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|I. INTRODUCTION

This course introduces active control and signal procgstohniques in particular for vibration and noise contnopla
cations. One of the main objectives of this course is to fastiglents gain insights of practical engineering appboat and
related control methods and electronic toolkits. Studemés assumed to have a background in mathematics, physids, an
engineering, and have taken at least one preliminary cafrsentrol.

Control is a science developed from engineering, in pdercaerospace engineering, and maintains close relaijmnsfith
electronics and information technologies. However, nayada control student normally has little knowledge of argcfical
engineering system and related physics. In addition, ahathe student may already know various control technidues
time-domain and frequency-domain, it is more than often tteehas no idea of how to implement a control technique in a
practical system. Instead, most of the previous experistaein the numerical simulation stage.

To address the former issue, we select acoustics as the rhgsgical topic in this course. Its control and measurement
techniques will be extensively studied during the courge fieasons to select acoustics, rather than any otherqalacipics,
are given below. Firstly, every student should be familighveound and therefore already prepare preliminary sehseeo
topic. Secondly, acoustics has a close connection with 8ol vibration. Generally speaking, the techniques usedbiration
control and noise control are quite similar. On the otherdhanlarge part of noise is flow-induced, and fluid mechanisms
research has a long history in our department. Thirdly, siioproblem is important and can find many practical apfibce.
Acoustic related problem, specifically, noise, is a laspngblem that annoys human beings for generations. Protbeggosure
to excessive levels of acoustic noise can cause permanarmimdéoss, safety problems, and lower worker productiFipally,
nowadays, noise control and measurements employ elecstomi particularly, digital signal processor (DSP) extesly.
During this course, students are expected to grasp the modaimental knowledge of the related electronic equipmamds
techniques. Through some lab works, we hope to improve thddian experience of our students and address the lategrconc
raised in the previous paragraph.

Control technique was formally proposed in 1940s, and theadled 'control’ actually implicitly denotes feedbacknteol.

In other research topics, such as fluid mechanisms, the cgutfecontrol includes a much broader scope, which includes
passive control and active control. The latter can be caisggbinto feedforward control and feedback control, alsovn as
open-loop and closed-loop control, respectively. The $oclithe course is on active control.

Machinery and engines are major noise sources, and muclisaidise occurs in the low frequency range. Passive methods
used to reduce noise, such as earmuffs, are not especiabtied at low frequencies due to the relatively long wangth of
the sound. However, active noise control (ANC) has proveeffiectiveness at these low frequencies. The underlyimgipie
of ANC is to generate a secondary sound wave to destructinédyfere with the unwanted noise, thereby reducing the net
sound pressure. Active noise control technology can be insadvide variety of situations, including car or airplanetieests,
automobile exhaust mufflers, and refrigerator fans. Headgs that employ ANC would be particularly useful for aitpamp
workers, aircraft carrier soldier, ambulance drivers, amahy others who operate on or near heavy machinery. Asida fro
low-frequency noise control, another benefit is that themding noise, in some cases, can be selectively eliminkading

desired sounds such as speech and warning signals to be diearlg.
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This course will describe the implementation of adaptivetod and its applications for active noise control. Simtiechnique
should be able to find a usage in active vibration control atidgaflow control. The potential application fields are lpahich
include military, aerospace, automation, etc. In addjtitve availability of rapid developing programmable DSPskenthe
implementation of computationally-intensive adaptivgagithms feasible. The DSP related hardware and softwatentgues
are also introduced in this course. A couple of lab projeetgetbeen designed to enable students to grasp fundamesdal id
and gain hands-on experiences in embedded system design.

The nature of this course is theoretical with a specific emgiimg application in mind. The rest of this course will be
organised as follows. Firstly, related mathematics andsjglsywill be lectured. The sections not only provide prefana
knowledge but could help students students to appreciatbdauty of mathematic methods in physical modelling. Seigpn
signal processing theory will be summarised, although Arpirgary background of it has been assumed in this coursediyh
DSP and peripheral hardware will be introduced. Studentscemduct lab works thereafter. Fourthly, active controthmds
will be lectured. And finally, if time permitted, more signatocessing methods will be presented. The second and titke thi
parts are more practical. While the first, fourth, and finatpare theoretical. It is also worthwhile to point out thag twriting
style of this note is not strictly formal with detailed dagtion of academic contents. Only the very fundamental Kedge
will be given in this note for brevity. For more informatioff @ topic of interest, we suggest students refer to numeraliseo
literatures that can be easily googled and downloaded. Ofseg the classroom lecturing will also complete this natd a

therefore don’'t miss any classes!
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Il. MATHEMATICAL BACKGROUND

The physicist and Nobel Laureate Paul Dirac invented a tadn the mid 30s of last century. The calculus uses matheatat
symbols, which however are not well defined. A rigorous theafr this calculus, so-called generalised function theorgs
later developed by Laurant Schwartz.

Physicists, and engineers, often work with an intuitive veayilar to that of Dirac, knowing that their manipulationea
strictly informal in mathematics but work for practical digations. The intuitive approach is followed in this comiras well.
A rigorous theory can be referred to the classical textbodken by Nobel.

A generalized functiorf is a map ofX — R with X a good function space such thais continuous and linear. b € X
is infinitely continuous differentiable and i, together with all of its derivatives, vanishes faster dinity than any power

function, the action off is written

f(6) =< f,6 > /R F(@)é(x)da. )

A Dirac’s delta functionf = ¢ is defined by

<0, >= /R(S(x)gb(:c)d:c = ¢(0). 2

The general idea about the integral treats a point mass fromadnematical point. Let) states a mass density. Then
fR §(z)¢(x)dz states that a point mass is the mass concentrated at a soigteBesides the delta function, other generalised
functions include functions with jumps, such as the maximomthe step function.

