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The scientific method has the following
distinctive features:

(a) careful and accurate measurement of
data, and observation of their correlation
and sequence;

(b) discovery of scientific laws by aid of
the creative imagination;

(c) self-criticism;
(d) final decisions having equal validity
for all normally constituted minds.

——Karl Pearson (The Grammar of
Science in 1892)




HeWigiik 2 (Inferential statistics)

RS HEWE (Statistical inference)

Inference about a population from a random sample drawn from
it or, more generally, about a random process from its observed
behavior during a finite period of time.

Collect and analyza
data from sample
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Make inferences about
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(1) 2844t (Parameter estimation) :
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(2) B (Hypothesis test)
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[ Example 5.1] Berksonst £ B B K A7/4 £ 65 —405
FEHATHOM . M IIE RSB AH4E (americium)
241, H10sitF—RMAF 6ok T ok, F£41+10274,

Alpha
. . Particle

% ié]ﬁ-ikéﬁ a*i%#:;b 8392° Am-241 Np-237
Kk 0-2| 3|4 | 5|6 |78 |9 (10|11|12|13|14 (15|16 |17+
Observed| 18 | 28 |56 | 105|126 |146| 164 | 161 |123|101| 74 |53 | 23 |15| 9 | 5

G2 %0: RIEWE B BEE R Ad V- Poisson2p A ) 2

A L

7 =P(X =k)=""e

A =839 (fh¥HH) I
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(Berkson J. (1966). Examination of randomness of alpha particle emission. In Research Papers in

Statistics, New York: Wiley)

&R b ake T 448392,

[ Example 5.1] Berksonst £ B B A7 By 4 —205
FEHATOM . M IE RSB AH4E (americium)
241, #10sitF—RMFeGots FHk, H+1+1027K,

Alpha
‘ ‘ Particle

Am-241 Np-237

k 02| 3|45 |6 |78

9 |10 11 |12 (13|14 |15|16 17+

Observed| 18 | 28 | 56 | 105 | 126 |146| 164

161 123|101 | 74 |53 | 23 15| 9 | 5

[ R - '
1. 28t MBEE |

2. AT E RIBERE 43 75
HIAEAH G '

(sampling distribution)
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(Berkson J. (1966). Examination of randomness of alpha particle emission. In
Research Papers in Statistics, New York: Wiley)




Alpha

EHRATHH ., MEHIE KSR AH4E (americium ) Particle
241, #H10siTFK—RPF oGk THk, £3+10274, .-P.
%—Lié‘ﬁ-;k%a*i%&jbgsgz" Am-241 Np-237

[ Example 5.1] Berksonst £ B B R A7/4 5 #9— 204K /

k 02| 3|4 |56 |78 |9 |10|11|12|13|14 15|16 |17+

Observed| 18 | 28 | 56 | 105|126 (146|164 | 161 [123|101| 74 |53 | 23 15| 9 | 5

Expected | 12.2 | 27.0|{56.5|94.9 |132.7[159.1166.9(155.6/130.6 99.7 | 69.7 |45.0| 27.0|15.1{| 7.9 | 7.1

b 2.76 10.0410.01{1.07|{0.34 {1.08| 0.05|0.19|0.44/0.02|0.27|1.42{ 0.59 |0.00|0.57(0.57

X?-Y (Observed, - Expzectedi )
: Expected,

=8.99

(Berkson J. (1966). Examination of randomness of alpha particle emission. In Research Papers in
Statistics, New York: Wiley)
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§ 5.2.1 I3 10 BRI S HAh T

X~N(u, 6?)

1 _(X_ﬂ)z
f (X | ,Ll,U) = ——¢€ 20° s (-00<X<+w0),
27w O

b, OAFFEBIRA S HHo>0.

[Example 5.2] Bevan% (1979) st4mfefi &y B F 18 18 W 7 E 09 L1
&ﬁﬁﬁ%ﬁ LR Air 2 mfiee)R LA XS0 E TRERTENHE T
Fid, —RAHEPERESTRA Y HLSHEBEZITFE (XSHRIR
X), B—BHBNITFRASREZMMNEAE S H., Bk, £—
ZHEAZTHERAARZHERI L AGSEH (BTFFIEE) &5,
M A 2B A AL TR A T, IR ELRIE AR RE.




Gaussian fit of current flow across a cell membrane to a frequency polygon.
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X
(Bevan S., Kullberg R. and Rice J. (1979) An analysis of cell membrane
noise. Annals of Statistics, 7: 237-257)

§ 5.2.2 GammaZsfii B4R i 2 Bh

4E;x , X>0,
f(x|a,A)=1T(a) o, M>0R

BEWMFEHRAZSH e, o

[Example 5.3] Le Cam%¥ s —BA T RERBHHKIEF—HH RER
# R AE S A BATGammagy e kG-, FHLEEIE 69 £ A 7T AR B EAE T84
H¥a, L.

(Le Cam L. and Neyman J. (eds.) (1967). Proceedings of the Fifth Berkeley Symposium on

Mathematical Statistics and Probability. Volume V: Weather Modification. Berkeley: University

of California Press )




Fit of gamma densities to amounts of rainfall for (a) seeded and (b) unseeded storms.

