" #
¼ 2

Rf
þ O

1
R2

f

 !
; ðA5Þ

in the derivation of which Eq. (A4) is used. Substituting Eq. (A5) in
(A4), we get the exact form of the LM as

Sb

S0
b

¼ 1� Lb

S0
b

K þ O
1
R2

f

 !
: ðA6Þ

Therefore, according to Eqs. (A6), (A4), and (A1), the error of the
LM, NM I, and NM II given by Eqs. (1)–(3) is in the same order of
Oð1=R2

f Þ.
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