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This work develops the so-called compensated impedance boundary conditions that enable stable
time domain simulations of sound propagation in a lined duct with uniform mean flow, which has
important practical interest for noise emission by aero-engines. The proposed method is developed
analytically from an unusual perspective of control that shows impedance boundary conditions act
as closed-loop feedbacks to an overall duct acoustic system. It turns out that those numerical
instabilities of time domain simulations are caused by deficient phase margins of the corresponding
control-oriented model. A particular instability of very low frequencies in the presence of steady
uniform background mean flow, in addition to the well known high frequency numerical
instabilities at the grid size, can be identified using this analysis approach. Stable time domain
impedance boundary conditions can be formulated by including appropriate phaselead compensators
to achieve desired phase margins. The compensated impedance boundary conditions can be simply
designed with no empirical parameter, straightforwardly integrated with ordinary linear acoustic
models, and efficiently calculated with no need of resolving sheared boundary layers. The proposed
boundary conditions are validated by comparing against asymptotic solutions of spinning modal

sound propagation in a duct with a hard-soft interface and reasonable agreement is achieved.
© 2014 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4896746]

PACS number(s): 43.28.Py,43.28.En [AH]

I. INTRODUCTION

Acoustic liners are usually used on aero-engine nacelles
and in ducts to reduce fan noise emission' that has attracted
continued practical interest to meet increasingly stringent
regulations in terms of environment consideration. A simple
acoustic liner consists of a perforated facing sheet and
enclosed cavities.” The associated bulk property is an acous-
tic impedance that is usually defined in the frequency do-
main as the ratio of the local sound pressure and the normal
particle velocity (pointing into the surface). Optimizations of
liner applications request effective numerical simulation
methods. Time domain solvers based on linearized Euler
equations (LEE)* gradually become popular for noise predic-
tions within lined ducts.”” One of the most difficult and key
issues for a time domain solver is lining impedance bound-
ary conditions, which usually lead to numerical instabilities
and have therefore received prime attention in recent stud-
ies.”™®? The objective of this work is to propose a new analy-
sis method and design strategy for time domain impedance
boundary conditions.
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Numerical instabilities could arise in time domain simu-
lations of duct acoustic propagations for various reasons.
First, the LEE model not only describes sound wave propa-
gation but also permits vortical wave development'® that
would grow in sheared flows'""'? grazing on lined surfaces.
This shear layer issue can be resolved if the Ingard-Myers
boundary conditions'*>'* are used by assuming a vanishingly
thin boundary layer.'” However, recent work shows that
Ingard-Myers boundary conditions are ill-posed®'® and
would induce absolute instability for uniformly grazing
flows. A couple of modified Ingard-Myers boundary condi-
tions have been proposed mainly from a theoretical perspec-
tive™'”'® to capture the previously overlooked fluid
dynamics. In particular, an empirical parameter has been
proposed into a liner model'” to represent fluid momentum
transfer. A more generally accepted treatment developed by
Brambley® and by Rienstra and Darau'® takes account of
boundary layer profiles of finite thickness in the modified
Ingard-Myers boundary conditions, whose performance has
been numerically examined by Gabard'® in a canonical test
case of plane wave reflection.

Second, the impedance of a liner is usually given in the
frequency domain as Z(s), where s is complex argument
associated with Laplace transform. Nevertheless, the
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corresponding time domain implementation might violate
causality.® Tam and Auriault®® proposed a causal time
domain impedance boundary condition for stationary mean
flow, by using a fascinated analysis of mathematical map-
ping. This boundary condition was then extended by Li
et al*' to subsonic flow cases. The issue of numerical insta-
bilities, however, still remained unresolved. On the other
hand, Ozyérﬁk and Long constructed stable numerical
implementations of a given Z(s) using Z-transform,?* which
is the discrete-time equivalent of the Laplace transform, usu-
ally used in digital control or digital signal processing. The
essential concept is to asymptotically represent Z(s) in the
z-plane with all poles within the unit circle that ensures
bounded input bounded output (BIBO) stability.>® The suc-
cess of this method would highly depend on the empirically
asymptotic representation. In addition, Fung and Ju have
developed a series of time domain impedance boundary con-
ditions without any empirical parameter,”*>® by replacing
impedance with its corresponding reflection coefficient. The
whole manipulation is very skillful and actually (implicitly)
adopts the BIBO stability concept. More specifically, the
reflection coefficient is actually a bilinear transformation of
—Z(s). Then, all poles of the reflection coefficient would
reside inside the unit circle in the transformed z-plane since
—Re(Z(s)) < 0 for passive liners.

The computational cost of the modified Ingard-Myers
would be extensively increased to resolve sound propaga-
tions within boundary layer profiles, not to mention the
unavailability of boundary layer profiles for many practical
problems. In numerical implementations, the boundary con-
ditions proposed by Fung and Ju are quite generic and stable
over various flow conditions. However, the associated LEE
model has to be reconstructed specifically for incident waves
and reflected waves. This work is motivated by the fact that
an efficient impedance boundary condition of Z(s) for the or-
dinary LEE model with a uniform flow is still lacked. We
will propose new boundary conditions directly from the very
unusual perspective of feedback control that enables efficient
stability analysis rather than using the rigorous Briggs-Bers
criterion, which seemed to be impractical for cylindrical
duct cases.'® Then, the design of stable impedance boundary
conditions can be regarded as a control design problem,
which is hopefully simple to conduct and easy to integrate
with the ordinary LEE model. It should be noted that almost
all previous work has been numerically validated only using
the most simple plane wave cases.”!”?***° Spinning
modal sound propagation through a lined duct has been
numerically studied by Richter et al.>” and by Ozyérﬁk and
Ahuja®® but without any verification and validation. In this
work, we will validate the proposed impedance boundary
conditions by comparing to analytical solutions of spinning
modal sound propagations through lined duct cases with
hard-soft wall interfaces.

