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STUDIES ON THE OUTWARDLY AND INWARDLY
PROPAGATING SPHERICAL FLAMES WITH
RADIATIVE LOSS

Zheng Chen,1 Xiaolong Gou,2 and Yiguang Ju3
1SKLTCS, Department of Mechanics and Aerospace Engineering, College
of Engineering, Peking University, Beijing, China
2School of Power Engineering, Chongqing University, Chongqing, China
3Department of Mechanical and Aerospace Engineering, Princeton
University, Princeton, New Jersey, USA

Outwardly and inwardly propagating spherical flames (OPF and IPF) with radiative loss

are studied analytically and numerically. Emphasis is placed on investigating the effects

of radiation on flame propagating speed, Markstein length, and flame extinction, as well

as on examining whether the reactant can be completely consumed via an IPF. A general

correlation between flame propagating speed and flame radius for OPF and IPF of large

flame radii is derived and utilized to study the effects of radiative loss and Lewis number

on flame propagation and extinction. A correlation for Markstein length at different Lewis

numbers and radiative loss is also presented. It is shown that the Markstein length is

strongly affected by radiative loss as well as Lewis number, and that only for mixtures

not close to their flammability limits and without CO2 dilution is the effect of radiation

on the Markstein length measured from expanding spherical flames negligible. Further-

more, the theoretical results are validated by numerical simulations. It is found that when

radiative loss is considered, there exists unconsumed reactant after the extinction of IPF

for mixture with Lewis number less than unity.

Keywords: Extinction; Markstein length; Propagating spherical flame; Radiative loss

INTRODUCTION

It is well known that radiative heat transfer is a dominant mechanism for near
limit flames. Indeed, the flammability limit is determined by radiative loss for
unstretched premixed planar flames (Buckmaster, 1976; Spalding, 1957). However,
for stretched flames, the flammability limit can be changed by the combined effects
of thermal radiation and flame stretch, which were studied by using the counterflow
flames (Buckmaster, 1997; Ju et al., 1997; Sohrab & Law, 1984). These studies
showed that the flammability limit of stretched flames below a critical Lewis number
can be lower than that of unstretched flames. However, unlike the counterflow
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flames, practical flames—such as the laminar propagating spherical flames used in
microgravity experiments and the flamelets in turbulent flames—are not only
stretched but also curved. To include the curvature effect, the tubular flames
(Ishizuka, 1993; Ju et al., 1999; Mosbacher et al., 2003) and outwardly propagating
spherical flames (Bechtold et al., 2005; Chen & Ju, 2007; Ronney & Sivashinsky,
1989) were utilized to study the combined effects of flame radiation, stretch, and
curvature on premixed flames. It was shown that the interaction of flame curvature
and radiative loss greatly affects the flame propagation and extinction.

The counterflow flames, outwardly propagating spherical flames (OPF), and
tubular flames all have positive stretch rate. In order to study the effect of negative
flame stretch rate, the inwardly propagating spherical flames (IPF) can be utilized.
The quenching of IPF was studied theoretically and numerically (Flaherty et al.,
1985; Frankel & Sivashinsky, 1983, 1984; Sivashinsky, 1974; Sun & Law, 1998).
The quenching was found to take place at non-zero velocity of the flame front for
mixtures with Lewis number less than unity due to the negative stretch rate of
IPF. For mixtures with Lewis number larger than unity, it was shown that extinction
also occurs for IPF due to depletion of the upstream mixture (Sun & Law, 1998).
However, radiative loss was not considered in all of the above studies on IPF. As
a result, how radiation affects the propagation and extinction of IPF remains
unknown. The first objective of this study is hence to reveal the effects of radiation
on propagation and extinction of OPF and IPF.

Recently, the method utilizing propagating spherical flames in a closed
chamber becomes one of the most favorable methods for measuring laminar flame
speed and Markstein length (see Chen et al., 2009a, 2009b; Huang et al., 2006;
and references therein). Radiation transfer is inevitable in practical experiments,
and the effect of radiation on flame speed measurements has been investigated in pre-
vious studies (Buckmaster & Lee, 1992; Chen et al., 2007; Taylor, 1991). However,
there is no study on how the Markstein length is affected by radiation. Therefore,
the second objective of this study is to investigate the effects of radiation on Mark-
stein length using OPF and IPF.