Why are those generalised functions meaningful? Sihég assumed to be a good function, then Dirac’s delta, the max-
function, the step function turn out to be difierentiable igemeralised sense. For short, we can take the derivativgurha
function. How is this possible?

Let f be a generalised function agde X. For the derivative, one can have

<f,p>=—<fd>, ©)

where’ denotes ordinary differential operation. The equationsatisfied because f,¢ >= fR fods = —fR fodz +
Boundary value= — < f, ¢ >, where the boundary term vanishes sircis a rapidly decreasing function. Hence, we exploit
the fact that operations, such as differentiation, Foufiemsform, originally conducted on generalised functignsan be

shifted to the function® € X, which can be differentiated.
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IIl. FUNDAMENTALS OF FLOW AND ACOUSTICS
A. Physical Background

(1)Fundamentals of fluid knowledge

l
Reynolds number Re = U_
14

(2)Fundamentals of sound knowledge
The speed of sound 340 m/s. The audible frequency range28Hz to 20, 000 Hz. The maximal sensible frequency to ear is
3,000 Hz.

Wavelength: ..

Near field: ..

Far field: ..

The important definition of sound pressure level (SPL) is

L _101 prm52 _ prms d
p = 0810 p—2 = 20log Drat B. (4)

ref

Question: how to compute SPL from pressure? and vice versa?

B. Navier-Stokes Equations

The first principles behind the governing equations thatules fluid physics are: conservation of mass, conservaifon
momentum, and conservation of energy, etc. These lead td af gartial, nonlinear differential equations plus appiate

boundary conditions and initial conditions.

ap 0 B
ou; ou; B Op 0 Ou;  Ouy _ ou;
P ( ot +“’“axk) = Tom  om {“ <8xk + (“)xi> +5k1/\8—xi] ©
- Bp 6oik
o _81171' * 8:17k '

The Einstein notation (Einstein summation convention)siedufor the clarity of the equations. The energy equatidovid the
assumption of homentropic, i.e. the entroppf the fluid is uniform and stationary throughout the fluidpray s =contant.

We may assume that the pressure and density are related yuatiom of the form

p=p(p,s). (7)

The details of symbols are below.
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D — thermodynamic pressuré].m?.

uand\ — 1st and 2nd coefficients of viscosityy/ms.
Cik — viscous stress tensor.

Oki — Kronecker deltad,; = 1 if £ =1, 0 otherwise.
T — temperaturek.

R — gas constantNm/kgK,

= (Boltzman constant/mass of moleculeé:#m).
Stokes hypothesis  — A+ 24 = 0.
State Equation — p=pRT.

C. Euler Equations

Outside boundary the fluid at low mach number and high Reynoidnber could be invisicd.

dp 0 B
%" e (pur) = 0, 8
du; ou; B dp ‘
p ( 5 T Uk 8@) = Tog, TP 9)
or  aT\ O

D. Acoustic Equation

The acoustic disturbance is assumed small compared to tlam fimv (recall the sound pressure at 140 dB). That is,
p=po+p,u=muo+u, etc. Furthermore, let us focus on the simplest case witlatiosary flow, where (1) = 0, (2) po

and py are constant, and (3) = c?p’. The effect due to gravity can be omitted as well. As a restiler equations can be

linearised to

op’ ouy,

- —Zk 11
ou,  op'

) En + B 0. (12)

It is straight to obtain

821)/ — CQVQPI (13)
ot? ’

whereV? is the Laplacian operatop/ is the sound pressure disturbance.

The simplest case is one-dimensional wave equation,
0%’ Jot? = 2oy’ |0x*. (14)

Following the method of functional separation of variablg® solution of the wave equation can be written in the form

of p'(x,y,2,t) = p'(x,y, z)e /. For the one-dimensional case, in free space, followingctiréesian coordinatesp!(z) =
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Ae~7%* 1 Belk®  Moreover, for the three-dimensional case #ér) = Ae /" + Be/*”. A and B depend on boundary

conditions, andc is the wavenumber. (Present examples of monopole and dipolees here).

E. Green’s Function

(The prerequisite knowledge is generalized function.)
If there is a sound sourcg(x, y, z,t) the wave equation takes inhomogeneous form,

82 /
8—£ — AV = f(x,1). (15)

For convenience of notation the Einsetin summation comveiig used, that isy denotegz, y, z). The equation can be further

written in a simplified form

Ly =f. (16)
The main idea of Green’s function is that giverGdz, s) satisfying
LG(z,s) =0(z — s). a7)

The solutionp’(z) can be found by

V@) = [ Gl 9r)s (18)
More specifically, for an impulse source appears@{location) andr (time), the inhomogeneous equation is
LG(x,%x0,t,7) = d(x — X0)d(t — 7). (19)

The corresponding Green'’s function in a free space is

Glx,x0,4,7) = ——3(t — 7 — 1), (20)

4 r co

wherer = |x — xq|.

Now given the acoustic source has the form(pf

p(x,t) = i//jo Qy, 7)G(x,y,t,7)d® ydr. (22)

For the particular case in the free space:

p’(x,t)zﬁ//w Q(y”)&(t—T—¥) d3ydT=i/w QUy.t = x=yl/c0) ooy (22)

—00 |X_y| 4m —o0 |X_Y|

F. Acoustic Analogy
Multiplying Eq. (5) byu; and add to Eqg. (6), we have:

6(puz) - 87T1'k
ot Owp’ (23)
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wherer;;, = pU UL + (p — po)@k — Oik-

The continuity equation can be written to:

dp—po) O _
— % + Er (pug) = 0. (24)

Eliminate pu; by 7;(EQ. (24))+ 5:-(EQ. (23)), and minu&7?[c3(p — po)]:

1 62 0*T;
(%@ = V)i (p = po)] = 8:1:-8:1];’ (25)

where Lighthill's stress tensdf;; = m;; — [c3(p — po)]di; = pusur + (p — po)di; — 0ij — [c&(p — po)]di;. If we restrict ourself
to a finite region of unsteady flow, arfl; is assumed negligible outside the region. That is, viscdiexteis omitted, hence
o 1S removed. The sound speed outside the unsteady regiomssdeoed constant and equals The sound perturbations
everywhere almost satisfip — po) — [c3(p — po)] (the error is M2, M Mach number). As a result];; ~ pu;uj. Moreover,
outside the unsteady flow regiopy,u;, is negligible again, and’;; ~ 0. Therefore, only a small region with unsteady flows

can be considered as a sound source area.