The remaining part of this paper is organized as follows.
Section II introduces the ordinary LEE model, computational
set-ups and numerical instability issues. The developing of
the new impedance boundary conditions requests a control-
oriented model, which is developed from the LEE model and
the detailed derivation is given in Sec. IIl. Then, a stability
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analysis is performed in Sec. IV to show the deficiency of
some classical time domain impedance boundary conditions.
As a remedy, the proposed stable impedance boundary
conditions are designed in Sec. V using the proposed feed-
back control design strategy. Numerical simulations are con-
ducted in Sec. VI to validate the proposed boundary
conditions by comparing against asymptotic solutions using
the Wiener-Hopf method,.g’”*31 Finally, Sec. VII summa-
rizes the present work.

ll. STATEMENT OF THE PROBLEM
A. Governing equations

The governing equations for this work are developed
from the Euler equations for an inviscid compressible perfect
gas,

ap Du

5 TV (0 =0, por=—-Vp,

% _wDe
t p Dt
where p is the density, p the pressure, 7 the ratio of specific
heat, u = (u, v, w) the velocity,  the sound wave propagation
time, and D/Dr = 9/0t + u - V. It should be noted that this
work adopts cylindrical coordinates, where 9 -u = Ou/0x
+0v/0r + 1/r(0w/00), with x as the axial coordinate, r as
the radial coordinate, and 0 as the circumferential angle.

In acoustic simulations, we assume both the time scale
and length scale of fluid dynamics to be much larger than the
scales of spinning sound waves. Then, we decompose the
flow field as

p=potp, p=po+p, u=u+u, 2)
where the subscript (), denotes the mean flow fluid and the
superscript ()’ represents acoustic waves. This decomposi-
tion enables the use of LEE as the computational model to
describe sound propagations through a steady, incompressi-
ble background flow. To further reduce the expensive com-
putational cost of the full 3D LEE model, here we adopt the
so-called 2.5D LEE model proposed by Zhang et al.,*
which would simplify the general 3D LEE model to a set of
2D equations for an incident spinning modal wave at the
tonal frequency wg and circumferential mode m,

o' o op

or * M‘)E * PoOx =0 (%)
MG+ o, (3b)
%+ oga—vg+%p’=07 ()
%+Moaa—’:+po%” po%_%w'ﬂf—fﬂ:o, (3d)

where w' £ 9w’ /Ot. With little loss of generality, the back-
ground mean flow is parallel to the axial axis, i.e.,
uy = (Mo, 0,0). In addition, the fluid is modeled as a perfect
gas with the homentropic assumption, i.e., p’ = c(z)p’ , where
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co is the speed of sound. It should be noted that all variables
are non-dimensionalized using a reference length L*, a refer-
ence speed ¢;, and a reference density p*. For the numerical
examples considered in this work, these references have
been taken as 1 m, 340 m/s, and 1.225 kg/m3. In addition, it
is worthwhile to mention that the maximal value of the nor-
malized M, (i.e., the flow Mach number) is 0.3. Otherwise,
the incompressible assumption used in this LEE model
would be inappropriate. More details of the 2.5D LEE model
can be found in Refs. 6, 32, and 33.

B. Computational set-up and numerical instability

The computational set-up is shown in Fig. 1, which is
the most simplified case of a lined bypass duct. A slip-wall
boundary condition is used for the hard wall at r=1 and
x < 0. A liner is installed on the inner wall of the cylindrical
duct at r=1 and x > 0. The lined wall is usually regarded as
a soft surface and the hard-soft interface is thus at x =0,
r=1. The sound field is calculated using the in-house acous-
tic code'' with fourth-order low-dispersion and low-
dissipation computational methods.>*® A tenth-order filter
is used throughout the computational grids to remove spuri-
ous numerical waves developing during the computation.**
A single-side tenth-order filter’’ is performed at the grid
points local to and on the lined wall. The resolution of the
computational mesh ensures at least 10 points-per-
wavelength.'%-¢

For the sake of generality and simplicity, here we con-
sider the incident sound wave of the tonal frequency wg with
a single circumferential mode m and a single radial mode n
from upstream. A further simulation of a broadband sound
wave with multiple modes will require linear superposition.
The buffer zone technology®® is adopted at the upstream and
downstream boundaries. The target solution of the (right)
outlet buffer zone is set to zero so that it absorbs spurious
reflection and simulates far-field conditions. The target solu-
tion of the (left) inlet buffer zone is set to be an incident
spinning modal sound wave that allows incident wave into
the computational domain. For the idealized geometry with a
straight infinite and hard walled duct, Egs. (3a)—(3d) have
analytical solutions for the mth azimuthal mode at a single
frequency w as follows:

P (,7,0,1) = Re[Auedn(04mnr) exp it — ik, x — im0)],

(4a)
Hard wall Liner
1 - S B . -
e :
- =22 3
e —e ]
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X

FIG. 1. The computational set-up of the numerical acoustic simulations (not
to scale) for duct acoustics. A spinning modal sound wave will be incident
from left to right. Buffer zones (the two grayed regions) are used at the
upstream and downstream sections. The boundary conditions are set to axial-
symmetrical at 7 = 0, hard wall at » = 1 and x < 0, and lined wall at r =1
and x > 0, respectively. The circumferential angle 0 is not shown here.
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K
up(x,r,0,t) =Re Aa(.m%(amnr)
x exp(imot — ix;}, x — im0) |, (4b)
V(7,0 1) =Re [iAge —— (o)
wo — M()K;nrn

x exp(iwot — iK;},x —im0) |, (4c)

m

Wlm (X, r, 9; t) =Re |:A11C Jm(OCmnl‘)