Seeded EE—

0 10 20 30 40 50 60 70 80 90 100110120
(a) Amount (mm) '

Unseeded

0 llO 2I0 30 40 50 60 70 80 90 100110
(b) Amount (mm)

§ 5.2.3 Z284h 7 Ky M LA

Xp Xy oo X0 MBREIRHEAR (BEHLER) , BRABERERH
ZHOM L (ORI RE)

o E4rAs (1.1.D., independent and identically distribution)

f(x160)-T(x|0)-.... T(x,]6)
MIREX,, X, .., X BIRBT (X, Xy oo X)MEH ORI O, B
0 =T(X,,X,,....,X )

BAROBRFEHIA B, HEERAHRIR NS E (sampling
distribution) o RIS B T ARRE % R R0 BT
W& (BFEE) REBRAE.
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(1) RIBOHIAL HHO

(2) f&HHROBIHIRES A
2848 G 3%

——iH ¥ (method of moment)
—RARBARF B (method of maximum likelihood)

——Bayesfh i1 1%

“BeAuAE T R
fhi - R OB 0 HLA A B e

§ 53 'fé 7? 05 (The Method of Moment)
i34

BOCHREALE R, FHEX) (k=1,2,...) F4E, WHREX)RXH
KPR U, RIARKETAE, e Ru.
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AP (R REER)
Kk A SEN K E R LT B, H R EIREE 2B RIB K.

HARZUER:, & EBARXHMBEEX)FE, X, X, ... X ARH
XH—4UREA, U2 n— ool XAKBERILSTE(X). BH—t, &
BEXHKI A4, nFes ki, T RKMREREL R
w ARG, FEHERBRMSHAG TR

BEAXEMEREEEECh (x16,0,,...6,), Hde,0, ...,0H
FERRMZE, X, X, ..., X AWEXK—AHEAR (BIBRILF
A 5 Xy Xy oo, X WEOMERME, HAEABBIKIT AR M,

By ... I IFAE

R BT AT S SR B AL

1, =h(6,,0,,...,0,)
t, =h,(0,0,,..,0,)

H =h(0,,0,,....6,)




/Hl = g1(/11’/12""uuk)\
0, = 0, (Hy, ttyens )

B IR
ng = gk(ﬂmluz"'"'uk)/

~ — )

O1= 0, (11, fyyo 1)

~ ~ ~ ~ PIAEA SRR
O2 =0,y tlyymes ) IR e
~ ~ ~ ~ it &
\Hk = gk(ﬂl’ﬂz’---’ﬂkp

Karl Pearson (1857-1936)
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§5.3.1 4
—+ Poisson4 45

Poisson43Ap X~P(\) iy 43 T £ :
P(X =k |A) = i—te‘f k=0,1,2, ..., »>0
MR ARA S

AR

ySEUTNaw, (A Eili ke
BB HEMIERE S FIER
i&POissonﬁiﬁMJE\ﬁgxm%ﬁ%loa X1’ X21 ey Xn?ﬁlﬁlﬁxm—‘

S SEFRAAAEAS, RTRDLIER, S = Z X RSk (nk) 1
Poisson43+4F o

E(Z):%E(S):ﬂo

D(4) :n—lzD(S) :%

saafes: (1) Poissongpi;  (2) MR IEZRS A6
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(1) XFHEEST RN MG, &M IR

(2) fEHEMY T ERBIKTTEHLUN, BHE;
(3) EMAEHHEMY kRS AT AIS (standard error)
B -

o =44 /N

A

REBERT, SRMEIMENRE, 15 B

4%, B S. :\/%

AR R (estimated standard error) .

[Example 5.4]1 A & F B4R EH AR T G4 %5 B kT A BARL 4
AR, Steeld (1980) #9451 FARAFH L 42 4L B ARARIFHURAN
Poisson4Ar. VA—ZHEIE 4 #):

31, 29, 19, 18, 31,
28, 34, 27, 34, 30,
16, 18, 26, 27, 27,
18, 24, 22, 28, 24,
21, 17, 24

RBBAE BB A A,

( Steel E., Small J., Leigh S., and Filliben J. (1980). Statistical consideration in the
preparation of chrysotile filter standard reference materials.
NBS Technical Report (Washington, D. C.) )




=~ IEEXSH

IEZS /A X~N(n, o) RIBERE B A E0H

f = 1 - (XZ_O'uZ)Z
(X |,U’O') = \/ﬁd € , (-oo<X<+oo),

Hrbp, AR ERAZSH Ho>0.

SEAL VA% -
F=X=2Y X,
' = %Z(x -X)
|£E4ﬁitﬁﬂﬁiﬁéﬂﬁ:




=. Gamma4ffh
GammaZzy 1 X~I (e, 1) FIHEZEE T BE R ECHh

-
a
ﬂ’ a-1~—-4xX

x“7e ", x>0,
f(x|a,2)=1T(a)
i 0, x<0,
Hrpa, >0 R EBIARMSEL
ySEUr AW, 3
_ My _ 7= X
Hy, = Hy |::> gz
/U12 ~_ X
a = > a = —
M, = Hy o
SRR VTR A A 3 A -

fEtn: ETERE, HUHZEFH

HEPT B REALESl—H 2 (Bootstrap  resampling
method)
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. o THE ADVENTURES OF ¥ ' RO
8 BARON MONCHAUSEN B2 |
- %Ew?“ T : ;
: . 5 i b i :

|| To pull oneself up by one’s
1 bootstraps

CPRRA| kR EHRIDY (FFR
WS || ZBB\FARIE) Rudolph
@ =arl | Erich Raspe

B&% (HEiZR)
( Bootstrap resampling )

——PUR SR8 A ZE Al R A e T HE Wik
B BAE:

(1) FERBEENTEE NIER BB R HFE, HEREET AN,
FIaH BN ME LB REHBIKMEMESE, Nln, T
FEAFR AbootstrapkEas

(2) R 4Ebootstrapkek, WAEFISHOMIfETHED, EEBIK,
BRI ZSHHBAMETHE.