Finally, we note that flame extinction caused by radiation is one of the most
important problems on engine performance for ultra-lean combustion utilized in
high-efficiency low-emission engines such as the HCCI. The extinction of IPF could
be a source of unburned hydrocarbon and constitute a loss in the combustion
efficiency in internal combustion engines (Sun & Law, 1998). When radiation was
not considered, numerical simulations of IPF (Flaherty et al., 1985; Sun & Law,
1998) showed that extinction is caused by the depletion of lean reactant, and there
is no unconsumed reactant. However, it is not clear whether this also happens to
IPF with radiative loss. The third objective of this study is therefore to examine
whether the reactant can be completely consumed via IPF with radiative loss.

Based on the objectives discussed above, the OPF and IPF with radiative loss
will be investigated analytically and numerically in the following. First, the math-
ematical model is presented. Second, theoretical analysis of OPF and IPF is conduc-
ted to investigate the effects of radiative loss on flame propagation, flame extinction,
and Markstein length. Finally, numerical simulations of OPF and IPF are performed
to validate the theoretical results and to examine whether there is unconsumed
reactant for IPF with radiative loss.
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MATHEMATICAL MODEL

Figure 1 shows the schematic diagrams of OPF and IPF investigated in this
study. By assuming constant thermal properties, the conservation equations for
energy and fuel mass fraction are given as

~qqeCCp
@eTT
@~tt

¼ 1

~rr2
@

@~rr
~rr2 ~kk

@eTT
@~rr

 !
� eHH þ ~qq ~xx ð1Þ

~qq
@ eYY
@~tt

¼ 1

~rr2
@

@~rr
~rr2~qqeDD @ eYY

@~rr

 !
� ~xx ð2Þ

where ~tt;~rr; ~qq; eTT ; and eYY are time, radial coordinate, density, temperature, and fuel
mass fraction, respectively. ~qq is the chemical heat release per unit mass of fuel, eCCP

the specific heat capacity at constant pressure, ~kk the thermal conductivity, and eDD
the fuel mass diffusivity. To further simplify the problem in theoretical analysis,
we also adopt the commonly used constant density model (Frankel & Sivashinsky,
1984; Joulin & Clavin, 1979; Williams, 1985) so that the convection flux is absent.

The reaction rate for a one-step irreversible reaction is ~xx ¼ ~qqeAAeYY expðeEE=eRR0eTTÞ, in
which eAA is the pre-factor of Arrhenius law, eEE the activation energy, and eRR0

the
universal gas constant. The volumetric radiative loss eHH is estimated by using
the optically thin model, eHH ¼ 4~rreKKpðeTT4 � eTT4

1Þ, where ~rr is the Stefan-Boltzmann
constant and eKKp denotes the Planck mean absorption coefficient of the mixture.

By using the adiabatic planar flame speed, eSS0

L, and the flame thickness, ~dd
0

f ¼
~kk=~qqeCCp

eSS0

L, the velocity, length, time, temperature, and fuel (lean) mass fraction can
be normalized as

~uu ¼ ~uueSS0

L

; r ¼ ~rr

~dd
0

f

; t ¼
~tt

~dd
0

f =
~SS
0

L

; T ¼
eTT � eTTeTTad � eTT1

; Y ¼
eYYeYY1

ð3Þ

where eTT1 and eYY1 denote the temperature and fuel mass fraction in the fresh mixture,
respectively, and eTTad ¼ eTT1 þ eYY1~qq=eCCp is the adiabatic flame temperature. By further

Figure 1 The schematic diagrams of (a) the outwardly propagating spherical flame (OPF) and (b) the

inwardly propagating spherical flame (IPF) (Frankel & Sivashinsky, 1983).
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attaching the coordinate to the moving flame front, R¼R(t), the non-dimensional
equations take the following form in the new coordinate (s¼ t, n¼ r�R(t))

@T

@s
� dR

dt

@T

@n
¼ 1

ðnþ RÞ2
@

@n
ðnþ RÞ2 @T

@n

� �
�H þ x ð4Þ

@Y

@s
� dR

dt

@Y

@n
¼ Le�1

ðnþ RÞ2
@

@n
ðnþ RÞ2 @Y

@n

� �
� x ð5Þ

where Le ¼ ~kk=~qqeCCp
eDD is the Lewis number and dR=dt the flame front propagating

speed. The radiative loss and chemical reaction rate are normalized, respectively, as