I‘(C!)Q — MQO(m,,)

x exp(imot — ix;},x — im0) |, (4d)

where A, is the amplitude of the acoustic perturbation (here
its non-dimensional value is set to 10™%), J,, the mth-order
Bessel function of the first kind, i = v/—1, and J m2dl, /dr.
For an incident wave developing from a hard wall, the nth
radial wave number o, of the mth spinning mode is the nth
solution of the following equation determined by the hard-
wall boundary condition of the duct,

d[Jm(ctmR)]

ar =0, ®)

where R is the radius of the outer duct wall and its normal-
ized value is set to unit. The axial wave number in the x axis
can be subsequently calculated using

. o
Km)‘l_l_MZ
0

where K corresponds to the downstream-propagating inci-
dent wave and k,, corresponds to the upstream-directed
spinning wave. In this work, only the right-propagating
wave with ;. is used in the inlet buffer zone.

C. Impedance boundary conditions

The impedance of a locally reactive liner is usually
defined in frequency domain as the ratio of sound pressure
and the normal velocity pointing into the local lining surface,
ie., Z(s)=p'(s)/v'(s), for duct cases with a stationary
flow. To be consistent with the following text, here we use
Laplace transform, e.g., p/'(s)= Oﬂc p'(t) exp(—st)dt,
instead of the Fourier transform usually adopted in the defi-
nition of the impedance boundary conditions. In this work,
our attention is primarily focused on spinning modal sound
propagations within a straight duct at a tonal frequency of
wo, with the impedance of Z(s)|;—iyw—w, = It + iX, where
(R, X) are real, R > 0 for passive liners.

Acoustic solutions of lined wall cases take the same
form as Egs. (4a)—(4d). The relation between the axial wave
number and the radial wave number, Eq. (6), also remains
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applicable, whereas the hard wall boundary condition of
Eq. (5) should be replaced by

(i —iMorc: \p' (.70, 0) =ity (x,r,0,0) Z(w),  (7)

which is a variant form of the Ingard boundary condition. If
p (e, 0.1) and v, (x,r,0,1) are represented by Eq. (4a)
and Eq. (4¢), respectively, from Eq. (7), we will have

(w - MOKrin)ZJm(O‘mnR)

—iwZ(w) +
(@) Sy (OtnR)

- 0. 8)

Then, k. is found by solving Eq. (6) and Eq. (8) together. As
an example, Fig. 2 shows the trajectories of k., for the case
with m = 4, wg = 10, n=1 to 3, where R2Re(Z) is set to
1.0, My set to 0.3 and X£1Im(Z) varying from —o0 to +oo.
Figure 2 shows that Im(x;},) # O for a lined duct, suggesting
that the axial acoustic power would be absorbed by liners.

It should be noted that the above analysis takes no
account of hard-soft interfaces and is free of numerical insta-
bilities. In contrast, a direct implementation of Z(s)[,_;,, ;,—,
= R + iX in a time domain solver usually leads to numerical
instabilities. Here we propose a couple of new impedance
boundary conditions, first for simple cases with stationary
background flow [at M, = 0)], as follows:

' (s) 1 [ s/(Rs = Xao), ifX <0,
p'(s)  Z(s) | La(s) w0/ (R + Xs), if >0,
)
with
1+aT,s 1 1 1
La =T 4 A s o Wmaxs
O =T T Ay ar, = 7,

1+ (aT,m0)*
Api = (70)2, (10)
1—|—(Taw0)

where ), represents the maximum angular frequency that
would be resolvable in the adopted numerical solver, i.e.,

10

d O

\

.

~10 L 1 1 1
-15 -10 -5 0 5

FIG. 2. Trajectories of k,,, for X varying from —oo to +00, where m = 4,
o =10, R =1, and My = 0.3. The symbol X in this figure represents .,
for the hard wall case with n =1 to 3.
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Wmar = 21/ At, At is the associated time advancing step of
the solver. Here, the boundary condition is deliberately rep-
resented as 1/Z that will facilitate the stability analysis con-
ducted in the following section. The corresponding time
domain impedance boundary conditions are
o op'

if X <0, R—=—+ Xt/ 11

1 =Y, ot ot + Xwopv, ( )

if X >0,

t

/ /
o 6_1)’ B wo Jop dt + aT ,wop
“ ot Apr

!
— <w0§RJ v'dt + T,oRV + %v’) , (12)
0

where the properties of Laplace transform, s < 9/0¢ and
1/s fot between frequency domain and time domain are
adopted.

If the mean flow is steady uniform (M, # 0), the imped-
ance of a straight lined wall is usually defined by the Ingard
boundary condition'?

(s Mo 1 )3(0) = s09)206), (13)

where the background flow is presumably uniform and slip-
ping at the lining boundary. Eversman and Beckemeyer'”
have proved that sound propagation within a duct with a
vanishingly thin shear layer converges to the case with a
uniform flow. Recently, it became well-accepted that the
Ingard boundary condition and its extended version, the
Myers boundary condition,'* are ill-posed'® and would
induce absolute instability.® Brambley® and Rienstra and
Darau'® have developed modified Ingard-Myers boundary
conditions for an inviscid boundary layer with a finite
thickness. However, according to our best knowledge, a
successful demonstration of these so-called well-posed
boundary conditions in time-domain duct simulations is
still not available.