(3) HAEBMETHEOD , BRI, MEIGE B AHRE 1 .




[Example 5.5] Le Cam# =+ £ B Illinois/ &3 3 X 1960-64-F 4 17 #9227
3% 7 70 0 I T F 338 #E 4T Gamman- A 69 A,

160

140

100

Count
o0
S

120 H §

—_— R
A =1674
a = 0.375

S

1.5 2.0 2.5

Precipitation

(Le Cam L. and Neyman J. (eds.) (1967). Proceedings of the Fifth Berkeley
Symposium on Mathematical Statistics and Probability. Volume V: Weather
Modification. Berkeley: University of California Press)

[Example 5.5] Le Cam# s+ £ H Illinois/ &3 3 X 1960-64-4F 4 17 #9227
3% 7 70 0 I T E 338 34T Gammay- A 69 A,

Histogram of 1000 simulated method of moment estimates of (a) & and (b) A.
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50 -
0 I " T TL:I
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(a) (b)
(Le Cam L. and Neyman J. (eds.) (1967). Proceedings of the Fifth Berkeley
Symposium on Mathematical Statistics and Probability. Volume V: Weather
Modification. Berkeley: University of California Press)




The Annals of Statistics
1979, Vol. 7, No. 1, 1-26

THE 1977 RIETZ LECTURE

BOOTSTRAP METHODS: ANOTHER LOOK AT THE JACKKNIFE

By B. EFroN
Stanford University

We discuss the following problem: given a random sample X =
(X1, X3 ..., X,) from an unknown probability distribution F, estimate the
sampling distribution of some prespecified random variable R(X, F), on the
basis of the observed data x. (Standard jackknife theory gives an approximate
mean and variance in the case R(X, F) = 8(F) — 8(F), 8 some parameter of
interest.) A general method, called the “bootstrap,” is introduced, and shown to
work satisfactorily on a variety of estimation problems. The jackknife is shown
to be a linear approximation method for the bootstrap. The exposition proceeds
by a series of examples: variance of the sample median, error rates in a linear
discriminant analysis, ratio estimation, estimating regression parameters, etc.

Brad Efron

Max H. Stein Professor and Professor of
Statistics and of Health Research and Policy,
Department of Statistics, Stanford University

HAH R Bl T B T AT AR E AR, T8
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[ LS PR P | Eootstirap warld

Fopulatiomn .
porameters St Lesl Tovvponben ver

(N | S m R
Eootstrap

B
(R g 2RAERL )

E X3
AT EUETECS
F*-*—.- X = ()(1! Xy v Xn)

¢ l - Heay ikt

P
éﬁ‘§ & .S
9 =o(F) 8=T(x)

A

1RHER (X, F)

SRCLE G S
B x'= (x{ xgh .. x)

¢El B 54

[ T(x')




X Bootstrap 7 LB 18 :

zﬁé # gﬁ%ﬁﬂﬂ s JRAEASERR B B ST R hE R 4

(2) HHy: HBootstrapEA£E FHIG T BB 4H FEE)R
HEAE FSTE WA

(3) BootstrapJ5 il it 225 434 e B L T Bootstrap
world, K738 58 BIAG THBEER 73 A6 W ) A5 A0 N4 e AR
fRrpEAAE (resampling) [RIR;

(4) Bootstrapj¥Ev] FRRA YEI§ (non-smooth) 2%
Ii@ BEIA | SBAL TR, TR S AL
s

XTBootstrap 7 LB 18 :

(5) Bootstrap i LA TEN KA B A RBURB 5,
T REAES MM EBMEFHEN N, REEMAEI M
THE. A ER—FAESE T

LR, WREEEM, BootstrapiiEEIE R
R4 LR
( “PFEALBR M Computer-intensive i G i1 15 ™ )

HTXT B AR S B0 — 551 T35 2] Bl e Ar X,
BootstrapJ5 ¥ B i B 15 A1 S8 iX Fh E B3I H#E S




§5.3.2 RTFEHEMH—T8

N %ﬁ'ﬁ!ﬁ«‘l‘ H{]—‘ﬁ('lﬂa (ZkAHEH:, consistency)
R ehe
)::3'4
_ B0 ASBOBET AR MR ETHE. RN TE5S KR,
OAMKBER BB 0, WIFR OnROM)— B EfhiT. BIXNIER #e >0,
%n — ofif, 2] _
P(|gn-0|>2)- 0
MT\P—BHEME L, EBF:
P (‘G(én) — 6(6'0)‘ > 5) —0
Hho OBy LH

N BH BRI R
(1) BA: EW FH.

