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82.3

How can we describe the properties of a random variable?
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82.3.1

X P(X = Xi) = pi i=1, 2, .o
D, Xip,
i=1 0
D, XiP,
=1
X (expected value)  (expectation)
(mean)
E ( X ) — Z X P;

1

X~B(1,p) E(X)=p

2

X~B(n, p) E(X)=np
3

X~G(p) EX)=1/p
4 Poisson

X~P()) EX)=h




X f(x)
[ xf (x)dx

X (expected value)
(expectation) (mean)

E(X) = xf (x)ox




X~UJa, b]
L xelab
T E
0, otherwise
a<b
+0 a+b
E(X)=| xf(xX)dx=——
(X) =], ()dx==
2
Ae x>0
~ f(x)= ’
x~EG) ) { 0,  otherwise
E(X)=[xf (X)dx =1
= A
3 Gamma
A x“te ™ x>0
X~T(a, 1) f(x)=1{T(a) ’ |
0, x<0,
o A o
E X — a —Z,Xd — =
(X) IO F(a)x e X p




4

X~N(n, 6%),

E(X)= j: xf (x)dx = u

()’
e 2 | —00< X< 4w

X Y=g(X) X
1 X
> 9(6)p,
E(Y) E(9(X))
2 X
[T 900 (x)dx

P(X = Xi) =P i=1,

Zg(X)p.

f(x)

E(Y)=E(g(X))=] g(x)f(x)dx




Example 2.37 X
[2000, 4000] 1
3 1 1

The expected value is a calculation that serves as the
best prediction of a value. In financial terms, it is the
probability-weighted average value of all possible
outcomes. Understanding the expected value of a
possible future event allows us to make
mathematically sound decisions.

Example 2.38 n
p=1% 1

2 1
pooling test
n 3 n m k
n=mk 2 1

1.2

E(X)/n

Proportion
[}




C E(C)=C

C X E(CX)=CE(X)
3
X, Y E(X+Y)=E(X)+E(Y)
n
4
X,Y E(XY)=E(X)E(Y)
n
82.3.2

location parameter

scale parameter




X E{X-ECOT]

X  variance D(X)
D(X) = E{[x - E(X)]Z}
o(X)=4D(X) X standard deviation

D(X)=E(X*)-[E(X)I

X~B(l,p) EX)=p DX)=p(1 p)

X~B(n,p) E(X)=np D(X)=np(l p) n>2

3 Poisson
X~P(A) EX)=A DX)=»1r




4

X~E(})

E(X):% D(X):/Il—z

5
X~N(ll, 62)
E(X)=u, D(X)=o>

1
C D(C)=0

2
X C D(CX)=C2D(X)

3
X X,

D(X1 + Xz) = D(Xl) + D(Xz) T ZE{[Xl - E(X1)][x2 - E(xz)]}
= D(Xl) + D(Xz) t 2[E(X1X2) - E(Xl)E(XZ)]
4
X,, X, D(X, £ X,)=D(X,)+D(X,)




N

systematical error

random error

X, X
X=X +p+¢&

B € E(e)=0 D(g)=c

E(X)=%,+8, D(X)=o"

MSE mean squarred error

MSE =E| (X —%,)* | = B* + 0~




Error bar

Error Bar Cliart
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Example 2.39 g Preston-Thomas
1958-1959
32
Aug 1958 '& Mean = 980.6139 - cm/sec?
32 Drops Standard deviation = * 0.9 mgal
Rule No. 1 Maximum spread = 4.1 mgal
it
Dec 1959 Mean = 980.6124 — cm/sec?
32 Drops Standard deviation = = 0.6 mgal
Rule No. 2 Maximum spread = 2.9 mgal
I
3
§ § 8 8 8 §8 8

cm/sec?
(Youden, J. (1972). Enduring values. Technometrics, 14




82.3.3

X, Y) E{[x -ECO]Y -EM]}
X Y covariance cov(X,Y)

ny

o, =Cov(X,Y)=E{[X -E(X)][Y -E(Y)]}

cov(X, Y)=0 XY

I XY)
p'J:P(X:)Q’Y:yJ)I i!j:lzs'"

cov(X,Y)=> > {[x,-EX)][yi-EM)]pny}

i=1 j=1

o0 o0
=

2 (X,Y)
f(x, y)

cov(X,Y) =] [ "[x-E(X)][y-E(Y)] f (x y)dxdy




cov(X,Y)=E(XY)-E(X)E(Y)
4 cov(X,X)=D(X)