G. Surface Effects

A surface immersed in the fluid could be defined by
S(x,t) =0, (26)

while S(x,t) > 0 denotes the area outside the surface, and vice versa. Pdoait observer moves along with the motion of
the surface, we can have
08 oS

The generalised mass and momentum equations which aceouhief presence of the surface are derived. It is worthwhile t
mention that the fluctuation variables are of interest hivat, is (p — po) H(S) = p'H(S). The Navier-Stokes equations can

be rewritten to

ollp = po)H(S) 0 o \OH(S)  OH(S)
08 08
= (P =p)d(S) o + Puk5(3)a—%
oS
= (povi + plux —vi)) 5 8(5). (28)
Tk
Q
d[pu;H(S)] 0 _ _ . _ oS
— a—:rk[(puluk +pik)H(S)] = pix + pui(ur — ”’“)a_:ck 3(S). (29)
F;
Following the way that forms Lighthill's wave equation preusly, we can have
(= @Y= p)H(S)] = e [T H ()] — - [F(5)] + 2 1Q8(S)] 30)
oz~ Y R 0 ~ 0w, 0z; " ot ‘
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For many applications the surfadeis impermeable, that means the normal velocity @ndu should be equal. In addition,

the normal unitn of the surfaceS is (05/0z;)/|V.S|, we can have

Pt =) 0 = IV S — v3) = (31)
pui(u; — vl)gjs = pu;|VS|ni(u; —v;) =0, (32)

Only pov; survives inQ, andp;; survives inF.

The farfield noise related to the monopole soutcean be described by

o = e [ QIS x ot — 7 = X ayar
- Spovn(y*,T)d(t—T—%)dy*dT
S e
— g L= Doy 33

wherex — oo, 8/0t ~ u/l, dy ~ b2, u is the characteristic velocity of turbulendeis the characteristic length of the surface.
Hence,p = po at 2 is on the order ofv?, wherev is the characteristic speed of turbulence. Remind prelyidnsLighthill's

analogy without the presence of the surfage; p, at = is on the order of?.
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IV. FUNDAMENTALS OF SIGNAL PROCESSING

* Reference material: “Introduction to Fourier analysiglageneralised functions” by M. J. Lighthill

A. Convolution

The definition of the convolution is:

(f % g)(t d°f/ flr t—TdT_/ flt=7)-g(r)dr

wherex denotes the operation of convolution.

The discrete version is:

(fxa)ln] S flm)-gln—ml= > fln—m]-glm.

m=-—00 m=-—00
B. Autocorrelation

The definition of autocorrelation below is proposed from émgle of signal processing.

Rep(t) = (F* )(t) = £ / £ - ft+ ) dr.

where f* is the complex conjugate of, x denotes correlation andrepresents convolution.

C. Cross-correlation

The definition of cross-correlation below is proposed frdra angle of signal processing.

Rpg(t) = (f % 9)(t) = 1*( / () - glt+7)dr

For discrete functions, the definition is
(f *9)l Z f*[m) gln +m).
D. Fourier Series

For aT-periodic functionf(t) that is integrable oh—17"/2,T/2], there is
= ?O Z ap, cos(nz) + by, sin(nz)],
where

1 (T2
an = —/ f(t) cos(nwt) dt, n =0,
T )12

1 [T/2
by, = —/ f@)sin(nwt) dt, n > 1.
~-T/2

w=2nf=2n/T.

12

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)
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The other well known representation of the Fourier series is

f6) =Y cae™, (42)
where
L _
Cn = —/ f(t)e ™t dt. (43)
T J_ 12
Note:
T/2 _
/ emMWleTtmWt gt — (), # m, (44)
—-T/2

which is termed orthogonality. It can be shown that the batgnents (sinusoid waves etc) of a Fourier series satigfy th
condition. This properties is sued to prove Fourier ser@ation. In addition, It is easy to see that the Fourier irdegbove
can be regarded as the formal limit of the Fourier series apériod approaches infinity.
Example:Ar(t) denotes the sampling operator, which has the form of
Ap(t)=T- > &(t—nT), (45)

which can be represented by Fourier series

o0

AT (t) _ Z einwt' (46)

n=—00
In summary, a periodical signal is presented by Fourieeseas a sum of simpler components (sinusoid and cosinesewhos
frequencies are related and whose amplitude are chosepresent the signal. On the other hand, the sufficient camdit
guarantee the existence and convergence of Fourier sgrig@isichlet condition, which states that if a periodicalrsdjz(t) is
piecewise continuous and has a left and a right hand demsin this interval then its Fourier series converges apdstim
is z(t). Here a signal is considered as piecewise continuous if édbiginuous on all but at a finite number of points. More
specifically,z(t) should have only finite number of minima and maxima, finite benmof discontinuities. The other important
thing in Fourier analysis is Gibbs phenomenon, which dbssria peculiar manner wher{t) is approximated by a partial
sum of Fourier series. A considerable error can be foundenvtbinity of a discontinuity irrespective of how many tersie

included.