(2) R SEREAFER, PBHEH; NREE
S BEAGTHE T REAME—

(3) HHZERRFATHAENER, AR FH
BAESREBFXO)HMEE, HILTBBA R B %,

Cauchy distribution:




§9.4 B Kt 4t F &

(MLE, Maximum Likelihood Estimation)
hnfel 56 7o 4 #u R LBVERE B m

FARER EAME B
(1) HEHHAE
(2) BkAAAHE

Likelihood: the chance that something will happen

“BR” : AR
— “BRTTRBRE A

—— AR (W) SRR APRMET, IR
Gl B 2 Gl

——MLEEA W4 N
L SR R \
CEBRE THRNERX
BARE S R) : : \
E
Fi




MLER F+£%50F R G R EM AR

Blastocystis hominis - Heterokonta
Glugea 7
Schizosaccharomyces pombe Fug_ﬂi
" Candida albicans Microsporidia
1 A Saccharomyces cerevisiae i
_[Gaﬁus gallus T
Homo sapiens
_:Dmsophn‘a melanogaster Metazoa
Caenarhabditis elegans i
Entamoeba histolytica - Entamoebida
| Euglena gracilis T
e I Euglenozoa

Trypanosoma cruzi ]
Tetrahymena pyriformis 7 ..
* _I_ Stylonychia mytilus Ciliophora

a I Plasmodium falciparum 1...
Cryptosporidium parvum 4 Apicomplexa
— Dictyastelium discoideum - Mycetozoa
T Giardia intestinalis - Diplomonadida
5 Trichomonas tenax = Trichomonadida
+— Chlorella kessleri ]

[Bera vulgaris Green plants

ML 100 Triticum aestivum

NS 92— | Gelidium canariensis ]

MP 88 Chondrus crispus Red algae

§5.4.1 MLEJ :HER

—FIR B H o R BERA AU RAEARFRANER, K
MRS ET BRUARRE AT R

——ﬁiﬂ%ﬁ_ — LRI T T RB I 45 SRE
E, ... E.... HE—KARPMERLRERE, N—HBIANE,

ﬁ$%%$(7%ﬁ)%k

"‘ \

Log-ledhood In Liwy)

gl ﬂ .H:.:i
Parameisr w




BRARERZIEX,, X,, ... XAHILFGHE (BT ERECH
gig)) HIBEDLE R, X, X, ..., X WFEMEE, BB A

[IF(%10)=F(x10)- T (1) F(x,]6)

WOROMBUETERE (BI2%EM) , & L0mPIRE%EL
(likelihood function) 3:

n

lik(@) =T f(x,16) 6e®

i=1

S0 By e RAUSRAS VHE SR BRI R BB R E, R
FREALEAELX,, Xy, - X BRI REFIEL -

FHEHE, REAMNEASREEL (log likelihood function)
1(0)=>"" log(f(X;10)), 0ec0®

ORI B 0N 2 -
@) =max[1(0)] = max| 37, log( (X,10))]

(O R ORT S, UTT RIS AR M 7 Y A T . 4
9 10)=0
dé

fgih B (4) K.
AR RAR, TRABUELRE




R. A. Fisher
(1890-1962)

REGHFR BIEER

SIBF K 2ECaius

College =& )T HI¥
e, Lh
HIBEL T AL
P T HEE (Latin
square) , FFEIHE

BXFMREATE
A R. Fisher,

R. A. Fisher
(1890-1962)

RESHFR BIEER

Statistical methods
for research workers




—\ SRR M Poisson43 AR IMLE
Poisson43As X~P(\) iy 43 T £ :

P(X = KI4) = e, k=012, .., 350
MR BN
BREAHARX,, X, .o, X HHL A BEAE B o S BA
o I(/I)—Iog/‘tz X, —ni=>" ( IogX

I’(i):ZZiﬂxi_n:O |:> /IZH in=1xi:Y

e : ?

[Example 5.4] Steels (1980) #4447 & B MAF & 41 4 30 B AEARIT AR
MPoissongAr. vA—2BE3E H 4

31, 29, 19, 18, 31, 28, 34, 27, 34, 30, 16, 18, 26, 27, 27, 18,
24, 22, 28, 24,21, 17, 24

e\

Log likelihood

20 2'2 2'4 2.6 2.3 3|0
A
Likelihood function of A for asbestos data




o BRI IEZS 4 AR BIMLE
A XN (1, o) HIBER T B SR

)"
2

f — 1 20
(X | H,0 ) - \/ﬁO‘ € ’ (-oo<X<+OO),
Hrn, R EBARF S E He>0.

;%;;,éz:ﬁﬁxl, Xor ooy X AL 23 A I BEALE B . X HDL IR B
‘ 1 <

izl( X _,U)Z

(1, 0) =

- z

X
\/ X—X

AED AR : 7

=\ SEIRMGammasr £ BMLE
GammaZgy#fi X~I(a, 4) LR 5 BE iR BCH

g
a
ﬂ’ a-1,-1Ax

X“ e ., X>0,
f(x|a,2)=9T(a)

0, x<0,

\

FHrpa, >ONFFRHIRSHL -

gﬁmﬁﬁxy Xy vos XL A HIBEHLE B . R BAUSR B

l(a,2) =narlog A+ (a—1)) log X; —2)_ X, —nlog(c)
i=1 i=1




it iR RA

~ VR \ I"(a)
nloga—nlog X+ )» log X, —n———==0
Z;‘ I'(a)

