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Multiscale asymptotic analysis is conducted for spherical burner-stabilized spray diffusion flames with
finite-rate droplet evaporation and nonunity Lewis number. The radiative heat loss is considered and
the effects of radiation on flame extinction are examined. The structure function of the spray diffusion
flame is derived, based on which the effects of finite-rate droplet evaporation on flame radius, flame
temperature, and kinetic and radiative extinction limits are assessed. The flame is found to be affected
by droplet evaporation in two ways: (1) the latent heat absorbed for droplet evaporation reduces the
flame temperature; and (2) the decrease in the flame radius results in the decrease in radiative loss
and residence time. For a given the mass flow rate, only the conventional kinetic extinction limit at
low reaction Damköhler number exists. The extinction Damköhler number increases with the radiation
intensity and it is significantly affected by droplet evaporation. It is found that at higher radiation inten-
sity, the spray flame with the lower vaporization Damköhler number is relatively more difficult to be
extinguished than the purely gaseous flame. When the reaction intensity is fixed and the mass flow rate
varies, there exists two extinction limits: a kinetic extinction limit at a low-flow rate and a radiative
extinction limit at a high-flow rate. Steady burning only exists between these two extinction limits.
The flammable zone is shown to be greatly affected by droplet evaporation and is very sensitive to
Lewis number.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Spray diffusion flames widely exist in propulsion, heating, and
power generation systems. Incomplete combustion due to extinc-
tion needs to be prevented in order to achieve high efficiency
and low emission. Therefore, a fundamental understanding of the
extinction mechanism in the spray diffusion flames is helpful for
developing high-performance combustion systems. The practical
spray combustion process contains poly-disperse sprays in turbu-
lent flows and thereby it requires massive computational resources
to simulate and capture the extinction of spray diffusion flames.
However, numerical simulations are usually limited to specific
fuels and conditions, and hence the conclusions are lack of gener-
ality. To get a general understanding of spray combustion, here we
conduct theoretical analysis on a deliberately simplified model of
spherical burner-stabilized spray diffusion flame and investigate
its extinction behavior.
It is well known that flame extinction occurs when there is no
enough chemical heat release to balance heat loss. For diffusion
flames, there are two types of extinction: kinetic extinction and
radiative extinction [1]. In the literature, the kinetic extinction of
gaseous diffusion flames was extensively studied. Liñán [2] first
analyzed the structure and extinction of counterflow diffusion
flames with unity Lewis number and found that flame extinction
occurs at a minimum reaction Damköhler number (Da, which is
the ratio between characteristic flow time and reaction time),
which is referred to as the kinetic extinction limit. The kinetic
extinction was also observed in droplet combustion [3] and stagna-
tion flame [4]. Chung and Law [5,6] generalized previous studies to
different one-dimensional diffusion flames and examined the
influence of nonunity Lewis number. They found that the structure
function for all one-dimensional diffusion flames can be converted
to the same form as that of Liñán [2] and that Liñán’s extinction
criteria are applicable for different diffusion flames.

Compared to kinetic extinction, radiative extinction of gaseous
diffusion flames only occurs in the presence of radiative heat loss
and long residence time (large Da). Sohrab et al. [7] first theoreti-
cally analyzed a counterflow diffusion flame with radiation by
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using activation-energy-asymptotic (AEA) analysis. However, the
existence of radiative extinction limit at high Damköhler number
was not observed in [7] because the results are not properly
rescaled. Radiative extinction limit of gaseous diffusion flame
was first identified in simulation by T’ien [8], in theoretical analysis
by Chao et al. [9], and in microgravity experiments by Maruta et al.
[10], after which many studies were performed (e.g., [11–14]). For
a spherical burned-stabilized diffusion flame considered here, its
kinetic and radiative extinctions were first studied theoretically
by Mills and Matalon [15,16] and then it was investigated experi-
mentally by Yoo et al. [17], numerically and experimentally by Tse
et al. [18], and numerically by Tang et al. [19,20]. More recently,
Wang and Chao [21] have analyzed the kinetic and radiative
extinctions of spherical burner-stabilized gaseous diffusion flames
with unity Lewis number using multiscale asymptotic analysis and
optically-thin radiation model for radiative heat loss. They found
that strong radiation and weak reaction can greatly narrow the
flammable region.