E. Fourier Transform

For an integrable functiorf(¢) (i.e. [*_|f(t)| dt < o), the definition of the Fourier transform is

Fw)= /jo f(t) e “tat. 47)

The definition of the inverse Fourier transform is

ft) = /_OO F(w) ™! dw. (48)

It is important to grasp the importance of the above equati@ne tells us how the 'energy’ of(¢) is continuously
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distributed in the frequency domain. On the other hand, dnshhow the waveform may be synthesised from an infinite set
of exponential functions, each weighted by the relevantevalf F'(w).

One example: for a rectangular pulset(¢/T), which is

0 if |t|> 5=
rect(t) =M(t) =4 1 if |t = b (49)
1 if [t < o5

Then the Fourier transform pair %r%

The other example: for Dirac delta functiaiit), its Fourier transform pair i$7(w) = [~ &(t) et dt = 1. While its

inverse Fourier transform pair it) = [* H(w) e“!dw = [7_ e™'dw. GivenF(w) = [7_ f(t) e~*'dt, we can have

X (€) by multiply e=7¢* and integrate

/:: Flt) et dt = /_ZOO (/:: F(w)ej“tdw> e—iEt qt
- R ([ )

= /OO Fw)d(w — &) dw (50)

— 00

= F().

One important properties of Fourier transform is Parsevhikorem, which is

| wpa= [ xR (51)

F. Discrete-Time Fourier Transform

For a discrete sef[n]| = f(nT), the DTFT of f[n] is:

Fw)= Y flnJe ™, (52)

wherew = 27 fT € [—-m,w) denotes the continuous normalized radian frequency Meri@nd1/7T is sampling rate. The

inverse DTFT one is:

fln] = 1 /F F(w)e™™ dw. (53)

2 J_,
G. Discrete Fourier Transform

The DFT for a sequence witlv numbers is:

N-1
X = Zx[n]ef%k” k=0,...,N—1. (54)
n=0
The inverse DFT is given by:
N-1
1 i
x[n]:N Xy Fhn n=0,...,N—1 (55)
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H. Laplace Transform

Make sure that you know the difference between Laplace fmamsand Fourier transform.

A. Causality

F(s) = £{f(H)} = / T ety dr.

V. IMPORTANT ELEMENTS

Given h(t) is the impulse response of a system, we can have

B. Relationships

C. Convolution Theorem

The convolution theorem states:

h(t)=0, VYit<O0.

F{f g} =F{f} Flg},
F{f g} =F{f}=F{g}

whereF{f} denotes the Fourier transform ¢f

D. Aliasing

Provided the sampling rate j§ = 1/75, the sampling signat[n] of x(t) is

z[n] = z(nTs) = z(t) - Ars(t) = z(t) - Ts Z 5(t — nTy),

which can be further represented using Fourier series

wherews = 27 f;.

15

(56)

(57)

(58)

(59)

(60)

(61)

(62)
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Applying continuous Fourier transform on Eq. (63),

/ x[n] e” ™t dt

oo fo'e)

Z [/ x(t)e™ st em W gt

n=—oco ¥~

i X (w — nwy) (63)

n=—oo

F{z[n]}

E. Application of Fourier Transform-Spectral Analysis
F. Application of Fourier Transform-FFT

G. Application of Fourier Transform-Pseudospectral



ACTIVE CONTROL AND SIGNAL PROCESSING-HUANGXUN@PKU.EDUXC 17

VI. FUNDAMENTALS OF ACTIVE CONTROL THEORY

This section introduces the fundamentals of active coranal beyond.

A. Introduction

Active control involves driving a number of actuators toatsea sound or vibration signal out of phase with that geadrat
by the vehicle, thus attenuating it by destructive intexfie. Here the term of vehicle can denote a car, an aircradhpr
machine. The successful application of active control ireguthat there is both a good spatial and a good temporalhingtc
between the field due to the actuators, or secondary sowandghat due to the vehicle. In other words, active contreldse
a clear physical insight of the original noise, and imposigh lnequirement for a linear actuator and a suitable actbrgrol
algorithm.

The requirement for spatial matching gives rise to cleaitsiron the upper frequency of active noise control, due to the
physical requirement that the acoustic wavelength mustnball compared with the zone of control. The requirement for
temporal matching requires a signal processing systemcidmatadapt to changes in the vehicle speed and load. Both the
physical limitations and the signal processing contrahtsgies will be described in this report, together with acdpsion
of some of the practical systems that have found their way jmoduction at the time of writing. Active noise and viboati
control can provide a useful alternative to passive noigk\aloration control, particularly at low frequencies and ahicles
with particular problems. Although active control has besperimentally demonstrated in vehicles for over 20 yeiarss,
only recently that the levels of integration within the v&hs electronic systems have allowed the cost to becomedafite,
particularly due to the rapid development of digital pramstechniques. Active control may now allow a reductionhe t
weight of conventional passive methods of low frequency@aiontrol, helping the push towards lighter, more fuel ieffi

vehicles.

B. Preparation

1) Method of Lagrangian Multipliers In mathematical optimization, the method of Lagrange mliéirs provides a strategy
for finding the maxima and minima of a function subject to doaists.

For instance, consider the optimization problem:
maximise f(x, y) subject tog(x,y) = c. (64)
We introduce a new variable\] called a Lagrange multiplier, and study the Lagrange fonctiefined by
A,y A) = fla.y) + - (9(ay) —c). (65)

* Referred wikipedia.
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2) Operations on Matrices:

ob’o

=b 66
= = b, (66)
00T A0

=2A40. 67

where A is a symmetrical matrix.