Here we propose a stable version of Ingard boundary
condition for steady uniform background flow case (M, # 0
and M, < 0.3),

'(5)

>

e

() Z0s)
_ [ 1e(s) - Lo(s) -5/ (Rs — Xy, ifX <0,
T Lg(5) - Li(s) - La(s) - o/ (Rg + Xs), if X>0,
(14)
with
s+ My0/0x B Tps \°
o) =M L = (G as)

where b = 2, T, = 1, and L,(s) is the same as that in Eq. (9).
The corresponding implementation of time domain imped-
ance boundary conditions are
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if X<0,
a /
(—R+ 0fR +200%) —”
— wpXv' — 2R’ + wp X/,
(16)

Lo a
081+M0 o

if X>0,
/

0
— wS%Td + wO%%Ta) Fl;

(35—%(1)5 + 2mpR — 2Ta.¥0)3

o (op op'
3 =y 3 v
= —wpp + Mowg g <8t) Wy TaApi T

8 /
— MoT Ao} al — R + 2005 X0

+ g R + T, X — T, Xoqv' + 203RT,0. (17)

It should be emphasized that Egs. (9)—(17) are the main con-
tribution of this paper. The developments are given in the
following sections.

Ill. NEW PERSPECTIVE FROM CONTROL
A. Control-oriented model

The proposed impedance boundary conditions are
developed from the perspective of control. First, a control-
oriented model that describes spinning modal sound propa-
gation should be developed. In other words, the LEE model
[Egs. (3a)—(3d)] should be reformulated to the following
canonical form in control,

ax(t) = Ax + Bu, y=Cx, (18)
where x and u represent internal states and inputs of the
model; y denotes model outputs; and A, B, and C are
dynamic, control, and output matrices, respectively. After
applying the Laplace transform, the resultant transfer func-
tion (i.e., the ratio of an output and an input) of the system is
P(s) = C(SI— A)"'B. In this work, x represents acoustic
quantities, which are functions of time ¢ and spatial coordi-
nates (x,r, (). We concern ourselves with the system model
only on the impedance boundaries at r = 1 because almost
all instabilities are initially developed therein.

Explicit representation of spatial boundary conditions is
one of the most difficult issues in control-oriented modeling.
In this work, we apply the concept of generalized function
and consider lining impedance boundary conditions at r = 1
with discontinuous normal particle velocity (¢'). Then, the
generalized spatial derivative in r axis is

ov'(t, r) ot ) ,
61’ r=1 a 8r r=1 + [U (t’ r)|r:14r
—v'(t,r)|,—y ] 00r = 1), (19)

where 0/0r denotes a generalized derivative and & is Dirac
delta function. The numerical manipulation of é(+ — 1) can
be found in Ref. 39. Applying the Laplace transform, we
would have
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af’/(& r) (’9{/(s,r) ,
87’ r=1 o 8}* r=1 + |:U (S’ r)|r:]Jr
—ﬁYSﬂthr}-é(r—-U. (20)

Suppose /(r)|,_;+ = 0 and then ¢/|,_,+ = 0, Eq. (3d) in the
LEE model becomes

o
P o " ox | or ww r

= |, 6 —1) @1

8{)/ nm ~ i/

The negative feedback!

at r = 1, where the subscript (-)|,_, is omitted for most vari-
ables for clarity. The right-hand side term shows a negative
feedback to the original LEE model due to lining surfaces,
which is one of the most important findings in this work.
Figure 3(a) shows the entire feedback system, where the
system input e represents potential physical disturbances,
numerical, and modeling errors.

The next step is to simplify the spatial derivatives in
Eq. (21). First, the generalized derivative 0/9r can be sim-
ply approximated by using single-side computational sten-
cils, such as 0(-)/0r|,_; = [(-),—; — (-),_;_a]/Ar, with Ar
the axial discretization step. Second, a sound wave would
scatter during its passage through a discontinuous hard-soft
interface. An initial single circumferential modal sound field
of mode (m, n) will develop to

+00

= Z[A;l exp(—iK,X) +A,,
1=0

p/(-xv r, 97 t)

X exp(—ix,,;X) T (o) exp (it — im0).
(22)

In other words, the resultant sound field would have the same
circumferential mode m but with various radial modes n. Here
we assume that the original mode, (m, n), is still dominant in
the overall sound field, i.e., p/(x,r,0,1) ~ A} exp(—ik x)

X I (ot ) exp(icot — imB). Then, Op'/Ox ~ —ix), p’, and

1;I|r=1-

out

L(s) F(s)

®)

FIG. 3. The block diagram of feedback systems. (a) A description of the
LEE model at » = 1 [the feed-forward loop, P(s) with a lined wall satisfying
the Ingard boundary condition [the feedback loop, F(s)]; and (b) an addi-
tional phase-lead compensator, L(s), is included in the feedback loop that
would stabilize the entire system. The derivation of F(s) = (s

—iMyx;,)/(sZ(s)) can be found in Sec. IV C. For clarity, d(r — 1) is not
shown in the figure.
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Eq. (13) would be simplified to sZ(s)d'(s,7)],_,_
~ (s — iMok,,, )p' (s, r)|,_;_, which is Eq. (7) if s = iw.