H ¼
eHH ~dd

0

f

~qqeCCp
eSS0

LðeTTad � eTT1Þ
;x ¼

~xx~dd
0

f

~qqeSS0

L
eYY1

ð6Þ

In this study, the thermo-diffusion structure of the flame is assumed to be
quasi-planar (R>> n) (Frankel & Sivashinsky, 1983, 1984), and in the attached coor-
dinate moving with flame front, the flame can be considered as in quasi-steady state
(@=@s¼ 0). This quasi-steady assumption has been widely used in previous studies
(Chen & Ju, 2007; Frankel & Sivashinsky, 1983, 1984) and validated by transient
numerical simulation (Chen & Ju, 2007). As a result, the governing equations are
simplified to

� dR

dt
þ 2

R

� �
dT

dn
¼ d2T

dn2
� h � T þ x ð7Þ

� Le
dR

dt
þ 2

R

� �
dY

dn
¼ d2Y

dn2
� Le � x ð8Þ

where the radiative loss term, H, is approximated by a linear function of normalized
temperature as H¼ h �T for the convenience of the algebraic manipulation. h is the
radiative loss constant (h<< 1), which takes the following form:

h ¼
4~ddeKKp

~dd
0

f ðeTT4 � eTT4

1Þ

~qqeCCp
eSS0

LðeTT � eTT1Þ
� 4~rreKKp

~kk

ð~qqeCCp
eSS0

LÞ
eTT3

ad ð9Þ

It is noted that the radiative loss constant involves the radiation intensity and the
fuel concentration. For any mixture composition, a decrease of fuel concentration
(decrease of flame speed) means an increase of h. For methane-air flames, the heat
loss constant h is in the range of 0.001 to 0.05 (Chen & Ju, 2008). In the limit of large
activation energy, chemical reaction occurs only within a very thin zone of high
temperature, and the reaction rate can be replaced by a Delta function with jump
conditions used at the flame front (Joulin & Clavin, 1979; Law, 2006):

x ¼ exp
Z

2

Tf � 1

rþ ð1� rÞTf

� �
� dðnÞ ð10Þ
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where Z ¼ eEEð1� rÞ=eRR0eTTad is the Zel’dovich number and r ¼ eTT1=eTTad the thermal
expansion ratio. Integrating Eqs. (7) and (8) around the flame interface, the follow-
ing jump relations can be readily obtained:

dT

dn

����
n�

� dT

dn

����
nþ

¼ 1

Le

dY

dn

����
nþ

� dY

dn

����
n�

 !
¼ exp

Z

2

Tf � 1

rþ ð1� rÞTf

� �
ð11Þ

By defining the flame as the location where fuel concentration goes to zero, the
boundary conditions for temperature and fuel mass fraction can be given as

n ¼ �1; dT=dn ¼ 0; dY=dn ¼ 0 ð12Þ

n ¼ 0; T ¼ Tf ; Y ¼ 0 ð13Þ

n ¼ 1; dT=dn ¼ 0; dY=dn ¼ 0 ð14Þ

THEORETICAL ANALYSIS

Asymptotic Solutions

Equations (7) and (8) with boundary conditions given by Eqs. (12)–(14) can be
solved analytically, and an exact solution of temperature and fuel mass fraction dis-
tribution is presented below. For fuel lean case, the fuel mass fraction in burned gas
region is zero, and that in the unburned gas region is obtained by solving Eq. (8) with
boundary conditions given by Eqs. (13) and (14). For OPF, we have

YðnÞ ¼ 0 for n � 0
1� exp � Le dR

dt þ 2
R

� �
Þn

� 	
for n � 0



ð15Þ

while for IPF, we have

YðnÞ ¼ 1� exp � Le dR
dt þ 2

R

� �
Þn

� 	
for n � 0

0 for n � 0



ð16Þ

As to the temperature distribution, the analytical solution for both OPF and
IPF is