3) The Matrix Inversion FormulaProvided
A=B'+CcD'C”, (68)
we can have

A'=B+BC(D+C'BC)"'C”B. (69)

4) Independent and Uncorrelated:

C. Wiener Filters

1) Introduction: A Wiener filer can restore a corrupted signal based on a ttati@pproach. Specifically, given a signal
s(t), which is sampled by an ADC and is unavoidable corrupted bpiaem(t), a Wiener filter,a(¢), can be constructed to

filter out the noise and obtain an estimated sign@) using the following convolution:

y(t) = a(t) * (z(t) + n(t)), (70)

wherez(t) + n(t) can be denoted by (t). Definee(t) = (z(t + «) — y(t)), wherea is the delay between measurements, we

have
e2(t) = 2% (t + @) — 2z(t + Q)y(t) + v*(1). (72)
Remind that
y(t) = [ a(t) [z(t —7) +n(t — 7)] dr, (72)
and
Rys(r) =E[fO)f(t—T)], (73)
we can have
E(e?) = R..(0)—2 f_oo a(m)z(t + )w(t — 7)dr + E(f_oo a(T)w(t — 7)dr)? (79)

= Ruu(0) =2 [ a(T)Rua(T+ a)dr + [ [7 a(7)a(0)Ruww (T — 0) dT db.

A Wiener filter can be designed by findindt) = arg minE(e?)), wherea; is a value at whichE(e?) is minimised, in

other wordsargmin f(z) := {z | Vy: f(y) > f(x)}.
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2) ImplementationsDue to causalityw(t + 7)(7 > 0) is unknown,a(7) = 0 whent < 0. In addition, only a discrete

filter with finite length can be implemented. A discrete Wiefikker with N th length is discussed below.

N
yln] = Z a;w[n — i, (75)
1=0
where the values od; can be obtained by
a; = argmin E{e*[n]}. (76)
E{e’n]} = E{(y[n] —z[n])*}
= E{y’[n]} + E{2?[n]} — 2E{z[n]y[n]} (77)

= B{(Z,awln—i)’} + B{a*[n)} — 2B{, aswn — deln]}.

Calculate its derivatives we have

%E{ez[n]} = 2E{(Z§.V:0ajw[n—j])w[n—i]}—2E{:17[n]w[n—i]} 1=0,...,N

(78)
= 2 Z;V:o E{w[n — jlw[n —i]}a; — 2E{w[n — i]z[n|}.

Assuming that bothu[n| and z[n] are stationary, the autocorrelation @fn] and the cross-correlation betweernn| and

z[n] can be defined as below:
Ryw[m] = E{w[n]wln + m|} Ryz[m] = E{w[n]xz[n + m]}. (79)

The derivatives ofE{e?[n]} therefore is:

N
a(ziE{eQ[n]} = 2;03%[3' —ilaj —2Ryyli] i=0,...,N (80)

Letting the derivatives to zero for the minimisation Bfe?[n]}, we have

N

> Rywlj —ilaj = Rewli] i=0,...,N (81)
=0

which can be written in a complete form (matrix form):

[ Ruwl0]  Ruwll] RuwlN] | [ao] [ Ruwl0]]
Ruwll]  Ruwwl0] RywlN =1]| far | _ leuu] )
Ruw[N] Ruw[N = 1] Ruwl0] | lan| | Rew]N]
T A 1%

whereT is a symmetric Toeplitz matrix (that is, if thg th element of the matriX/ is m;;, then we haven;; = m;_1;_1),

it must be positive definite and invertible. Hende= T-'V. Eq. (82) is the Wiener-Hopf equation.
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3) Practical issues:Firstly, the expectations aR.,,.,[m]| and R,,s[m] are actually computed by

1Y 1
Ruyw|m] = NZ(w[n]w[n—i—m]) Ruys|m] = NZ(w[n]s[n—i—m]). (83)
Jj=0

It also works for slowly varyingR.,.., and R,,s, but an appropriate oV should be chosen, based on the sampling rate and
the varying procedure.

The computational complexity of the Wiener filter 5 NV?).

D. Least Mean Squares Filter

1) Introduction: The method of steepest descent is used in designing an LM§ Tilhe core problem is to find a coefficient
vectorh(n) which minimizes a cost function:

C(n) = E {le(n)]*}, (84)

where e(n) = [h(n) — h(n)] * z(n) + v(n), h(n) denotes the unknown system(n) is the interference particularly in

measurements, arig(n) are the coefficients of the LMS filter.

VC(n) = VE {e(n) ¢"(n)} = 2B {V(e(n)) " (n)} (85)
whereVe(n) = de(n)/dh(n) = —x(n). Note the Einstein notation (or Einstein summation corieentis used here. Hence,
VC(n) = —2E {x(n) e*(n)} (86)

Keep in mind thatvC(n) points towards the steepest ascent of the cost functionoptimal coefficients oh can therefore
be found by
h(n+ 1) =h(n) — gvcm) = h(n) + pE {x(n) e*(n)}. (87)

By far LMS is the most commonly used adaptive filering aldort due to the following reasons:
(1) the algorithm is fast;
(2) the algorithm is the first one of its kind;
(3) its computational cost is small (to be discussed in negtign);
(4) recursive algorithm, can work adaptively, that is, +ixale;
(5) track slow changes in the signal statistics.
2) Practical issues:Firstly, how to obtainE {x(n)e*(n)}?

Secondly, what is the computational cost of the LMS alganith

TABLE |: The computational cost of LMS

Operations  * h(n+1)
multiplication M M

(Note: addition cost is omitted here. Why?)
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3) Variant of LMS: NLMS:Normalised LMS filter converges fast as its input range igtéchto a normalised range.