Finally, we simplify the original LEE model [Egs.
(3a)—(3d)] on the lined wall at » = 1 and x > O to the follow-
ing canonical form in control

/ [ict My 0 0 it
u |r:1 o J/
.+ mn
i U/|r:1 B 0 lenM() 0 - 7],,, m
dt W/t|,~:1 0 0 iK;nMo —mawmy
M 1 1
L’ |_/’*1 Kb~ ———— mjwy K} M
dx/dt L rAr J
A
Ml‘r:l 0
UI| | O
.
X , 0 [U/| lfAr] )
Wil ) Hu’—’
p/‘lzl E
v LA ]
B
u,|r:l
’ UI'r:l
Pl =0001]|
\y’" pe Wil
p,|r:l
—_———
X
(23)

The above time domain state space model is generated by
directly reformulating the LEE model [Eqgs. (3a)—(3d)] at r=1
and placing all the terms except those derivatives of time to
the right-hand sides.*’ It should be noted that p,, and r are nor-
malized to unit values, and dp’/Or is approximated using the
related analytical general solution. Provided (A,B,C) we
would have P(s) shown in Fig. 3 as P(s) = C(sI — A)"'B.

B. Analysis and design methods in control

This control-oriented model enables us to gain an
insightful view of time domain impedance boundary condi-
tions from a totally new perspective. In particular, the block
diagram of a typical (negative) feedback system in frequency
domain is shown in Fig. 3. The transfer function of the
overall system is P(s)/(1 + P(s)F(s)). The overall system
becomes unstable if the magnitude of the loop gain
|P(s)F(s)| equals unity and the associated phase of
£ P(s)F(s) approaches —180°.

Moreover, the difference between £ P(s;)F(s;) and the
—180° line is the so-called phase margin, with s; the gain
crossover frequency at which |P(s;)F(s1)| = 1. The phase
margin usually represents the proximation of the associated
system to instabilities. In this work, numerical disturbances
could arise due to the impedance discontinuity between the
hard wall and the soft lining wall or could develop through
reflections from the outlet boundary. Those numerical
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disturbances act as perturbations and would make a numerical
system unstable if the associated phase margin is insufficient.
The so-called phase-lead compensator could be used to
improve the overall phase lead [see Fig. 3(b)]. A phase-lead
compensator usually takes the following form:
1 1+4+alys

L(s) = Ay 14Ty (24)

with [1/aT,, 1/T,] the working bandwidth (ie., a > 1). A
larger value of a corresponds to a greater phase lead ZL(s)
which achieves the maximum (up to 90°) at 1/+/aT,. More
details of the phase-lead compensator can be found in any text-
book of classical control.® The essential concept of this work
is to include appropriate phase-lead compensators to construct
stable time domain impedance boundary conditions.

IV. STABILITY ANALYSIS
A. Uncompensated impedance boundary conditions

Figure 3(a) shows that 1/Z(s) should be stable to ensure
the stability of the overall system. First, we analyze the for-
mulation proposed in the literature,””

R s/(Rs — Xan),
Z(s) | wo/(Rewo + Xs),

it X<0,

. (25
itx > 0.

It is easy to confirm that Z(s) = % + iX at any specified fre-
quency g by setting s = i (which is a common manipula-
tion in signal processing and control). In addition, the poles of
the two transfer functions in Eq. (25) are all in the left-half of
the s-plane that ensures the so-called BIBO stability. If we
adopt the Ingard boundary condition for a steady uniform
background mean flow, a direct extension of Eq. (25) yields
the corresponding time domain boundary conditions as

dp’ o ., o' .

RS o S — My— fxX< 2

i iy " Xawgv 0%y if X <0, (26a)
d ! fa /

wop’ = XL 4 Rar' — woMOJ P g, ifX>0, (26b)
dr 0 8)6

where the Laplace transform pair between frequency domain
and time domain, s <> 9/0¢, is adopted. In the remaining
part of this paper, Egs. (26a)—(26b) are called the uncompen-
sated impedance boundary conditions, which are unstable
for steady uniform background mean flow case, as have been
pointed out by Tam and Auriault.?

B. Stationary mean flow

In this work, we found that the stability of 1/Z(s) alone
is not sufficient to ensure the stability of the overall system,
even for stationary flow cases. We use Bode plot to explain
this issue. A Bode plot consists of magnitude plot and phase
plot to show the frequency response of the system. The left
panel of Fig. 4 shows the Bode plot of P(s) which is devel-
oped from Eq. (23), where Z = 0.8%/ and (m,n)=(4, 1).
The corresponding value of « is achieved by solving
Eq. (6) and Eq. (8) together.
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FIG. 4. The Bode plots for the case with My = 0 and Z = 0.8*/ at wy = 10. The top and bottom panels are magnitude plots and phase plots, respectively. The
left panel is for P(s). The middle panel is for the feedback loop, F(s) = o(r — 1)/Z(s) where o(r — 1) is approximated with 1/Ar (Ref. 39). The right panel is
for the loop transfer function, P(s)F(s). Here the curves with (O) is for the case with Z = 0.8 — i, and the curves with (x) is for Z = 0.8 + i. According to
Eq. (25), 1/Z(s) = 5/(0.85 + 10) for Z = 0.8 — i, and 1/Z(s) = 10/(s + 8) for Z = 0.8 +i.

It can be seen that P(s) itself is stable since |P(s)| =1
and Z[P(s)] = —180° would not be simultaneously satisfied.
However, it should be noted that P(s) is a control-oriented
model of the original LEE model at r=1 with a couple of
simplifications. The stability of P(s) does not necessarily
correspond to the stability of the LEE model. A measure
usually used to examine the proximity to instability is phase
margin. A generally accepted rule of thumb in control prac-
tices is to have a phase margin of almost 45°. For this case,
the phase margin of P(s) alone is at least 90°. However, the
phase margin rapidly decreases if we include the uncompen-
sated impedance boundary condition for the case with
X > 0, because 1/Z(s) = wo/(Rwo + Xs) introduces up to
90° phase lag at the high frequency range (see the curve
with “x” in the middle panel of Fig. 4). On the other hand,
the uncompensated impedance boundary condition for
X <0 would cause no numerical instability since
1/Z(s) = s/(Rs — Xwy) actually introduces a preferred
phase lead up to 90° (see the circled curve in the middle
panel of Fig. 4).