TðnÞ ¼ Tf exp½ð�V þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2 þ dh

p
Þn=2� for n � 0

Tf exp½ð�V �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2 þ 4h

p
Þn=2� forn � 0



ð17Þ

where V¼ dR=dtþ 2=R. By using the jump relations given by Eq. (11), one obtains
the following algebraic system of equations for flame propagating speed, dR=dt¼
V-2=R, flame radius, R, and flame temperature, Tf,

Tf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2 þ 4h

p
¼ � V þ 2

R

1

Le
� 1

� �� �
¼ exp

Z

2

Tf � 1

rþ ð1� rÞTf

� �
ð18Þ
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where þ is for OPF and � is for IPF. After eliminating the flame temperature in
Eq. (18) with h<< 1 (Chen & Ju, 2008), we have

dR

dt
þ 2

R

� �2

ln
dR

dt
þ 2

R

� �2
" #

¼ ðZ � 2Þ 2
R

1

Le
� 1

� �
dR

dt
þ 2

R

� �
� L ð19Þ

where L¼ 2Zh. Using the above relationship, the effects of radiative loss on OPF and
IPF can be investigated by comparing the flame propagating speed, U¼ jdR=dtj, at
different flame radii, R, and radiative loss intensities, L. The preferential diffusion
(thermal versus mass diffusion) effect can also be studied by changing the Lewis
number, Le, in Eq. (19).

It is noted that the present simplified model under the assumption of large
flame radius (R>> 1) works for both OPF and IPF, while the detailed model (Chen
& Ju, 2007) without this assumption only works for OPF (there is no counterpart
theory for IPF). The detailed model—Eq. (14) in Chen and Ju (2007), which works
for OPF for all flame radii range—is found to reduce to the present result, Eq. (19)
for OPF, in the limit of R>> 1. Figure 2 shows the flame propagating speed as a
function of flame radius for OPF predicted by the present simplified model and
the detailed model in Chen and Ju (2007). It is seen that the prediction from the
simplified model agrees well with that from the detailed model at different Lewis
numbers and radiative loss. Moreover, the present simplified model also recovers
previous results in different limiting cases:

. without radiative loss (L¼ 0), Eq. (19) reduces to that of adiabatic propagating
spherical flames studied in Frankel and Sivashinsky (1984);

Figure 2 The flame propagating speed as a function of flame radius for OPF predicted by different models.
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. by changing the curvature 2=R to 1=R in Eq. (19), the same result for non-
adiabatic propagating cylindrical flames as that presented in Mitani (1980) is
obtained; and

. in the limit of R!1, Eq. (19) recovers the classical theory on flammability limit
for planar flames (Joulin & Clavin, 1979):

ðU0Þ2 ln½ðU0Þ2� ¼ �L ð20Þ

where U0 denotes the non-dimensional planar flame speed with radiative loss
(normalized by the adiabatic planar flame speed). According to Eq. (20), the flamm-
ability limit for a planar flame is L� ¼ 1=e� 0.37 and U0� ¼ e�1=2� 0.61.

For both OPF and IPF, the Karlovitz number is defined as K¼ (2=R)(dR=dt)
(Clavin, 1985; Law, 2006). When it is small, jKj<< 1, there is a linear relationship
between the normalized flame speed, U, and K (Clavin, 1985):

U � U0 �Ma � K ð21Þ

where Ma is the Markstein number. Using Taylor expansion for Eq. (19) at small K,
the linear relationship, Eq. (21), as well as the following expression for the Markstein
number is obtained:

Ma ¼ 1

U0
� ðZ=2� 1ÞðLe�1 � 1Þ

ðU0Þ½2 lnðU0Þ þ 1� ð22Þ

According to Eqs. (20) and (22), it is seen that the Markstein number is affected
not only by the Lewis number but also by the radiative loss. For adiabatic case
(L¼ 0, U0¼ 1), the Markstein length (the subscript 0 means at zero radiative
loss—i.e., adiabatic—while the superscript 0 means at zero stretch rate—i.e.,
unstretched) is

Ma0 ¼ Le�1 � ðZ=2ÞðLe�1 � 1Þ ð23Þ

which is the same as that derived for adiabatic premixed counter flow flames (Law,
2006). In Law (2006), the following relationship is proposed for stretched premixed
flames with small radiative loss (L<< 1):