~ na «
ﬂ,: . — —
X

2.%

Pkt 5 R B R BATE
PIMRIE? —— AR T IR MR

[Example 5.5] Le Cam# s+ £ H Illinois/ &3 3 X 1960-64-4F 4 17 #9227
3% 7 70 0 I T E 338 34T Gammay- A 69 A,

160

140 |
A
120 H ¢

........... T KANK F kA5t
100

Count
[« ]
<

0 5 1.0 1.5 2.0 2.5

Precipitation
(Le Cam L. and Neyman J. (eds.) (1967). Proceedings of the Fifth Berkeley
Symposium on Mathematical Statistics and Probability. Volume V: Weather
Modification. Berkeley: University of California Press)




[Example 5.5] Le Cam# =+ £ B Illinois/ &3 3 X 1960-64-F 4 17 #9227
3% 7 70 0 I T F 338 #E 4T Gamman- A 69 A,

Histogram of 1000 simulated MLEs of (a) « and (b) 4.

200 7 1k 300 -
—
250 -
150
200 -
100 - 150 - -
100
50 A
50 -
O ¥ T LI 0 "—Jl L
040 045 050 0.55 0.60 1.5 20 25 3.0 35

(a) (b)
(Le Cam L. and Neyman J. (eds.) (1967). Proceedings of the Fifth Berkeley
Symposium on Mathematical Statistics and Probability. Volume V: Weather
Modification. Berkeley: University of California Press)

[Example 5.5] Le Cam# s+ £ H Illinois/ &3 3 X 1960-64-4F 4 17 #9227
3% 7 70 0 I T E 338 34T Gammay- A 69 A,

Histogram of 1000 simulated method of moment estimates of (a) o and (b) A.

250 -
200 A s
2m .
150 -
150 -
— ]
| 100 -
100 -
50 4 50 1
0 ..LJ .—1| 0 I " T L
02 03 04 05 06 1.0 15 20 25 30

(a) (b)
(Le Cam L. and Neyman J. (eds.) (1967). Proceedings of the Fifth Berkeley
Symposium on Mathematical Statistics and Probability. Volume V: Weather
Modification. Berkeley: University of California Press)




§5.4.2 ZMAmBEEIFBKMLE

Wi AHmiEE (Multinomial cell probability) &3 :
BX Xy oo XAB M FH - #8205 16 KRV
X+ X, +...+X_=n

LN T HIBER S 580, Py - Py
p,+ P, +...+p, =1

IR :
Zhpy, Py - P RIETHE

010

003

YT H AL R PR
I A

Pives P ) =100 n!—ilog X !+ixi log p,
i=1 i=1

2R :

@‘F p,+..+p,=1 )




B AR -
|
f(Xpseoos Xy | Pryeees Py ) = : H o

Xi! i=1
X E AR : m m
(RPN e s Sy
i=1 1=1
213 :
@‘F p,+.+p, =1 )
-~ X
—_1
P; = 0
HAEDTR?

NF P = p; (6) FIEE, A:

1(6)=log n!—Zm: log xi!+Zm: x. log p,(8)




[ Example 5.6 ZR &A% % #) Hardy-Weinberg Equilibrium (GEA% -4

) TERATHEBARFTELARMEARAEA (genotypes)
EZEHREH, BP—NMAFRAFHKREERAFTL (RRiTFE, ETHFR
R¥rm ) FRATHARK B, 2 S ANENK, BTRAFARARRARLE AR
L TAEZ - FERE, FEPERBERAA Aafeaaft BT 6 b 5 4
(1-0)2, 20(1-0)F=62,

Io R R 1937 A F AR F BA LR 6 — KW AEHE, M, N2k
ey /R (erythrocyte antigens) . #H4& 3T N&g 410,

Blood Type

M MN N Total
Frequency 342 500 187 1029

1(6) = Iogn!—zm: log xi!+Zm: x. log p.(9)

Hiatogram of 1000
simulated MLEs of

150 ~

A A

) : el SE3
BootstrapE
7 oo
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0.38 0.40 0.42 0.44 0.46




§ 5.4.3 MLEByRAEATL

MLE B A2 :

MBOROMMLE, TIFEE H1E M Fo@)diko(0) -IMLE.

| i B, MLE ‘
(1) EEERFAET, MLERG—3E;
(2) NFREBREA, MLERHRED L PRMIER 376

) S A 3 -

EAERBERX,, X,, ... X AR (SRR B R B
f(x|0)) HIBEHLAER, X, X,, ..., X AFIEAE, OHIXTLLIAR e 5L

A
10)=37 log( (X,16)
UL A= R iy [




R
TERER S S T (X | OMRIEFR A EBHAET, MrFSHRE
A BIMLE—BCEEAE -

5# &)

Fisher{Z H&1(0):
a 2
| =E|—Ilog f (X
©)=€| gt (x10)|
e (X |0) BEFA A ET, 1(0)ERE:

82
I(@):—E{%Iog f (X |0)}




E B
(1) ZEMERBERRB | (X | 0)RERAMOEET, Gtk

Jni(@,)(6-6,)

RBER R IES A, A0 M0 EE

(2) HRAZRBERTS R, MLERHAED G R SEN 0,

1
HEA @) WY IEZS AR

——MLER¥HETeARAE T+ (asymptotically unbiased
estimation) , HJFERFEHETTZE (asymptotically variance) .