The above analysis suggests that the uncompensated im-
pedance boundary condition for X >0 would cause
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numerical instabilities, which will be confirmed by numeri-
cal simulations and resolved by the inclusion of a phase
compensator in the following sections.

C. Steady uniform background mean mean flow

The adoption of the Ingard boundary condition would
introduce an additional transfer function in the form of

N l'M()K;n

1g(s) 27)

N

in the feedback loop. It should be noted Ig(s) is an approxima-
tion of 7g(s) in Eq. (15). The latter one cannot be directly ana-
lyzed using classical control methods due to the existence of a
spatial derivative. In particular, by following Eq. (22), we
have I, =~ (s — ¥ iMoxk)) /s if A, < A}, V. Furthermore,
we would achieve Eq. (27) if A}, < A, VI # n. Here the
mode of (m,n) and amplitude A} are related to the incident
spinning wave, while the mode of (m,[), A} and A, are
related to the reflecting and scattering waves. Analytical solu-
tions of AT /At ‘and AT /At can be found in Ref. 31 and are
thus omitted here. Generally speaking, the assumptions of
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A, /Al < 1and A}, /A < 1 are appropriate and Eq. (27)
is thus a reasonable approximation.

Figure 2 implies that x; ~will vary along with Z and
the phase angle of Ig(s) will change accordingly. As an exam-
ple, if we set Z = 0.8 %7 at wy = 10, the corresponding Bode
plot of Ig(s) is shown in the middle panel of Fig. 5, which
suggests that the Ingard boundary condition would cause huge
phase lag, up to 90° for the X < 0 case and up to almost 180°
for the X > O case, both at the low frequency range. The over-
all loop transfer function is shown in the right panel of Fig. 5,
where (m,n) = (4, 1). It can be seen that the unstable points
at low frequencies (where the frequency <wy) is caused by
the inclusion of the Ingard boundary condition, and the insta-
bility at high frequencies (where the frequency >wmy) is
caused by Z(s) itself. For X < 0 case, the phase margin of the
entire close-loop system becomes quite poor at the low fre-
quency range. On the other hand, for X > 0 case, the phase
margin of the overall system will become insufficient at both

P(s)

Ig(s)

the low and high frequency ranges. The above analysis pre-
dicts that the uncompensated impedance boundary conditions
for both X > 0 and X < 0 cases will cause numerical instabil-
ities in a steady uniform background mean flow. This predic-
tion will be numerically confirmed and a solution of the issue
will be given in the following sections.

V. COMPENSATED IMPEDANCE BOUNDARY
CONDITION DESIGN

For stationary flow cases with X > 0, the above analysis
(see Fig. 4) shows that numerical instabilities would arise at
the high frequency range, where the corresponding phase
margin of the overall system approaches zero. To resolve
this stability issue, here we include a phase-lead compensa-
tor in the form of Eq. (10) to provide a phase-lead compensa-
tion of up to 90° within the frequency range between
1/(aT,) and 1/T,. The suggested parameters of this phase-
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FIG. 5. The Bode plots for the case with My = 0.3 and Z = 0.8 %{. The left panel is for P(s). The middle panel is for the corresponding Ingard boundary condi-
tion, /g(s). The right panel is for the associated loop transfer function, P(s)F(s) = P(s)Ig(s)o(r — 1)/Z(s), where 6(r — 1) is approximated with 1/Ar (Ref.
39). Here the curves with (O) is for the case with Z = 0.8 — i, and the curves with (x) is for Z = 0.8 +i.
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lead compensator [Eq. (10)] will ensure |L(s)]~ 1 and
£LL(s) =0 with s=iwy, where wy is the frequency of
incident sound wave. In other words, the performance of the
impedance at the desired frequency g will remain almost
intact by the inclusion of this compensator. Then, we achieve
the following compensated impedance boundary condition:

ll'_(l/s—kaTa) wo

1
p (1/s+T) Ay (Rax + Xs)

, if X >0and My =0.

(28)

It would be a matter of straight algebra to achieve the corre-
sponding time domain impedance boundary condition [as
Eq. (12)]. Here, s and 1/s in frequency domain correspond
to d/dt and fé in time domain, respectively.

For steady uniform background mean flow cases with
X < 0, another phase-lead compensator can be included in
the feedback loop to provide an additional phase-lead at low
frequency ranges,

z/s+M0(a/ax)< Tys )" s 29)
P’ s Tps+1) (Rs— Xay)’
Ly(s) Ly(s) Z(s)

where b is set to 2. As a result, L,(s) will introduce a phase
lead up to 180° at the low frequency range smaller than 1/T),
that should be larger than [Mox™|, which is almost unity for
most spinning mode cases with My < 0.3. Then, T, is simply
set to unity in this design. To generate the corresponding
time domain impedance boundary condition from Eq. (29),
we adopt the following Laplace transform pairs between fre-
quency domain and time domain: s <> 9/9¢ and s* < —w}.
The latter simplification enables us to avoid high-order time
derivatives. Then, the aforementioned time domain imped-
ance boundary condition, Eq. (16), can be achieved.