5 X, Y X, Y




1 cov(X, Y)=cov(Y, X)
2 cov(aX, Y)=acov(X,Y)
cov(X, aY)=acov(X,Y)
a,b
3 cov(X+Y, Z)=cov(X, Z)+cov(Y, Z)

4 cov(aX=xb, Y)=acov(X,Y) a,b

X,Y) D(X)>0, D(Y)>0
cov(X,Y)
VD (X) /D (Y)
XY (correlation coefficient) p(X,Y) Py
X—-E(X) Y-E(Y)| _  cov(X,Y)

= X, Y)=E . —
Py = PLXY) J/oX)  Jo(Y) | JD(x)JD(Y)

p(X, Y)=0 X Y




(X,Y)
1 p(X,Y)=p(Y,X)
2 [ p(X,Y)[£1
3 [p(X,Y)[EL

b P(Y =kX +b) =1

X, Y)

X, Y)
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|
(a) p(X,Y)=1 (b) p(X,.Y)=—1
X 5Y SRERREY] X 5Y (&R AEY]

..'_-.‘ ‘}' 4};

0. -_ 3? 0 ’f

(c) —1<p(X,¥)<0

X5y KUEKAEAAEY] (d) p(X,Y)=0
e X5y B&MRA




AY

----------

o X S EEE I
() p(X,Y)=0
('E) P(X!Y}ﬁ{} X Y 1!X Y = =
X 5 Y TAHN R REIRE. 5 RRER X
- X, Y) (EX),EY) (XY)
D(X)  cov(X,Y)| [cov(X,X) cov(X,Y)
cov(Y,X)  D(Y) | [oowY,X) cou(Y.Y)
(X,Y) covariance matrix
n (X5 Xy 0oy X))
[ D(X)  cov(X, X,) .. cov(X, X)) ] [eov(X, X)) cov(X,X,) .. cov(X,X,)]
cov(X,, X,) D(X,) . cov(X,, X)) | |cov(X,,X;) cov(X,,X,) .. cov(X,,X,)
cov(X,, X;) cov(X,,X,;) .. D(X,) | [cov(X,,X;) cov(X,,X,) .. cov(X,,X,)




82.34 Law of large number
LAW OF LARGE NUMBERS IN AVERAGE OF DIE ROLLS

AVERAGE CONVERGES TO EXPECTED WALUE OF 3.5
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LLN, Law of large number

X, Xy eonr X, o E(X)=p
D(X,)=02

0

|im{P(|Yn—y|>g)}:o

n—oo

Chebyshev
LLN, Law of large number
Chebyshev
M, n A P A
>0
Iim{P[ﬂ— p|> g]} =0.
n—oo n

Bornoulli




1 The LLN “guarantees” stable long-term results for
random events;

2 The LLN only applies (as the name indicates) when a
large number of observations are considered;

3 {Z.} a
lim{P(|,-a|>¢)} =0

n—oo

{Z.} a

Protein subunits Pore of ion chanmnel

of ion channmel
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2.3.5 Central limit theorem

Xid Xy

E(X)=x, DX)=0c?, k=12,.

X
Z Xy _Z My 1 Lt
lim P | X=2 k-1 < X | = e 2dt
n— o n 0-2 /271- I—oo
k
k=1

All five independent distributions have mean 0 and standard
deviation 1 and are dramatically non-normal. They were selected
arbitrarily, but their normalized average is approximately normal.

Anil[

Xs

X




Xid Xy

E(X)=x D(X)=0°, k=12,..

X
ZXk—n,u 1 J.X £
lim P | X=L <X | = —/— e 2dt
S -~ Joz A

Example 2.42 A probability density function is shown in the
first figure below. Then the densities of the sums of two, three,
and four independent identically distributed variables, each
having the original density, are shown in the following figures.

If the original density is a piecewise polynomial, as it is in the
example, then so are the sum densities, of increasingly higher
degree. Although the original density is far from normal, the
density of the sum of just a few variables with that density is
much smoother and has some of the qualitative features of the
normal density.
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