E. Recursive Least Squares Filter

1) Introduction: Given the input samplesg(/N) and the desired respondéN), design a linear filter
M
y(n) = Z wiu(n — k). (88)
k=0
Searchw;, recursively to minimise the sum of error squares
E(n) = B(n,ie(i)’. (89)
where E(n) is the cost functiong(i) the error signal that is
M
e(i) = d(i) — y(i) = d(i) = > wyul(i — k). (90)
k=0
B(n,i) is the forgetting factor that reducing the influence of oldagaisually takes the form of
Bln,i)=A""" 0<A<l. (91)

The cost functionZ(n) is minimised when all its partial derivatives is equal toazer

OB(w) _ 3 are(i) de(i) _ S Ae(i) u(i — m) = 0. (92)
i=0

Owyy, Owyy, ~

Replacee(n) with the definition of the error signal
n . M
> oA [d(z’) — Y wguli— k)] u(i —m) = 0. (93)
=0 k=0
Rearranging the previous equation yields

M n n
> wi [Z N (i — k)u(i — m)] = X" d(iu(i — m), (94)
k=0 =0 i=0

which can be expressed in a matrix form

R.(n)w, =rg.(n). (95)
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2) Algorithm:
[ z(n) ]
z(n—1
x(n) = ( : : (96)
|z(n —p)
an) = dn)—wn-1)Tx(n) 97)
gn) = Pn-1)x"(n) {)\ +x7(n)P(n — l)x*(n)}71 (98)
Pn) = M 'Pn—1)—gh)x" (n)A'P(n-1) (99)
win) = win—1)+ a(ng®) (100)

F. Kalman Filter

1) Lemma: best linear unbiased estimat@uppose unknows is linearly related to a noisy inpti by
b=Af+e¢ e~ N(0,V). (101)

The BLUE off is
b= (ATVIA)TATV . (102)

2) Derivation: In Kalman filter, we have two inputs at each time instancene being the prediction from previous
estimations

i.; =T+ 6;7 6; ~ N(07 Q)a (103)

and the other from the present measurement (innovation?)

Yt = C.’,Et + Vg, Vg ~ N(O, R) (104)
Combine these two together we have
Ty I e; e; Q@ O
L= o+ | "o~ o, ) (105)
Yt C Ut Ut 0 R
Applying BLUE we have .
-1
1 0 Ty
@ =P, ¢ ol (106)
C 0 R Yt
where .
T -1 -
I 0 I
P = @ (107)
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& = P(Q iy + CTR Yy)

P, Q'+ CTRC).

K, = [P — P H|(H,P, H,+ R,)"'H,P[|H|R......— HP  H]|R;"

= P/C'(CP/C'+R),

P, = P — P H/(H,P, H + Ry)"‘H,P
= PI - KH.P
= (I-KH,)P/.

G. Counterparts in Control

Adaptive control involves modifying the control law used &ycontroller to cope with the fact that the parameters of the
system being controlled are slowly time-varying or undert&or example, as an aircraft flies, its mass will slowly rdase
as a result of fuel consumption; we need a control law thap@daself to such changing conditions. Adaptive control is
different from robust control in the sense that it does natdha priori information about the bounds on these uncertain o
time-varying parameters; robust control guarantees thdtei changes are within given bounds the control law needbeot
changed, while adaptive control is precisely concerneth witntrol law changes. Adaptive control includes gain salieg
and Model Reference Adaptive Controllers (MRAC). The laisethe focus here.

MRAC method is firstly proposed in MIT at 1950s for agile aaftrcontrol design. The MIT method is explained briefly
below. Given a process = kG(s)u, wherek is a constant and unknown, is the control input, the desired response is
ym = koG(s)u., a controller should be designed to minimise the differdmesveeny andy,, through adjusting:. Suppose
u = fu,, a cost function can be constructed, it/i@) = 0.5¢2, wheree = y—y,, = kG(s)0u.—koG(s)u.. As aforementioned,

it is reasonable to adjust the parametdn the direction of the negative gradient &f

By = el (108)
We also have
% — kG(s)ue = k—koym. (109)
Hene the MIT rule of adaptive control is
B e, (110)

dt
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VIl. BEAMFORMING

p= —eijm/cpo. (112)
4rr
1 —jwri/c
p1 = e I Epyg. (112)
47T7‘1
1 —jwra/c
p2 = e ¥/ Cpyg. (113)
47T7‘2
1 jwry/c jwra/c
po = 5(47‘1’7‘16' p1 + 47ree p2). (114)
w1 w2

A. Sound field model

The notations generally appeared in literature [1], [2] alepted below. Given a microphone array with microphones,
the outputx(t) denotes time domain measurements of microphoxes, 53 *! andt¢ denotes time. For a single signal of
interests(t) € R! in a free sound propagation space, using Green’s functiothiowave equation, we can have

X(t) = Ls(t —7),T =

115
4mr ( )

r
ek
where C is the speed of sound, € )"™*! are the distances between the signal of inteseahd microphones, and is

the related sound propagation time betweesnd microphones. For most aeroacoustic applications keamnfg is generally
conducted in frequency domain. [3] The frequency domaisieerof Eq. (115) is:

X(ju) = 78 (w)e T = ao(r, jw)S(jw), (116)

wherej = v/—1, a is the steering vectoty is angular frequency(jw) and (r, jw) can be omitted for brevityX and .S are
counterparts in frequency domain, and we can simply write (E§6) asX = ayS.

The situation becomes more complex for a practical casewffich the array output vector can be given by
X=aS+1+N, (117)

wherel is the interference from coherent signals and/or reflestibhdenotes the collective error from facility background
noise and sensor noise. It is worthwhile to note that theadighinterest §), interferencel() and noise I{) are of zero-mean
signal waveforms and generally assumed statisticallygaddent for the simplicity.

Let Rx, R;y andRg denote theM x M theoretical covariance matrix of the array output vectoteriference-plus-noise



ACTIVE CONTROL AND SIGNAL PROCESSING-HUANGXUN@PKU.EDUXC 25

covariance and signal of interest covariance matricepewely, we can have

Rx = E{XX*}, (118)
Riv = E{(I+N)(I+N))"}, (119)
Rs = E{c%aa)}, (120)

where(.)* stands for conjugate transpode{.} denotes the statistical expectation, arfd= E {|S|?} is the variance of.
In practical aeroacoustic measurememisgenotes background noise and can be measured without teengee of any test
model. The measurements ¥fcan be conducted thereafter with the placement of a test Invaittén the test section. The
statistics of the signal of interest?, can be estimated by beamformers, and a suitable beamfgmethod with narrow main
lobe and small side lobes can reduce interference from wmkiho

The covariance matriR is unavailable in practical applications and normally iprximated by the sample covariance

matrices, which are

K
R 1 .
Ry =~ EZxx, (121)
k=1
1K
R Eop— NN* 122
wos (122
IQS ~ QX — QINa (123)

where (f) denotes approximations, and is the number of sampling blocks that is preferably largemtithe number of

microphones\/ to maintain full rank ofR.