$55 AL X & Q(Cl)ed &4

H#

——HTF E LA O THE O B FAE - A KT B 0B B 15 X 1]

(confidence interval) , E{E XM _EFRW T MATHMEORS
HELEOMR R, B—MAMEtMEE, S ELEOELEZ
IX 1] B ] B K

Wi B A5 X IR 5 1%

(1) @M%

(2) HRIBMLEF PR HHER 5%
(3) Bootstrapfifl .
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— bRt

IEZS A X~N(n, o®) KIBER % B B HON

1 _(X—#2)2
f (X |ILl’O-) = \/ﬁO‘ € 2o , (-oo<x<+oo),
by, oAt E MRS H Ho>0,

BAERZARX, Xy, . XML /3R IBEHLAE B . S35
MLEs} :

1. uCUHE
; = X = %Zn: X

/§3.2.2 IER S A HEAIIE S AT 2 AR h
BB BERMEXIRMIES S AN(, 02), HBEHRER (X, X, ..., X))

AABE HEM B MERE, NS BEILERX (=1, ..., n)
BRFEIEES . WA:

_ X —u)Vn t(n-1) szzﬁi(xi—if

3 T




P[—ta(n—l)s é_ sta(n—l)jﬂ—a

P(rx_—it (n—1)1< <rx_+—t (n—l)—H:l—a
N N RN
n100(1—a)%ijCLR -

— S — S

X -t (n-1 X +——t (n-1

{ nt“(n ), +\/ﬁt“(n )}

2

-t, (n-1) t,(n-1)
s |

CIHI 8

1 Bf5KE (confidence level) + TJ{gE Vi
2 BESHEIERATER
IMGECIH T 28 ht Btk




SHAEH B S

— A% (pointestimate) : SRARME-EO

—  RE5H (interval estimate) : 2 BIZX K0, 0,)

2. ’HIC M

F—n p—
o= %Z_;(xi—x)2

[ §322 EABKRAHESRATENIRME )
SETB XM ES AN, 02), HHHREAR, X,, ... X.)
WA HER R AMEES, B MEIERX, (21, ..., n)
AR ES . WA

n_2182 ~ v*(n-1), where S? :nilzn:(xi —X)?
\___ - J

n ~2 13 .
:> = ~ 7 (n-1), where o :ﬁg‘(xi_x)
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2 2
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GZEQlO(;(l—a)%HQCIjb:

2

—~ 2
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X2 (D= X2, (n—1)
/ v
Ilf \
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o MRIEMLER P BT S

iRvS
.
SR AEMERE RN 1 (X | OBRETCA I ARE T,

Jni(@,)(6-6,)

@Eiﬁﬁﬂlﬁwﬁﬁﬁﬁﬁéﬂﬁ :

B0 RE, RGAIOMREIO,), HA:
P(—za < \/nl(0) (5—00)3 zaj ~l-a

TROM100(1— ) Y BAF XIFA :

G2 z,, O+ 1 z
nl(8) 2 nl(0) 2

Poisson43 A X~P (L) i 43 A fe -

Ak
P(X =klA)="~¢", Kk=0,1,2, ..., 10

MR ERRASH . BAERZERX,, X, ... X AHILF 5370
FEBLAE &

0° 1
I(l)z—E{Wlog f(X M)}:;

BARY100(1— o) % B A5 X AN -

7—‘/iza, 7+,/iza
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=. Bootstrapffl i &

BAIMERBIBERLZIRX,, X,, ..., X HBILF 5345 B — 4 BEHL
LR, RASHOMESLEN, CRA) , EHMAITEAN0.

O IR ELILE O Mz = (0— 0 ) B4R, JUITTDASE U HiAMIGFLAS -

P((g_eo) < 5Iower): CZ/Z, P((é_go) < 5upper):1_a/2

P (Srower < (0= 05) < 8o ) =1

upper

P (8 = upper) €Oy < (0 = Siper) ) = 1- @

upper

|::> ((5 - 5upper)’ (5 o 5lower ))

R, 0,51 = (0—0) K4 T #BA 4l

Bootstrap i IR i & :

Fibootstrap i B f HHE 0O SRR E SE 0 Fle = (0— 0,) 47,
It 5 Y 3 DOL B B X

MEbootstrapke AL, RIBBS2EOMEIHMED, XABEET
X, iEAB. #&B=1000, Hif33]i%2%H10004M1E

——MOO MR AL DIEASI A, DASEHIBAEH 0By i3t
6, FATEZEEA KN

—— OO RIS MR, DAL LA 0, A THE,
PAEs TangdEAHERE X,




[ Example 5.6] Hardy-Weinberg Equilibrium (i#/&-P#24&) .
ok R 1937453t H B R F B A LR ) — K IR EHIE, M, NZLh
e i/ (erythrocyte antigens) . #4&3N&g b 41069 E4Z X 4.

Blood Type

M MN N Total 1
Frequency 342 500 187 1029 150 -

Hiatogram of 1000
simulated MLEs of

50

Ll I

0.38 0.40 0.42 044 0.46

§5.6 ARREHBRF &N
Cramer-RaoF % & 32

“EAuAh " R
fhit BOBEI0 B A B .

