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How can we describe the properties of a random variable?

Yanatwn = 4 measure of the "spread”

fwerage = Divides the area under the Uhowilwilde or narms it k)

rtriudinn runee infa fnAl
halves (in a nermal distri-
bution like this one, it
occurs atthe psak)
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§2.3.1 FEAARERHIEE
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— BB

X
BB BX I ATERR P(X =X) = p» i=1,2, .,
%zwzl X Py daxflesh, SRR

> X p, P H1)

i=1

F X HI ¥ (E (expected value) B i B (expectation) B A{E
(mean), JCfE

E(x)zzxipi
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(1) PimisAn:
ML BX~B(1, p), EX)=p

(2) ZHisAm:
FEBLAE B X~B(n, p), E(X)=np

(3) JLfsAh:
BEDLAE BEX~G(p), E(X)=1/p

(4) PoissonsA4F :
L EX~P()), EX)=A




[ Example 2.36] St. Petersburg paradox

181#-42304-4X,, Bernoullid® & — AN\ 80, Hpm F ik, B2
AT, BN FTES: FRBIEHIT, Z4H, T
—RMEMAE, JesbiE S A 2 E—KRHR, HARDIZRAGYE
., XIFFERRIEARE FIFLT.

H A —F RO TATHE.

“ EZAFEAE B RIS
)1:5"4

X E ERECHOMESBEIE R, HRS
j_ xf (x)dx

HaXFWE, FRIZ XA 2 {E (expected value) B 2
(expectation) 3¢ J{H (mean), JCAE

E(X) =[x ()dx  Omizess
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(1) Y45
PP EX~Ula, b], HEERECH

f(x):{lea X ela,b]

0, otherwise
Hepa<byH %8, M-
+0 a+b
E(X)= f (X)dX =——
(X) =], ()dx==

(2) ¥
ML EX~EQ), HERYY f(X)={

Ae x>0
0, otherwisé

[ _1
m: E(X)=[ o (dx =~

(3) Gamma47i :

/10‘ a-1-1X
B B X~ (0, 1), % ERBN f(X){F(a)X °
0, x<0,
ﬂ/a
['(«)

i : E(X):J‘Ooo x"‘e‘“dx=%




(4) IEZAR:
PP EX~N(n, o?), BWEREN f(X)=

(xn)’
e 20" _oo<X<+w

1
N2ro

w: E(X)= j: xf (X)dx = u

= PR E MBI EE

EH
BXREHER, Y=gX)RXHEL.
(1) XNEBAEHEER, EAHREAP(X =x)=p, =1,

2, ...) J:f.zwz g (X;) P, gaxflieshmt, &
E(Y) E(g(X)) Zg(X)p.

(2) XHHESERMBHER, EEERHN), B
[T (0dx daxtiesin, A

E(Y)=E(9(X))=] g()f(x)dx




[Example 2.37] XX =&t F 5 ERELAMMEEX (F45:
wh ) , JRAN[2000, 4000] L6934 4 oA . X% T R4 10k
TRAIBT A, [2F4EREBRCE, 1LERE TS .
B RLZ A % A, AR AIRK?

The expected value is a calculation that serves as the
best prediction of a value. In financial terms, it is the
probability-weighted average value of all possible
outcomes. Understanding the expected value of a
possible future event allows us to make
mathematically sound decisions.

[Example 2.38] fbionty g RAEHK, RAEMNE—FLAR (XRE
p=1%) , BENEF FHRBHHRHH., TRAZFFE: (1) BYp
W (2) BEGHEASRBL: LBFEANFHRE—RBMIREFIE
(pooling test) , #EMd, RAFEA, HELE, FEMHE, B¥H5
AR ARE;  (3) ) F %k BEFEn o Ama, SFHAKY,
BPn=mk, *t&—ERKAF28 ik, BPARASBIKESFLEZZ M, &
— FHATRIE, KIT X 2 ik BT E LI R S HA A

1.2

10r°

E(X)/n

Proportion
[}
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PR
HCHHEE, MEC)=C