B. Conventional beamforming

A narrowband beamformer output for each frequency bin adrggt can be written by
Y = W*X, (124)

whereY is beamformer output and/ € ¢ > is beamformer weight vector. For the conventional beaméorai delay-and-

sum type, the beamformer weight vector is achieved by miiigithe approximation error
min [W*X - 5], (125)
whose solution i8N, = (apag) ~tay that yields the following estimation af?:

6% = W;,,RsWoy = aj(a0a)) ' Rs(a0a)) ' ao. (126)
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C. Adaptive beamforming

The fundamental idea behind Capon beamforming is to oM&jp through maximizing the signal-to-interference-plusoati

(SINR),
W*RgW

SINR = VR, oW

(127)

and maintaining distortionless response toward the dieaif signal of interest. [1], [4] In other words, the expatteffect

of the noise and interferences should be minimized, thudingato the following linearly constrained quadratic prexol: [5]
H\l/\i/nW*R[NW subject toW*ay = 1. (128)

The solution can be easily derived with Lagrange multiplg]r, that isW,,; = aRj]\l,ao, whereq is a constant that equals

(a(’;R;J\l,aO)—l. In practical aeroacoustic applications the covariancgimi replaced by the sampling covariance matrix. We

can have )
52 = sztliswopt,wherev\/opt - ?0 , (129)
ao
Eq. (129) is different from the classical form of adaptivafdorming,
é*l
52 = W, R W, whereW,,,, = —X 0 (130)
aGRx a

whose solutions contain both background noise and theedksignal. Hence, Eq. (130) is not adopted in this work. Intamd
the covariance matrice of the desired sigRal and the noisé}; can be approximated using Eqgs. (122)-(123), respectively.

One could also propose an adaptive beamforming algorithbrebsv

-1

Rinv&o

52 =W, INZ
GHRvao

optRSW ope, WwhereW,,,,, = (131)

In this work we found this algorithm fails to generate sati$bry results for practical data. The potential reasoriccba the
mismatches in background noise covariance matrices. ShRtly in Eq. (131) is achieved without the presence of any test
model. The installation of a test model, however, couldrdtie background noise covariance matrix. As a result, theviing
of this work adopts Eq. (129) to implement the adaptive beaming method.

It is worthwhile to emphasize that the present problem [BE&8]] is originally proposed for rank-one signal (point sm)
cases. However, practical aeroacoustics normally coo$islistributed coherent noise sources and khe has a full rank.
Direct using the Eq. (129) [the solution of Eq. (128)] for astic imaging could be arguable. Hence, specific modifioatio

of Rx have been conducted for the practical data and details céoune in Sec.??.

D. Robust adaptive beamforming

The main objective of this paper is to investigate the pentoice of the adaptive beamforming for practical aeroa@ust
applications. In previous works we have already demoresdrdtat conventional beamforming with delay-and-sum aggings

independent of sample data and has been applied for varevos@ustic cases. [7]-[9] The adaptive beamforming ntktho
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however, is well known for its great sensitivity to any midotees, perturbations and data errors. A systematic saldtas
been proposed to improve the robustness of adaptive beawmipmwith respect to any mismatches in steering vectors. [1]
[10] In this work the array is placed outside of free streard simould have little mismatch in steering vector (detaileis is
given in the next section). It is therefore assumed that mmamputational errors of an adaptive beamformer should doome
the ill-condition of sample matrices. Regularization noetican be used to mitigate the ill-conditioning by adding astant
to diagonal elements of sample matrices. This is the sedallagonal loading technique, which is one of the most papul

approaches for robust adaptive beamforming. The regeldgizoblem can be described by
n\1Aian*R1NW + eW*W subject toW*ay = 1, (132)

where the diagonal loading facterimposes a penalty to avoid inappropriately large arrayoredf. The loaded version of
Eq. (129) is
62 =W,

optRSWopt, whereW,,; =

?X +elv)tag (133)

(
at(Rx +elpy)~lag
wherel j; is M x M identity matrix. It is easy to see that the diagonal loadinguges the invertibility of the loaded matrix
Ry + el ur regardless of ill-condition oRy.

The choose of the diagonal loading factdollows a somewhat ad hoc way. A couple of empirical critéoiae with respect
to the so-called white noise gain parameter have been gireriopsly. [11] The latter parameter, however, still lagkplicit
relationship or clear physical meaning. An iterative prhae is used in this work to tune which is set to\ x max [eig Rx )],
eig () denotes the eigenvalues of a matrix. The diagonal loadamgmeter\ can be iteratively chosen betweer1 and0.5.

A smaller A normally produces an image with better resolution, but thegutation is also easy to blow. For the following
practical case we found the value dfcan be quickly determined within a couple round of iteragionhe diagonal loading
approach is hence used in the rest of this paper for its siimgéementation.

In summary the beamforming algorithm for a narrowband fesay range is conduced as follows.

Step 1: Compute sample covariance matrides andRg, and compute eigenvalues Bfy.

Step 2: Given an observed plane, which hasgridpoints, construct steering vectay for each gridpoint.

Step 3: Calculate the diagonal loading factemwith an initial guess of\ = 0.01. ¢ = A x max [eiq§x)].

Step 4: Repeat conducting’ times of adaptive beamforming equation [Eq. (133)] for eggtipoint, and an acoustic image
can be produced.