U � 1� 1

Le
� Z

2

1

Le
� 1

� �� �
K � L

2
ð24Þ

according to which the Markstein length is not affected by radiative loss and is a
constant given by Eq. (23). This is not contradictory with the present result. The
relationship given by Eq. (24) works only under small radiative loss, while the
present results given by Eqs. (21) and (22) work well not only for small radiative loss
but also for large radiative loss. As a result, the present theory works for a broader
range of radiative loss, and hence the radiation effect on flame propagating speed
as well as Markstein length at different Lewis numbers can be investigated using
Eqs. (19) and (22).
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Results and Discussion

Based on the theoretical results given by Eqs. (19) and (22), the effects of radi-
ative loss and preferential diffusion (Lewis number) on flame propagation, flame
extinction, and Markstein length are investigated. Figure 3 shows the normalized
flame propagating speed as a function of flame radius for OPF and IPF with differ-
ent radiative loss intensities and Lewis numbers. At a given Lewis number and radi-
ative loss, there are two solutions of flame propagating speed for one specific flame
radius: the fast stable one and the slow unstable one. Extinction occurs at the turning
point where the fast branch meets the slow branch (Law, 2006). Figure 3 clearly
shows that the U-R relation and flame extinction is strongly affected by the Lewis
number as well as radiative loss. The U-R diagram of OPF and IPF shows totally
opposite trends for Le¼ 0.5 and Le¼ 2.0. This is because, for a mixture with
small=large Lewis number, the positive stretch rate (its magnitude continuously

Figure 3 The flame propagating speed as a function of flame radius for OPF and IPF with different

radiative loss: (a) Le¼ 0.5; (b) Le¼ 2.0.
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decreases during propagation) of OPF strengthens=weakens the flame, and the
negative stretch rate (its magnitude continuously increases during propagation) of
IPF weakens=strengthens the flame (Clavin, 1985; Law, 2006). As a result, for
Le¼ 0.5, the flame propagating speed (the fast stable branch) of both OPF and
IPF decreases monotonically during propagation, while for Le¼ 2.0, it monotoni-
cally increases during propagation.

Moreover, Figure 3 shows that for Le¼ 0.5, extinction occurs for IPF even
when the radiative loss is smaller than that corresponding to the planar flame flamm-
ability limit, L� ¼ 1=e� 0.37, while OPF still exists even for mixtures below the
flammability limit, L¼ 0.4> 1=e¼L� (which is called self-extinguish flame, SEF).
For OPF, the existence of SEF for mixture with a small Lewis number is because
the flame stretch enhancement is greater than radiative loss when the flame radius
is small (Ronney & Sivashinsky, 1989). For IPF, extinction is caused by the continu-
ously increasing flame stretch effect, which weakens the flame during its propagation
before the extinction point is reached. The opposite trend is found for Le¼ 2.0.
Therefore, the flammability limit is changed by stretch rate coupled with preferential
diffusion (Lewis number effect). This is further demonstrated by Figure 4. In
Figure 4, the turning point on the solid curve (R!1) corresponds to the flammabil-
ity limit of planar flame, and only the upper fast branch is stable and thus physically
realistic (Law, 2006). The dashed and dash-dotted lines represent solutions for pro-
pagating spherical flames at finite radii (thus finite stretch rate). The flammability
region is shown to be either extended or reduced, depending on the value of the
Lewis number and the sign of stretch rate: for mixture with small=large Lewis
number, it is extended=reduced for positive stretch (OPF) and reduced=extended
for negative stretch (IPF). The present results on flame stretch and Lewis number
effects for OPF and IPF are consistent with those for OPF (Bechtold et al., 2005)
and for counterflow flames (Law, 2006; Sohrab & Law, 1984).