Unlike purely gaseous diffusion flames, however, spray diffu-
sion flames receive little attention; and in the literature there are
only a few studies on the extinction of spray diffusion flames. Li
et al. [22] investigated the structure and extinction of counterflow
spray diffusion flames with unity Lewis number. They found that
the extinction state of spray diffusion flame is similar to that of
purely gaseous diffusion flame. This might be caused by the
assumption of unity Lewis number since small deviation of Lewis
number from unity can result in significant change in the flame
temperature [6,12,23]. Wichman and Yang [24] analyzed a double
spray counterflow diffusion flame, in which the unity Lewis
number assumption was still retained. Greenberg and coworkers
[25–31] systematically examined the effects of droplet evaporation
and nonunity Lewis number on the kinetic extinction of counter-
flow spray diffusion flames. They found that the presence of spray
promotes kinetic extinction. However, in these studies [25–31],
radiative heat loss was not considered and thereby the radiative
extinction limit of spray diffusion flames was not observed. San-
toro et al. [32,33] experimentally and numerically investigated
the vortex-induced extinction behavior in the counterflow spray
diffusion flames. Mikami et al. [34,35] experimentally assessed
the effects of mean droplet diameter of poly-disperse water spray
on the extinction of a counterflow diffusion flame. Kee and
coworkers [36–39] numerically examined the flame-droplet inter-
actions in counterflow diffusion flames. However, in these studies
the radiative extinction limit was not investigated either.

To the authors’ knowledge, in the literature there is no theoret-
ical analysis on the effects of initial droplet load, finite-rate evapo-
ration, and Lewis number on the kinetic and radiative extinction
limits of spherical burner-stabilized spray diffusion flames. There-
fore, the objective of this work is to examine the influence of finite-
rate droplet evaporation on the kinetic and radiative extinctions of
spherical spray diffusion flames with nonunity Lewis number. The
emphasis is placed on examining how the flame radius, flame tem-
perature, kinetic and radiative extinction limits, and flammable
region are affected by the monodisperse droplet vaporization
parameters (initial droplet load and vaporization Damköhler num-
ber), Lewis number, and radiative loss intensity.

The paper is organized as follows: the mathematical model and
analytical solutions are presented in the following two sections;
the behavior of spherical spray diffusion flames are investigated in
Section 4; and finally, the conclusions are summarized in Section 5.
Fig. 1. The schematic diagram of spherical burner-stabilized spray diffusion flame
with finite-rate vaporization of droplets (adapted from the figure for purely gaseous
diffusion flame in Ref. [21]).
2. Mathematical model

We consider a spray diffusion flame which is stabilized by a
spherical porous burner. The burner and flame structure are
depicted in Fig. 1. The spherical burner-stabilized diffusion flame
has been popularly adopted to study the extinction and soot for-
mation in diffusion flames (e.g., [17–20,40–42]). Similar to that
of Liu et al. [42] and Wang and Chao [21], the burner consists of
a void core region (0 < er < eri) in which a stream of fuel flow (con-
taining sufficiently small fuel droplet and fuel vapor at the temper-

ature of eT 0) is supplied and a porous region (eri < er < erb) in which
the fuel flow is regulated to be uniform at its exist. The fuel flow is
steadily injected into a quiescent oxidizer environment

(erb < er < 1) at the temperature of eT1. It is assumed that droplet
evaporation is negligible until droplets leave the burner surface.

It should be emphasized that the droplets are viewed from a
far-field vantage point (i.e., in the dilute spray region and account-
ing for a small volume fraction) in the present analysis. The inter-
actions among the droplets are negligible and dynamic adjustment
to equilibrium with their surroundings is instantaneous. Liquid
phase velocity is close to that of their host velocity which refers
to gas phase velocity. This simplification was validated and popu-
larly used in previous studies [43–46]. Furthermore, the transport
properties are supposed to be determined primarily by the proper-
ties of the gaseous species [43,45,46]. This follows from the impli-
cit assumption that the liquid fuel volume fraction u is sufficiently
small, i.e., u� 1. In general, the volume fraction can be of order
u � eqg=eql (in which eqg and eql are density of gas phase and liquid
phase, respectively) [47]. The ratio of gas density to liquid densityeqg=eql found in combustion chamber is a small quantity:

10�3 6 u ¼ eqg=eql 6 10�2 [47]. Therefore, the sufficient small vol-

ume fraction falls into the range of 10�3 6 u 6 10�2. It is noted
that for the porous spherical burner, there exists a long tube by
which the dilute spray and gas fuel is supplied at a steady rate to
the core region and hence the liquid volume fraction is also suffi-
ciently small in the core region. For practical purposes, an upper
limit on the diameter of droplets in the spray of about
50–100 lm is imposed [45] such that droplets can successfully
traverse through the porous burner and then start to vaporize.
Droplet burning after passing through the diffusion flame is shown
to be negligible due to the small mass fraction of liquid in the ini-
tial fuel feed and thereby it is not considered in the present model.
Moreover, we consider the spray diffusion flame in a microgravity
environment and thereby the flame and flow field are spherically
symmetrical. It is noted that the above assumptions limit the
validity of results to only qualitative predictions.
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According to Sunderland et al. [40], the energy transfer to and
from the burner due to radiation is negligible when the flame is
not very close to the burner surface. Here we focus on the kinetic
and radiative extinctions of spherical spray diffusion flames, which
are far away from the burner surface. Therefore, radiation absorp-
tion and emission on the burner surface are not considered. Fur-
thermore, we assume that the solid, liquid and gas phases are in
thermal equilibrium inside the burner. This is a limitation of theo-
retical analysis compared to detailed simulation which can include
the heat transfer between droplet and gas phase. Under the afore-
mentioned assumptions, mass conservation yields a mass flow rate
of em ¼ 4per2eqeu in the core region and the evaporation region, andem ¼ 4per2eqeu/ in the porous region, where em is the mass flow rate;eq is the mixture density defined as eq ¼ eqgð1�uÞ þueql; eu is the
radial flow velocity; and / is the porosity of the burner defined
as the fraction of the void space in the porous media. Similar to
other studies of diffusion flame stabilized by a porous burner
[15,16,21,42], penetration of the ambient reactant into the burner
is negligible so that reactant concentration remains unchanged
inside the burner. The governing equations at different zones are

Temperature:

eqeueCp
deT
der � 1er2 d

der er2ekdeT
der

 !
¼0 for 0<er <eri ð1Þ

eqeueCp
deT
der � 1

r2
d
der er2ekp

deT
dr

 !
¼0 for eri <er <erb ð2Þ

eqeueCp
deT
der � 1er2 d

der er2ekdeT
der

 !
¼ emF

fWFeqc exc � exr � eqv exv for erb <er <1 ð3Þ

Oxidizer:

eYO ¼ 0 for 0 < er < erb ð4Þ

eqeu deYO

der � 1er2 d
der er2eq eDO

deYO

der
 !

¼ �emO
fWO exc for erb < er < 1 ð5Þ

Gaseous fuel:

eY F ¼ eYF;0 for 0<er <erb ð6Þ

eqeudeYF

der � 1er2 d
der er2eq eDF

deYF

der
 !

¼�emF
fWF excþ exv for erb <er <1 ð7Þ

Liquid fuel:

eYd ¼ eYd;0 for 0 < er < erb ð8Þ

eqeu deYd

der ¼ � exv for erb < er < 1 ð9Þ

where eT ; eYO; eYF , and eYd are temperature of mixture, mass fraction
of oxidizer, mass fraction of gaseous fuel, and mass fraction of liquid
fuel, respectively; er is spatial coordinate; eri and erb are respectively
the inner and outer radii of the burner as shown in Fig. 1; emF and emO

are stoichiometric coefficients of fuel and oxidizer, respectively; fWF

and fWO are the molecular weight of fuel and oxidizer, respectively;eYF;0 and eYd;0 are the mass fractions of gas fuel and droplet fuel in the
center of burner, respectively. The parameters, eqc and eqv , denote
the reaction heat-release per unit mass of fuel and the latent heat

of evaporation, respectively. The heat capacity eCp, heat conductivityek of the gas–liquid mixture, heat conductivity of the solid burner ekp,

molecular diffusivity eDF of the gaseous fuel and molecular diffusiv-

ity eDO of oxidizer are all assumed to be constant. According to the
thermal equilibrium assumption, the equivalent heat conductivity

in the porous burner is ekp ¼ ek/þ ekpð1� /Þ.
A global one-step irreversible reaction described by the Arrhe-
nius law is employed. The reaction is assumed to be first order with
respect to both fuel and oxidizer. Its reaction rate is

exc ¼ eq2eAeY F
eYO expð�eTc=eT Þ ð10Þ

where eA is the pre-exponential factor and eTc the activation temper-
ature for reaction.