2
HCHHE, XHEHER, NECX)=CEX)

PR3
“#X, YVEERABEHIER, WEAE: EXHY)=EX)TE(Y). (7]
#) 2InMEHLE R )

4
EX, VREHL, WAEXY)=ECOE(Y).
(AT EIn A R)

§2.3.2 FHEMNFHEE

B ZSE (location parameter)
FrJEZ L (scale parameter)
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& 3L
EMFRAERY, E{[X-EX)]} #,
MFRZAXMTZ (variance) , JEADX), Hf
D(X) = E{[x _ E(X)]Z}
M o(x) =/D(X) HXKFi#EZE (standard deviation) .

W EMEEAR:
D(X)=E(X*)-[E(X)I

T WA E

(1) Pimat:
BEHLIAE EX~B(, p), E(X)=p, DX)=p(1—p)

(2) ZHisndh:
BEHLA B X~B(n, p), EX)=np, DX)=np(1—p), n>2

(3) Poisson434h :
BEPIAEBX~P(L), EX)=A, D(X)=2




OFi ¢ ¢k
ML BX~E(L)

W E(O=7 D (X) ==

(5) IEEXSA:
BEHLZ B X~N(1, 6%)

m: E(X)=4, D(X)=0"

= HEBFERTS

1
HCHHEE, MDC)=0,

P2
HXAHPER, CHEE, NDCX)=C’D(X).

i J5iK]
X, X,RIEEHA TR, WA
D(X, £ X,)=D(X,)+D(X,)£2E{[X, - E(X)][X, - E(X,)]}
- D(Xl)+ D(Xz)i 2[E(X1X2)_ E(Xl)E(XZ)]
R4
#X, X, A BEAE B EMIS, WA D(X, +X,)=D(X,)+D(X,)




M. J5EZMNRiRE
] B 15135 4l 2
BEYHEBMEIE R, WEEXAIRRNA:
X=X +p0+¢&
Ko, BRRGIRE, cAMILIRZE. HAE@=0, D@~
E(X)=x,+8, D(X)=0o°

WHE ¥ T IRZMSE (mean squarred error) RFERMEIRZE:
MSE =E|[ (X —X,)* | = f% +0°

RE8iinZE (systematical error) :
%%ﬁ%%k&ﬁ%ﬁﬁ&*%$im CIRVS b RS i)
¥BRE, BIRRTHe, 3 H eIk sk B gD .

BARIEZ (random error) :
EMHFEFLT, SE—9HEH#HITZRIE, BTSMERRA
£, SHANBENTHA BTRMORZERS, XA
iR M EARIRE. BEFHEWWESFET, NE—PHEEH
T2RNE, FERBHEREHEEZYEEHNELS R,
RS L B A b A B AR IR ZE

BARIRZ RS MR :
(1) ZEXHEAFHIE RS 7R RE H LM R ;
(2) 4BXHEDHTRE BRI RKIRE H RIS S ;
(3) REAZBH—EHTEH-




Error bar: RN5SMIREHRTH=

Often represent one standard deviation of uncertainty, one standard error, or a
certain confidence interval (e.g., a 95% interval). So the measure selected should
be stated explicitly in the graph or supporting text.
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[Example 2.39] £ /) nik Z gty E: Preston-Thomas3F
1958-1959-5- 7 /v & K B K4 Fl — 3.5 R A AFF R F 7 %45 M

232K

Aug 1958
32 Drops
Rule No. 1

Dec 1959

32 Drops
Rule No. 2

;ﬂ..u.. e
] )
X
=S = o o T = =
2 8 B © & & &
S 8 8 22 8 8 8

Mean = 980.6139 — cm/sec?
Standard deviation = * 0.9 mgal
Maximum spread = 4.1 mgal

Mean = 980.6124 — cm/sec?
Standard deviation = £ 0.6 mgal
Maximum spread = 2,9 mgal

cm/sec?
(Youden, J. (1972). Enduring values. Technometrics, 14: 1-11)




§2.3.3 W ERMHRXES

—\ =
X
BX, V)N MR R, 2 E{(X —EQO]Y -EM)]}

FAE, MRHAXEYMITZ (covariance) , 2 Rcov(X,Y)
Eﬁogy, B

o, =Cov(X,Y)=E{[X -E(X)][Y -E(Y)]}

Beov(X, Y)=00f, BRXGYALERMR, HHRAHEL.