Finally, for steady uniform background mean flow cases
with X > 0, we include two phase-lead compensators to
compensate phase lags at low and high frequency ranges,
respectively. The transfer function becomes

o (14alus) 1 [ Tps P s+ Mo(0/0x)
P (L +Tus) Ap \Tps + 1
La(s) Ly(s) lg(s)
o
Xe———.
(Rawo + Xs)

—_——
Z(s)

N

(30)

Again, b =2 and T, = 1. After some straightforward alge-
bra, the corresponding time domain boundary condition [as
Eq. (17)] can be achieved. It should be noted that the approxi-
mate form /g(s) = (s — Mok, )/s is used in the above stabil-
ity analysis, whereas the exact form Ig(s) = (s + Mo0/0x) /s
is used here to construct the time domain impedance bound-
ary conditions.

In summary, here we include two phase-lead compensa-
tors, L,(s) and Ly(s), to compensate phase lags at the high
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and low frequency ranges, respectively. The compensators
are carefully designed to ensure that the frequency response
at the tonal frequency wg of the incident wave remains
almost intact, i.e., |L,(imo)] = 1, |Lp(icg)| = 1, LL4(iw)
~ 0°, and ZLy(iwy) =~ 0°. Otherwise, a numerical simula-
tion with the compensated impedance boundary conditions
would produce stable results, which, however, correspond to
incorrect impedance at wg. The assumption implicitly made
here is that the phase margin of the entire numerical system
at o should be satisfactory. This assumption can be assured
by a close examination of Eq. (25) and Eq. (27), which cause
the phase lags that are however negligible at .

VI. RESULTS AND DISCUSSION

Here we study the aforementioned time domain imped-
ance boundary conditions using the computational set-up as
shown in Fig. 1. According to the literature,’ the normalized
values of Z(iw) are chosen within the range of 0.5 < i
<lS5and -15< X< 1S,

Figure 6 shows the computational results for a typical
case of (m,n) = (4, 1) with wg = 10 and Z = 1 + i. We first
use the uncompensated time domain impedance boundary
conditions [Egs. (26a)—(26b)]. It can be seen that numerical
instabilities developing from the hard-soft interface at
(x,r) = (0, 1) will quickly overwhelm the right-directing
incident sound wave. In addition, the numerical instabilities
may consist of both short wavelength and long wavelength
waves compared to the wavelength of the incident sound
wave.

Hard-soft interface (0,1

(b) "

08
06k
04 F

0.2

(O

0.8 i
0.6
0.4

0.2

FIG. 6. The instantaneous near-field modal sound pressure field using unsta-
ble lining impedance boundary conditions. Here the spinning mode is
(myn) = (4,1) at wo =10, and (a) My =0, Z=0.8+i; (b) My =0.3,
Z=0.8+1i;and (c) My = 0.3, Z = 0.8 — i. This figure is displayed with 10
contour levels between +107*,
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FIG. 7. Spectrum of the time series measured at the test point (x,r)
= (0.2,0.96) for the cases in Fig. 6. The curves from top to bottom are
(O):My=0,Z=08+1i; (+): My =03, Z=08+1i; (--): My = 0.3,
Z = 0.8 — i; and (—) the spectrum of the incident spinning modal wave.

To further quantitate the instabilities, the time series of
one measurement point at (x,r) = (0.2,0.96) are recorded
for each case to generate the associated spectrum using fast
Fourier transform. The resultant spectrum is shown in Fig. 7.
It can be seen that the spectrum of a correct simulation should
have a peak at wy = 10 with sound pressure level (SPL) of
almost 34 dB. In contrast, the uncompensated lining imped-
ance boundary conditions, Egs. (26a)—(26b), would lead to nu-
merical instabilities: (1) For X > 0 at My = 0, the overall
numerical system has a very poor phase margin at the high
frequency range (see the curve with X in the right panel of
Fig. 4), where the numerical instability would appear. This an-
alytical outcome is supported here by the corresponding spec-
trum (the curve with the symbol [] in Fig. 7) that has a peak
at a very high frequency of almost 60 rad/s with numerically
unstable SPL of more than 250 dB; (2) For X > 0 and
My = 0.3, the previous stability analysis (see the curve with-
x in the right panel of Fig. 5) shows that the unstable fre-
quency would be possibly lower than the former case. This
prediction can be supported here as well (see the curve with
the symbol + in Fig. 7); (3) For X < 0 and M, = 0.3, the pre-
vious stability analysis (see the curve with x in the right panel
of Fig. 5) suggests that the overall system would become
unstable at a very low frequency. The spectrum result (see the
dotted curve in Fig. 7) confirms this analysis as well. In sum-
mary, Figs. 6 and 7 show that the uncompensated lining im-
pedance boundary conditions lead to numerical instabilities
and the resultant numerical nuisance can be analyzed and pre-
dicted using the analytical approach developed in this work.

Next, we validate the compensated lining impedance
boundary conditions developed in this work. Figure 8 shows
the computational results for the case with an impedance of
X >0 at My =0 using the corresponding compensated
boundary condition, Eq. (12). The numerical results are
compared to the asymptotic solutions achieved by the
Wiener-Hopf method. It can be seen that the proposed
boundary condition is stable and successfully produces
results that agree largely well with the asymptotic solutions
in terms of the instantaneous sound pressure and the time-
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FIG. 8. The near-field sound pressure fields of (m,n) = (4,1) at My =0,
o = 10. The impedance is Z = 0.8 + i, which is implemented using Eq.
(12), where (a) and (c) show time domain numerical results with the LEE
model and (b and d) the asymptotic solutions using the Wiener-Hopf
method, and (a)—(b) are instantaneous sound pressure field, displayed with
10 contour levels between +10~* and (c)—(d) are time-averaged sound pres-
sure field, displayed with 10 contour levels from —20 to 0 dB.

averaged sound pressure fields. In addition, Fig. 9 shows the
results for steady uniform background flow case. The results
show that the proposed impedance boundary condition, Eq.
(17), is stable and successfully produces results comparable
to asymptotic solutions for the steady uniform background
mean flow case.