To investigate the effects of radiation on the Markstein length, the normalized
flame propagating speed as a function of stretch rate is shown in Figure 5. It is seen
that the Markstein length (which is equal to the gradient in the U-K plot close to
K¼ 0) is strongly affected by radiative loss: the gradient in theU-K plot increases with
L for both OPF and IPF for Le¼ 0.5 and Le¼ 2.0. Quantitatively, the Markstein
length can be evaluated for different Lewis numbers and radiative loss according to
Eq. (22). Figure 6 shows the normalized Markstein number as a function of radiative
loss for different Lewis numbers. It is seen that for small radiative loss, the Markstein
length is close to that of the adiabatic flame,Ma0. However, when the radiative loss is
large, the Markstein length is strongly affected, especially when L is close to that
corresponding to the flammability limit (L� ¼ 1=e). Furthermore, as can be observed
from Figure 6, the change of theMarkstein length due to radiative loss is also strongly
affected by the Lewis number: the increase of Markstein length due to radiation for
Le¼ 1 is shown to be smaller than that for Le¼ 0.5 and Le¼ 2, while the Markstein
length decreases with radiative loss for Le¼ 0.85.

Figure 7 shows the normalized Markstein number as a function of Lewis num-
ber for different radiative loss. It is seen that the normalized Markstein number var-
ies non-monotonically with the Lewis number and reaches infinity at Le¼ 0.8 due to
the appearance of zeroMa0 for Z¼ 10 (according to Eq. (23),Ma0 is zero at Le¼ 1–2=
Z¼ 0.8). With the increase of radiative loss, the magnitude of the Markstein number
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always increases for Le< 0.8. For 0.8<Le< 1.0, the magnitude of the Markstein
length can be smaller than the adiabatic Markstein length. For Le> 1.0, the normal-
ized Markstein number is always greater than unity and increases with radiative loss.
Due to the increase of Markstein number with radiation, both thermal-diffusion
instability and pulsating instability can be enhanced by radiation.

In brief summary, the above theoretical analysis of OPF and IPF shows that
flame propagation, flame extinction, and Markstein length are strongly affected by
the Lewis number as well as radiative loss. For the method utilizing propagating
spherical flames to measure laminar flame speed and Markstein length (Chen et al.,

Figure 4 The flame propagating speed as a function of radiative loss for (a) OPF and (b) IPF at different

flame radii and Lewis number.
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2009a, 2009b; and references therein), the effects of radiation depend on the magni-
tude of the normalized radiative loss intensity (L). For near-limit mixtures having
very low laminar flame speed (less than 10 cm=s) and highly radiative mixtures
(for example, CO2-diluted mixtures in oxy-fuel combustion), we have L> 0.1 and
thus the effect of radiation on the measured flame speed and Markstein length is
not negligible. For most mixtures (H2=air, CH4=air, C3H8=air, etc.) not close to their
flammability limits and without CO2 dilution, we have L< 0.05 and the effects of
radiation on flame speed and Markstein length can be neglected (jU-1j< 5% and
jMa=Ma0–1j< 10% for L� 0.05).

It is noted that the theory is based on the assumption of large flame radius and
quasi-steadiness within the coordinate system attached to the flame. However, for

Figure 5 The flame propagating speed as a function of Karlovitz number for OPF and IPF with different

radiative loss: (a) Le¼ 0.5; (b) Le¼ 2.0.
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IPF, extinction can take place at small flame radii, especially for small radiative loss
(shown in Figure 3). As a result, an unsteady study, which is more naturally conduc-
ted in the laboratory frame, is required (Sun & Law, 1998). In the next section,
unsteady simulations of OPF and IPF are conducted to validate the theoretical
results, investigate the extinction of IPF, and examine whether there is unconsumed
reactant for IPF with radiative loss.

Figure 7 The normalized Markstein number as a function of Lewis number for different radiative loss.

Figure 6 The normalized Markstein number as a function of radiative loss for different Lewis numbers.
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NUMERICAL SIMULATION

Numerical Methods

The non-dimensional form of Eqs. (1) and (2) is solved numerically by means
of an implicit finite volume method (Chen & Ju, 2007). To numerically resolve the
moving flame front, a ten-level adaptive griding algorithm has been developed (Chen
et al., 2007). The mesh addition and removal are based on the first- and second-order
gradients of the temperature and reaction rate distributions. Uniform grids of
0.00125–0.01 (length normalized by flame thickness) are utilized to cover the reaction
zone and are kept moving together with the flame front. The following finite reaction
rate is used in the numerical simulation (Chen & Ju, 2007; Flaherty et al., 1985):

x ¼ 1

2Le
� Y � Z2 � exp ZðT � 1Þ

rþ ð1� rÞT

� �
ð25Þ

In all simulations, the computation domain length is 1000. The boundary conditions
of zero gradient for temperature and fuel mass fraction are used at r¼ 0 and
r¼ 1000. To initialize the flame, the flame ball solution (flame ball center at r¼ 0)
is used as the initial condition for OPF, while the planar flame solution (flame front
at r¼ 1000) is used for IPF.