(1) X, YR EHHAEEHERE, HEBRESGRA:
p,=P(X=x,Y=y,), i,j=12,.

WA
cov(X,Y) = i i {{x; = EX) ][y, -EM)]p;}

i=1 j=1

(2) X, YR s R, BHKA%EERECH
iKX’Y)vAmU¥§:

cov(X,Y)=[ " [ "[x=E(X)][y—E(Y)] f (x, y)dxdy




(3) WHRIHEBITZRAR:

cov(X,Y)=E(XY)-E(X)E(Y)
4) cov(X,X)=D(X)

(5) X, YEIAMR X, Y B Z RIBBCER : BT,
BARAMR; RZABOL!

[ Example 2.40]
Z R B RENE F(X, Y)HBEAS T ERHA

1

—@A-x*y+xy?), |xlki|yll
R LS A DI ET Y
0, otherwise

ZRX, YREME? REMEIRS?




P 22 PR R

HJR1  cov(X, Y)=cov(Y, X)

MER2 cov(aX, Y)=acov(X,Y)
cov(X, aY)=acov(X,Y)
a, bR

PR3  cov(X+Y, Z)=cov(X, Z)+cov(Y, Z)

HF4 cov(aXtb, Y)=acov(X,Y), a, bEE%

= HRRH
EX

H _HERHEEX, VM TEFE, BADX)>0, D(Y)>0,
P

cov(X,Y)
JD (X)/D(Y)

FXE5Y < Z %l (correlation coefficient), 384 p(X, Y)ﬁpxy,
Bp

X —E(X) Y-E(Y)|  cov(X,Y)

= X, Y)=E . —
Pry = PLXY) JD(X) /DY) | JD(X)JD(Y)
+7§‘PP(X, Y)=0 ’ I)-I\IJ %X—% Yﬁﬂio




EH

NE _HEHIERX,Y), F :

(1) p(X,Y)=p(Y,X)

2) | p(X,Y)[s1

3) | p(X,Y) =1 mFe AR : BER B,
b, 68 P(Y =kX +b) =1

» N
FH R REHIT B
L]

(1) “XEYMHEMY 2 XEYRHR" 8580504, T
e B4

(2) B VRM_EERLSGH, “XSYMEMY 5
XEYARHR" M, AFTFBEFRM;

M, Htkcov(X, V)N H;

(4) HXFEZpX, Y)RB_ZRHLREX, V)RR o2X Y
YR RHER, HARRBXEYZ HBIERERR .
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(@) p(X,Y)=~1
X5Y&KHEKRRAEY

(b) p(X.Y)~—1
X5Y WENTKAEY

>y

e Ay

(¢) —1<p(X,Y)<0
X5YKUEKAAEY
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(d) p(X,Y)=0
X 5Y &K A

=Y
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(H) p(X,Y)=0
X5YMIL.X5Y BEAHRKR

= WM EERE

SES N HREHLERX,Y), FREX), EY))HX, V)
B RIE A FREERE

{ D(X)  cov(X,Y)

cov(Y, X)

[ oov(X, X) cov(X,Y)}
D(Y) }Lov(v,X) cov(Y,Y)

A Y)W 245 (covariance matrix) o
H1BE ) S n ZEREALIA) B # (X, X, ..., X)) BT T 250 RE :

[ D(X)  cov(X, X)) ..
ov(X,, X))  D(X,)

cov(X,, X;) cov(X,,X,;) ..

cov(X,, X,) |

. cov(X,,X,)