It should be noted that the sound pressure patterns
between the numerical and asymptotic results are slightly
different in Figs. 8 and 9. One potential reason is that the as-
ymptotic solution is achieved by performing inverse Fourier
transformation and a limited integral range has to be used for
the associated numerical integration.

More validation results can be found in Table 1. To
quantitate the proposed boundary conditions, the difference
between the transmission losses, TL;gg — TLwy, is exam-
ined, where TLgg denotes the transmission loss calculated
by the time domain LEE solver and TLwy denotes the trans-
mission loss calculated by the Wiener-Hopf method. Here
the transmission loss is evaluated by calculating the time-
averaged difference of acoustic power between x = —0.5
and x = 0.5. It can be seen that the largest difference is less
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FIG. 9. The near-field sound pressure fields of (m,n) = (4, 1) at My = 0.3,
wo = 10. The impedance is Z = 0.8 + i, which is implemented using Eq.
(17). The other set-ups and display styles are the same as those in Fig. 8.

than 1.17 dB and the difference of more than half the cases is
less than 0.5 dB, evidencing the performance of the proposed
compensated boundary conditions are consistently good.
Exhaustive validations have been performed for much more
cases and similar conclusions can be made.

It is worthwhile to mention that the proposed design
method has also been successfully applied to a generic bypass
duct case in the presence of a mean flow field with an infin-
itely thin boundary layer. The Myers boundary condition was
used to take account of the slow varying curvature of the duct.
It is straightforward to extend the code, and more results are
omitted here for brevity of the current paper.

VIl. SUMMARY

A series of the so-called compensated impedance
boundary conditions have been developed in this work from
the perspective of control. In particular, the proposed
control-oriented model shown in Fig. 3 and the phase-lead
compensator based design strategy used in Egs. (9)—(17) are
the most innovative and important results of this work.
Using these equations and modeling concepts, we are able to
analyze numerical stability of various impedance boundary
conditions, design new impedance boundary conditions, and

J. Acoust. Soc. Am., Vol. 136, No. 5, November 2014

TABLE I. The difference of the transmission loss between the numerical
results with the LEE model and the asymptotic solutions using the Wiener-
Hopf method.

Mode m mode n o Mach Z TLigg — TLwn
4 1 20 0.2 1-2i 0.26686
4 1 20 0.2 1-1.51 0.3989
4 1 20 0.2 1-i 0.5055
4 1 20 0.2 1-0.51 0.3776
4 1 20 0.2 1 0.1082
4 1 20 0.2 1+40.51 —0.0325
4 1 20 0.2 1+i -04
4 1 20 0.2 1+ 1.51 —1.603
4 1 15 0 1+0.51 0.1192
4 1 15 0.1 140.51 0.3952
4 1 15 0.2 140.51 0.439
4 1 15 0.3 1+0.51 0.7341
4 2 25 0.1 1+ 1.51 0.24274
4 2 25 0.1 1.1+ 1.51 0.24472
4 2 25 0.1 1.3+ 1.51 0.24701
4 2 25 0.1 1.5+ 1.51 0.2203
9 1 20 0 1+i 0.5464
9 1 20 0 1—i 0.2682
9 1 20 0.1 1+i 0.8465
9 1 20 0.1 1-i 0.5064
9 1 20 0.2 1+i 0.908
9 1 20 0.2 1—i 0.401
9 2 20 0 141 0.2905
9 2 20 0 1+i 0.0614
9 2 20 0.1 1+i 0.3777
9 2 20 0.1 1+i —0.0069
9 2 20 0.2 1+i 0.417
9 2 20 0.2 1+i —0.0335
13 1 20 0 1-2i 0.7857
13 1 20 0 1-1.51 1.0786
13 1 20 0 1—i 0.934
13 1 20 0 1-0.5i 0.7245
13 1 20 0.2 1-2i —1.0835
13 1 20 0.2 1-1.51 —0.8043
13 1 20 0.2 1—i 0.78
13 1 20 0.2 1-0.51 1.5724

finally perform stable numerical simulations in time domain
for tonal spinning modal sound propagations in a lined duct,
with either a stationary or steady uniform background mean
flow. The prohibitive computational cost for those modified
Ingard-Myers boundary conditions with a thin boundary
layer of finite thickness can be saved. The whole design
strategy based on the concept of phase compensator in clas-
sical control is mathematically clear with little empirical
set-ups and generic to various test cases. As a result, the pro-
posed boundary conditions provide an attractive alternative
for numerical simulations with liners.

The proposed control-oriented model shows that a lining
impedance behaves as a negative feedback to the original
sound propagation system. A deep insight of previous work
focusing on either the modified Ingard-Myers boundary con-
ditions'®™"® or the numerical schemes*222*2% could, then,
be gained from the perspective of control. Numerical insta-
bility, either Kelvin-Helmholtz type?® or Tollmien-
Schlichting type,?! arises in time domain simulations can be
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analyzed by examining dynamic system stability of the cor-
responding control-oriented model. Our work shows that the
development of a stable time domain impedance boundary
condition is equivalent to a stabilized controller design.

Last but not least, the lined duct acoustic application
studied in this work would also provide new academic
problems to the further development of control theory. For
example, the associated transfer functions include complex-
valued parameters (see Fig. 3) and might be irrational. Such
features are unordinary for control theory, not to mention the
non-minimum phase behavior of the feedback loop. All these
issues call for further theoretical investigations.
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