Results and Discussions

Figure 8 shows the time evolution of reaction rate, fuel mass fraction, and tem-
perature of IPF for Le¼ 0.5 with and without radiative loss. As expected by theor-
etical analysis, when the flame propagates inward, the burning intensity becomes
progressively weaker due to the increase of the magnitude of flame stretch rate (nega-
tive for IPF) and Le< 1. When the radiative loss is not considered, Figure 8a shows
that flame extinguishes around R¼ 10 instead of R¼ 20, as predicted by the theory in
Figure 3a. This discrepancy is mainly due to the assumption of large flame radius and
quasi-steadiness in theoretical analysis. When radiative loss is included, Figure 8b
shows that flame extinguishes around R¼ 56, which is very close to R¼ 54 predicted
by the theory shown in Figure 3a. Therefore, theoretical results for flames at large
flame radii are consistent with prediction from numerical simulation.

Furthermore, Figure 8a shows that the extinction is induced by the complete
depletion of fuel: at t20, the fuel mass fraction is very close to zero throughout the
computational domain, and the reaction rate is about three orders smaller than that
of a planar flame (compared to that at t0). From t20 to t25, the temperature increase
in the center is caused by thermal conduction, and there is slight decrease of the tem-
perature in the region of r> 23 (which is not discernable in Figure 8a). This result is
consistent with the simulation of lean hydrogen=air IPF conducted by Sun and Law
(1998), who showed that all hydrogen is totally consumed by IPF.

Unlike the adiabatic case, when radiative loss is included, Figure 8b shows
that there exists unconsumed reactant after extinction of IPF: at t18, the reaction rate
is very close to zero while the fuel mass fraction is larger than 0.1 for r< 50. After
extinction, the fuel mass fraction in the center decreases due to mass diffusion.
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The temperature in the center first increases and then decreases due to heat conduc-
tion and radiative loss. To further demonstrate the non-existence=existence of uncon-
sumed reactant for IPF, we show the change of total amount of unburned fuel,
C ¼

R1
0 4pr2YðrÞdr, for IPF with different radiative loss intensities in Figure 9. It is

seen that for adiabatic case (L¼ 0), C decreases to 0 when flame extinction occurs.
Hence, there is no unconsumed reactant for adiabatic IPF. However, when radiation
is considered, C is greater than 0 and remains to be constant after flame extinction
occurs. Therefore, there is unconsumed reactant after extinction of IPF with radiative
loss. As a result, for ultra-lean combustion in which radiative loss is not negligible, the
unconsumed reactant in IPF will be a matter of concern: the extinction of IPF will be a
source of unburned hydrocarbon and constitute a loss in the combustion efficiency. It
is noted that the unconsumed reactant in IPF (Le¼ 0.5 and L¼ 0.2) is due to not only
radiative loss but also negative flame stretch rate: when radiative loss is not
considered, there is no unconsumed reactant for IPF; a planar flame without flame
stretch can consume all the reactant in case of Le¼ 0.5 and L¼ 0.2.

Figure 10 shows the time evolution of reaction rate, fuel mass fraction, and
temperature of IPF for Le¼ 2.0 with radiative loss. Unlike the case of Le¼ 0.5
and L¼ 0.2, Figure 10 shows that there is no unconsumed reactant left. This is
because for mixture with Lewis number greater than unity, when the flame propa-
gates inward, the burning intensity becomes progressively stronger due to the
increase of the magnitude of flame stretch rate (negative for IPF). This observation

Figure 8 Time evolution (ti¼ t0þ iDt) of different distributions of IPF for Le¼ 0.5: (a) L¼ 0; (b) L¼ 0.2.
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Figure 10 Time evolution of different distributions of an IPF (Le¼ 2.0, L¼ 0.2, ti¼ t0þ iDt).

Figure 9 Change of the flame radius and the total amount of unburned fuel for IPF with different

radiative loss.