D(X,)

cov(X, X,)  cov(X, X,) .. cov(X, X,)]
cov(X,, X;) cov(X,,X,) .. cov(X,,X,)

| [eov(X,, X)) cov(X,,X,) .. cov(X,X)]
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§2.3.4 KRELER (Law of large number)

LAW OF LARGE NUMBERS IN AVERAGE OF DIE ROLLS

AVERAGE CONVERGES TO EXPECTED WALUE OF 3.5

61 AR A R A A i R HHHH A A R
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4 11 HHEH A R R - 4 R S R
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a1 MH*# A b R o R R b b R R o e R R R R

g A S i HHE SR i S R T R i H

1 1 A HHHEHHHA R H - e - HHR A S HEE AR+ AR+
r——fT+vt7 1 —'+r—r&+r%v— | - ~m—T7m——T7m—YFp 779747 rr74rr T r]T ]

0 100 200 aoo0 400 500 600 fo0 800 900 1000
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PLOT  + * * OQutcome — fiverage




SEH KEER (LLN, Law of large number) :

i’&Xp Xza ooy Xp ---?ﬁl—‘ﬁlﬁm%mﬁﬁﬁﬂ ’ E.E(Xl)=ll,
D(X))=02, 4 o L
X n = Z X i

n 5=

NXFAERMe>0, #B5:
|im{F>(|Yn E g)} =0

N—oo

A Chebyshev K EUEH -

EH KEERE (LLN, Law of large number) :

(Chebyshev kEUE B HIFFERIFE)

Bep IR PALAR P BAFANBLRIREL, TipRBEFALERR
ABHHBRBER, WX EREMe>0, IF

o4

— P
A Bornoulli K &£ .

n
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(1) The LLN “guarantees” stable long-term results for

random events;

(2) The LLN only applies (as the name indicates) when a

large number of observations are considered;

(3) WTHNERFINL,}, HHEL Y, FR

Hm{PﬂL;14>g»:O

Nn—oo

BATBUZ MEBER B S F o

[Example 2.41] 4@fefEé) B T8 3 © A Z 6 N2
LR Ay Z et LA K EW B FREBAEN B TF .
— AN EFERETRAR K BERITHG, H—lE
BT TF A RER M B A E IR 54y, XEAFm/ N EE, X
—if B X — HTZ']ﬂtﬁiTﬁ‘«lk SRR Ap (R)) , BAREHe.
Chn KE T MHE—H 2 ELATS, BREFENBHEY

% /1094 C'fﬁo
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— e——

— —
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- - o Outside’
s - of Cell
oy

J 50 E ...k,L-l,LL ‘

Liipricd mclecuies
in mMmambramns
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o
Sy
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§ 2.3.5 ':l:' J[‘_p*& ISE%:_‘ (Central limit theorem)

BB P07 REALAR B i O R e B

;%{gk}%ﬂﬁ B RBENE PS5, HX IHHREHEEM

E(X)=x, D(X)=0? k=12..
ENTFEERLHx, f:

Z Xk_z H 1 IX 2
lim P | £=2 k=1 < X | = e 2dt
n— o Z O_k2 /272-
k=1

All five independent distributions have mean 0 and standard
deviation 1 and are dramatically non-normal. They were selected
arbitrarily, but their normalized average is approximately normal.

Anil[

Xs

X




B PO 4-A AL B Y v R R e

BAX A B BRI R B E B, BX39F
ARIEEM %

E(X)=x D(X)=0°, k=12,..
AN TR LS, H:
Z X K n,u 1 £ 2

lim P | = <x|=—F=[" e 7dt

N— o O'\/n7 N2

[ Example 2.42] A probability density function is shown in the
first figure below. Then the densities of the sums of two, three,
and four independent identically distributed variables, each
having the original density, are shown in the following figures.

If the original density is a piecewise polynomial, as it is in the
example, then so are the sum densities, of increasingly higher
degree. Although the original density is far from normal, the
density of the sum of just a few variables with that density is
much smoother and has some of the qualitative features of the
normal density.




Overview:
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