Step 5: Check the image quality. The whole computation is done ifdbaelity is satisfactory. Otherwise double the value

of A\ and repeat steps 3-5.



ACTIVE CONTROL AND SIGNAL PROCESSING-HUANGXUN@PKU.EDUXC 28

VIIl. DIGITAL SIGNAL PROCESSOR
A. Introduction

According Wikipedia, a digital signal processor (DSP) ippadalized microprocessor with an optimized architectarehe
fast operational needs of digital signal processing. It thasfollowing characteristics: a) Real-time digital siypaocessing
capabilities. DSPs typically have to process data in reat tii.e., the correctness of the operation depends heavitiie@time
when the data processing is completed. (Think of the dedmitif real time)

b) High throughput. DSPs can sustain processing of higleeépgeaming data, such as audio and multimedia data phogess
(Think of MP3)

c) Deterministic operation. The execution time of DSP pamgs can be foreseen accurately, thus guaranteeing a releeata
desired performance. (Real time again, and software depgnd

d) Re-programmability by software. Different system bebaw might be obtained by re-coding the algorithm executgdhe

DSP instead of by hardware modifications.

DSPs appeared on the market in the early 1980s. Over the 3agedrs they have been the key enabling technology for

many electronics products in fields such as communicatisterys, multimedia, automotive, instrumentation and aryit

B. History

DSPs appeared on the market in the early 1980s. Since thenh#ve undergone an intense evolution in terms of hardware
features, integration, and software development toolR?D&e now a mature technology. This section gives an ovewvie
the evolution of the DSP over their 25-year life span; sgied terms such as Harvard architecture, pipelining,rirtston
set or JTAG are used. The reader is referred to the followarggraphs for explanations of their meaning.

In the late 1970s there were many chips aimed at digital sigrecessing; however, they are not considered to be digital
signal processing owing to either their limited programitigor their lack of hardware features such as hardwaretiplidrs.

The first marketed chip to qualify as a programmable DSP wa€NEPD7720, in 1981: it had a hardware multiplier and
adopted the Harvard architecture (more information on dinchitecture is given in Section 3.1). Another early DSP thas
TMS320C10, marketed by Tl in 1982. Figure 3 shows a seleafivenological list of DSPs that have been marketed from
the early 1980s until now.

During the market development phase, DSPs were typicalbedbaipon the Harvard architecture. The first generation
of DSPs included multiply, add, and accumulator units. Egi@® are Tls TMS320C10 and Analog Devices (ADI) ADSP-
2101. The second generation of DSPs retained the archiséctnucture of the first generation but added features ssch
pipelining, multiple arithmetic units, special addressigmtor units, and Direct Memory Access (DMA). Exampledude
Tls TMS320C20 and Motorolas DSP56002. While the first DSP®wapable of fixed- point operations only, towards the end
of the 1980s DSPs with floating point capabilities startedppear. Examples are Motorolas DSP96001 and TIs TMS320C30.
It should be noted that the floating-point format was not gsvéEEE-compatible. For instance, the TMS320C30 internal

calculations were carried out in a proprietary format; adiaare chip converter [6] was available to convert to the dah
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IEEE format. DSPs belonging to the development phase wearcterized by fixed-width instruction sets, where one chea
instruction was executed per clock cycle. These instrostimuld be complex, and encompassing several operatibpswitith
of the instruction was typically quite short and did not m@ne the DSP native word width. As for DSP producers, the etark
was nearly equally shared between many manufacturers suEhjisu, Hitachi, IBM, NEC, Toshiba, Texas Instruments,an
towards the end of the 1980s, Motorola, Analog Devices an@iZo

During the market consolidation phase, enhanced DSP acthits such as Very Long Instruction Word (VLIW) and Single
Instruction Multiple Data (SIMD) emerged. These architees increase the DSP performance through parallelismmpbes of
DSPs with enhanced architectures are Tls TMS320C6xxx D@ish was the first DSP to implement the VLIW architecture,
and ADIs TigerSHARC, that includes both VLIW and SIMD featsr The number of on-chip peripherals increased greatly
during this phase, as well as the hardware features thaw aflany processors to work together. Technologies that allow
real-time data exchange between host processor and DSBdstarappear towards the end of the 1990s. This constituted
a real sea change in DSP system debugging and helped thepersekenormously. Another phenomenon observed during
this phase was the reduction of the number of DSP manufastufbe number of DSP families was also greatly reduced,
in favour of wider families that granted increased code catibgity between DSPs of different generations belongimghe
same family. Additionally, many DSP families are not geheparrpose but are focused on specific digital signal praongss

applications, such as audio equipment or control loops.

C. Architecture Features

DSP is different from general purpose processors. It wagyded and optimised specifically for digital signal prodegs
Architecture features include:

o Hardware modulo addressing, allowing circular buffers ¢oifaplemented;

« Driving multiple arithmetic units may require memory ateltitures to support several accesses per instruction;cycle

« Separate program and data memories (Harvard architecturd)sometimes concurrent access on multiple data busses;

« Special SIMD (single instruction, multiple data) operatp

o Use VLIW techniques so each instruction drives multiplehanietic units in parallel;

« Special arithmetic operations, such as fast multiply-augdates (MACs). Many fundamental DSP algorithms, such as
FIR filters or the Fast Fourier transform (FFT) depend hgamii multiply and accumulate performance;

« Bit-reversed addressing, a special addressing mode usefoblculating FFTs;

« Deliberate exclusion of a memory management unit. DSPuéneily use multi-tasking operating systems, but have no
support for virtual memory or memory protection. OperatBygtems that use virtual memory require more time for

context switching among processes, which increases latenc

* The material in "Digital signal processor fundamentals apstem design” by M. E. Angoletta is extensively referred in

this section. The related contents on wikipedia is also Umd. The former document will be provided in class.
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