SESN (Aik)

PO (X, Xy X ) v O2(X, Xy X, ) BBBOMTHA TR
&, %ﬁﬁﬁm()e@’ #Bﬁ

D(6:) < D(6-)
RIFRAS R 5, b 6, BAR




[Example 5.7] & EAAX-N(, 62), X, X, ..., X Ak B ERGIER, E
B :
(1) 82 =23 (X, - u)f R dbfbit;
i=1
(2) 48 ==L (X, - X). Rifs 3 ESHSA I,
4=l

ﬂ (—E B/ D ZELX R, UMVUE, Uniformly minimum

variance unbiased estimation )

B O(X,, Xy, X,) REBFOMEHR, BH:

(1) XHEZIMOEO, O ROMTI M ;

(2) XOME—FlRfGit 0 , #HDEO) <DE),
WIFR 0 ROM—R/ T £l .




ﬂi (C-R TR &EHE, Cramer-Rao lower bound theorem )

BB ERECR {(f(x]16),0€0}, X, X,, ..., X KKH K
EXE— AR, HBCA RS B R ECh

n

L(X, X0 Xy [0) =] f(x10)

i=1

T =T(X,, X;,.... X)) Bo(O) M TCARME & & F IO
(1) G={x: f(x]|0) >0} 56F%:*%;

=

s

@ 9O (ax9| 9) tete, HHE— 0 WA

O (= v O
— | f(x|0)dx=| —f(x]|&)dx,
5|, fxlaydx=[ —1(x|0)

%J‘j:jj:T -Ldx,dx,...dx, = f:f:T -2—|‘;’dxldx2...dxn

(3) 1(8)>0;

MXE— 9 € © A
D(T) > L9°(9)]
nl(8)
st L9 )T RO TR THC-R TR (Cramer-Rao
nl(6)
lower bound) .




Calyampudi Radhakrishna Rao Harald Cramér
(1920 - ) (1893 — 1985)
American Indian born statistician Swedish mathematician

C-RF A B8
(1) %g(0)=oRt, ZRMARD (T) 2 nllw) :
(2) C-RTFEHES T HEAMEN BTG H TR

(3) C-RPHREHMFML 2@HMHHAENFME. RSHSH
AR L 1L A

(4) MNTFOMTMRAGEH 0, BWRE:
D(6) > L
nl(6)

MR 0 HOMAEBLH




(5) SATFOMTRMET 0., EWR:
1

lim 1 0) _
n_’wD(Qn)

WIFR O, K OB B35 A Ak 3o
(6) WRC-RTRAEHE&AMN, AT —ER_R—HBIFE

Tttt (UMVUE) , Ti—8s/h i ZT bt A — e A
Bt

[Example 5.8] REARX~P(R), X, X, ..., X &k i ERGHELR, KRL
8 R ApAE i+ 89 C-RT 5.




§5.7 A FBayes#i dr b & 4+ %

“Years ago a statistician might have claimed that
statistics deals with the processing of data...
today's statistician will be more likely to say that
statistics is concerned with decision making in the
face of uncertainty.”

—— Chernoff, H. & Moses, L.E.(1959).
Elementary Decision Theory. New York: Wiley.

Classic Inference and Bayesian
Inference




§5.7.1 Sl E R aAh

BayestlEF /A3 BIRBMEMBERZEHRHQ, BLA, A, ..., A,
HRAEAZE HMIQM & B4R4, HP(A)>0 (=1, 2, ..., n), NIXHE
—¥#4B, P(B)>0, A

P(AilB):

P(A)P(B A

> P(A)P(BIA))

P(Ai): SE% $‘FF?E{A.}H95EQM%
X (prior probability)

P(B): Z4:BHySEHMEA (prior
probability)

P(A|B): JaEHE= (posterior
probability)

)54

BBE LAESHZE MO LR ESHONEHER (REALA
') , WEXAEO L0 3 fin(0) 0 Su 4l (prior

distribution)

EHEEARX, X,, o X5, WORIAAEFAT(0](X,, X, ..., X))
FO0 5 A8 (posterior distribution) .




BEAEX AR R BN (x|0), 0€ 0, O/ S% 54 An(0),
WX, OB G E R 5 B A m(0)f(X(6).

i&xla X21 ey Xn%mﬁlﬁx'ﬁixm_‘/l\#zka ﬂ']xl, Xza cey Xn1 01
BAMKBEN
[Tt (X, 10) (o)

HBERIBH, HEAX, X, .. X B iEBER -

f (X4 Xg0enn ij (X;10)r

e i=1

FEL RAEAX , X, -, X5 HIOR AR 33 BN -

n

I1 fxi10)(9)
(O] Xy, Xy X, )= 0 cO
jHl (X, |9)ﬂ(9)d(9

BEBN G RAEARAE X, X, - X P ORI R R R o




Bayes&iji%::

MR SIS BN S A1 2 B0 BRI Fn(0); BT HHLIRR
39%?5#2&&, ) ST 8- R E T

Hl f(X,10)(0)
_“‘[ f(Xi|¢9)/z(¢9)d6?,

XMy Sl o A AT A%, RS TR BERAT, BA
TR B S 3 A (0) JEERIN(0] X, X,, ..., X))o

SO FRAGEES T BMAERE BAEEMERER, XS5
BORSEHHENT R AR J5 B o A B SR b

0 e

h (0] Xy, X,y X))

[ Example 5.9) & %4X~N(a, 62), akfnfcCn, L Eat)tlenh A
a~N(p, 17, &4aX,, X,, .., X R A EERXGH K, KRat)eln .