138 Z. CHEN ET AL.

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
C
h
e
n
,
 
Z
h
e
n
g
]
 
A
t
:
 
0
1
:
2
4
 
4
 
F
e
b
r
u
a
r
y
 
2
0
1
0



is consistent with theoretical results shown in Figure 3b. Therefore, for Le> 1, the
IPF persists until the center, and hence all reactants are totally consumed even when
radiative loss is considered. As such, unconsumed reactant in IPF for Le> 1 is
expected not to be a matter of concern.

Simulations for OPF with different radiative loss and Lewis numbers are also
conducted. All the results are summarized in Figure 11. Similar to theoretical results
shown in Figure 3, numerical simulation also shows that the U-R diagram of OPF
and IPF has totally opposite trends for Le¼ 0.5 and Le¼ 2.0: both OPF and IPF
become progressively weaker during propagation for Le¼ 0.5 but become progress-
ively stronger during propagation for Le¼ 2.0. Again, this is due to the combined
effects of flame stretch and Lewis number. Figure 11 also shows that the flame
propagation and extinction is strongly affected by radiative loss. Moreover, the
Markstein length from numerical simulation is also found to increase with radiative
loss for both Le¼ 0.5 and Le¼ 2.0, which is consistent with theory. It is noted that
the flame propagating speed of a planar flame (at R¼ 103) for all Lewis numbers and
radiative loss in Figure 11 is slightly lower than that in Figure 3. This is because the
reaction rate is considered to be a Delta function (Eq. (10)) under the assumption of
large activation energy assumption in theoretical analysis, while the finite reaction
rate (Eq. (25)) is used in numerical simulation (Flaherty et al., 1985). Moreover,
the initial transient ignition process affects the outwardly propagating flame speed
for R< 100 (Chen et al., 2009b), which makes the flame speed predicted by numerical
simulation (shown in Figure 11) slightly larger than that by theoretical analysis for
OPF with R< 100 (shown in Figure 3).

Figure 11 The flame propagating speed as a function of flame radius for OPF and IPF with different

radiative loss and Lewis numbers (results from numerical simulation).
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CONCLUSION

The OPF and IPF with radiative loss are studied using asymptotic analysis and
numerical simulation. The theoretical analysis is based on the assumption of large
flame radius and quasi-steadiness of flame propagation. A general correlation
between flame propagating speed and flame radius for both OPF and IPF with radi-
ative loss is derived and utilized to study the effects of radiative loss and Lewis num-
ber on flame propagation and extinction. It is shown that the flame propagating
speed and flammability region are strongly affected by Lewis number as well as
radiative loss. Opposite trends for the change of flame propagating speed during
flame propagation are shown for OPF and IPF at different Lewis numbers. The
positive=negative stretch rate of OPF=IPF is found to enhance=weaken the flame
at a small Lewis number and to weaken=enhance the flame at a large Lewis number.
As a result, the flammability region is correspondingly extended or reduced.

A correlation for Markstein length at different Lewis numbers and radiative
loss is also derived from theoretical analysis. It is demonstrated that the Markstein
length is strongly affected by radiative loss as well as Lewis number. Moreover, it
is shown that for most mixtures not close to their flammability limits and without
CO2 dilution, the effect of radiation on the Markstein length measured from
expanding spherical flames can be neglected, while the effect of radiation is not
negligible for near-limit mixtures having very low laminar flame speed (less than
10 cm=s) and highly radiative mixtures (for example, CO2-diluted mixture in
oxy-fuel combustion).

To validate the theoretical results and determine whether there is unconsumed
reactant for IPF, unsteady simulations are conducted. The results from numerical
simulation agree qualitatively well with theoretical prediction for flames at large
flame radii, which further shows the validity of theoretical analysis. Moreover, it
is found that extinction of adiabatic IPF for Le¼ 0.5 is induced by the complete
depletion of fuel, and there is no unconsumed reactant left. However, when radiative
loss is considered, there exists unconsumed reactant after extinction of IPF for
Le¼ 0.5. For a mixture of Lewis number larger than unity, the reactant is found
to be totally consumed via IPF with=without radiative loss, as the burning intensity
becomes progressively stronger due to the increase of the magnitude of flame
stretch rate.
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