1 2
- 2(a—t)
h(a|X1,X2,...,Xn)oc e 27
n X
> T qu
t = O T
n N 1
62 2'2
1
2 _
T T T 1
_|_




§ 5.7.2 Bayesflivt HIE®

BHRIERX,, X,, ..., X S5 RO Ja 1345 -

[1 f(x:10)(0)

h(O]X,, X, X 1) =1 ., 0e0

) jHl f(X,16) (6)do

Hs:
Mh(0] X, X,, ..., X ) R R 2 S L OHIAE THE

—\ BN (Maximu a posteriori, MAP)
fitt
= 'ZZI:JEQE'\FLH»:

PG R RBER % B R (BUaBRBEEEE) h(e] X, X, ..., X))
RBI B AR SZUEEA RS 2 B0 THE, 128 0, -

SR RUBRMEH HFEREEVRER
HLWAL (Regularization) ByEFBlAREEH




[ Example 5.9] & %4X~N(a, 62), akfnfcCn, L Eat)tlenh A
a~N(p, 1), &4aX,, X, .., X I B SARXQGHAR, KatjRg KEEiEit
18,

1 2
—2n2(a—t)
h(al]X,,X,,....X,)=Ce
n X
2+lu2 1
t = O T 772:
n 1 n 1
0'2+12 0'2+12
nX  u
2+ 2
ad, =t=2 L
M n+1
(72 2'2

o~ I RAG

< ':z:JEIE'\J*I.E\:

U B o3 A R R BE
E[h(alX,, X,,....X,)]
AR S BOETHE, BN O -

SAUGEIIE, BRI BRI R
2200




[Example 5.9] & %4kX~N(a, 62), akfrfctidn, L EatikBerH A
a~N(p, 12), LHaX,, X,, .., X AR B EARXEHA, Raty LA HHE .

1 2
- 2(a—t)
h(a]X,, X,,....X,)=Ce ?
n X
2+ﬂ2 1
t: G T 772:

n 1 n 1
O'2+2'2 O'2+Z'2
nx
N 2+qu
d, =t=2 L
n+1
0_2 T2

=+ f/pBayesian XUFEAL T

BB

ET gl gesRie (statistical decision) AJEAH, R4 HUERMN
RS RN, FEERIEL T IFRERMSET . FEES
JURBELSHEZRR B2 (lost) RIKES (risk) BEZBIMF o

Statistical Decision Theory
| O Abraham Wald (1902 - 1950)

» Wald’s test
» Rigorous proof of the consistency of MLE

“Note on the consistency of the maximum likelihood
estimate”, Ann. Math. Statist., 20, 595-601.




B

B 0=0(X, Xy, X,)) HEBEAX, X,, ..., X 3 BEXEEE

SHOM A, T TERERS L (0.0) Rt PiEk

MRS, B k%r (lost function) , #ﬂL 0, %,q g %
1&

R EREER. B, L (0, 6)&%%4%;&, H
BARmE, R R _E( ( )) S KU BB (risk fuction) .

Wit 3

(1) —ms, H 0o, HiRmBUE-BK;
(2) RMERBESEE “FHHREL" , HEHHRBE AR

%;%%g JRUBS: o8 BUE R T PR Al Ve 25 W ], XURS: R
¥ o

)::5"4

B0 =0(X,, X X, HRIREAX,, Xy, ... X 3 X B3
SHOMTH TR, L (0.0 ﬁiﬁﬁe@ﬁ, R =E(L(0.6))
%ﬁ ERIE—A LT 2HONE 0, RHER—AMEIT 0,

R, <R
RIFR 0" B0 B/ Bayes Uk fi it o




Bayes R fi i SHK:

0K ST 43 e (0)

R X 434 iy 5 BE R B A F(X(6)
HkEB L(0.9)

[ Example 5.9) & %4X~N(a, 62), akfnfcCn, L Eat)tlenh A
a~N(p, 1), B4X, X,, .., X IR A EARXHA, Katy& | Bayesi
fEiH4E .

1 2
-5 2(a—t)
h(a|X,,X,,...X,)=Ce 2
n X
2+ﬂ2 1
t = o T 772:

n 1 n 1
0'2+2'2 0'2+z'2
nXx
B 2+ﬂ2
d, =t=-2 z
n 1
_|_




The prior distribution in the Bayesian inference

7(0)

_|_
é: O_2 T2
n N 1
0_2 Z_Z

X XX, )
2 " FELH TIE S .

: ' - ft 2l
2 4 4

FIGURE 3.2. Bayesian learning of the mean of normal distributions in one and two dimensions. The posterior
distribution estimates are labeled by the number of training samples used in the estimation. From: Richard O.
Duda, Peter E. Hart, and David G. Stork, Fattern Classification. Copyright @ 2007 by John Wiley & Sons, Inc.




§5.7.3 RFET45AF BRI IS

Wig:

(1) ZWI% RN 2L B MBI — AR, WIAT3%
RN BRI RS R TER

(2) EWE M| AN ZHHELRAAR, FECHHERMA
WHER AR, RESBHERSR

QRN (Bayesfiti%) BESHBAEREIEE NS