In the limit of large but finite activation energy, the reaction
rate is very sensitive to temperature and chemical reaction occurs
only in a thin reaction region where the temperature is close to the

maximum temperature or flame temperature, eT f [1]. Away from
the reaction region, chemical reaction is frozen. Similar to chemical
reaction, radiative loss from the flame is also sensitive to temper-

ature (� eT 4) and thereby it is significant only in a thin radiation
region near the reaction region. Therefore, radiative loss can be
approximated by an Arrhenius function [7,21,48] in the following
form:

exr ¼ eAr expð�eT r=eT Þ ð11Þ

where eAr is the equivalent pre-exponential factor and eT r the equiv-
alent activation temperature for radiative loss. Because the equiva-
lent activation temperature of the radiative loss is much lower than

that of chemical reaction (i.e., eT r � eTc), the thickness of radiation
region (in which radiation is significant) is much larger than the
thickness of reaction region. Based on the above discussion on
length scales, the region outside of the burner is further divided into
five sub-regions. As depicted in Fig. 1, the thin reaction region
embedding the flame sheet is sandwiched by two radiation regions,
which are surrounded by two broad vaporization regions. It is noted
that droplet vaporization is not important in the radiation and reac-
tion regions since the amount of vaporization is proportion to the
volume. Similarly, radiation is neglected in the thin reaction region.
The characteristic length of the reaction region (normalized by the
length of the vaporization region) is � and that of the radiation

region is d. Therefore, we have �� d � 1 since eTc � eT r � 1. The
small parameters � and d are used in the following multiscale
asymptotic expansions.

We adopt the sectional approach to model poly-disperse spray
[49–52]. The details on sectional approach can be found in [49–51].
In order to simply assess the effects of primary spray parameters
(vaporization rate and initial droplet load), the concept of a
quasi-mono-disperse spray [45,46,52] (i.e., containing droplets of
approximately the same size) is used here. Under the above simi-
plification, the finite evaporation rate, exv in Eqs. (3), (7) and (9) is

exv ¼ eqeC eYd ð12Þ

where eYd is the mass fraction of droplets and eC is the sectional
vaporization coefficient [50,46]. It is noted that the quasi-
monodisperse spray model has an apparent disadvantage due to
artificially designating all the droplets in a single size and neglect-
ing the details of the spray’s actual size distribution. Nevertheless,
the usage of the quasi-monodisperse spray model is indeed capable
of providing essential elements of the processes of heat and mass
transfer from the spray to its host gas so that, at least, qualitative
conclusions can be drawn [45,46,52].

The following variables are introduced to normalize Eqs. (1)–(9):

r ¼ ererb ; T ¼
eCp
eTeqcðeY F;0 þ eYd;0Þ

; YF ¼
eY FeY F;0 þ eYd;0

ð13Þ

YO ¼ emF
fWF

eYOemO
fWOðeY F;0 þ eYd;0Þ

; m ¼
eCp em
4perbek ; kp ¼ /þ ð1� /Þ

ekpek ð14Þ

which yields the non-dimensional governing equations as follows:
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Temperature:

1
r2

d
dr

mT � r2
dT
dr

� �
¼ 0 for 0 < r < ri ð15Þ

1
r2

d
dr

mT � kpr2
dT
dr

� �
¼ 0 for ri < r < 1 ð16Þ

1
r2

d
dr

mT � r2
dT
dr

� �
¼ xc �xr � qvxv for 1 < r < 1 ð17Þ

Oxidizer:

YO ¼ 0 for 0 < r < 1 ð18Þ
1
r2

d
dr

mYO � 1
LeO

r2
dYO

dr

� �
¼ �xc for 1 < r < 1 ð19Þ

Gaseous fuel:

YF ¼ 1� D for 0 < r < 1 ð20Þ
1
r2

d
dr

mYF � 1
LeF

r2
dYF

dr

� �
¼ �xc þxv for 1 < r < 1 ð21Þ

Liquid fuel:

Yd ¼ D for 0 < r < 1 ð22Þ
1
r2

d
dr

mYdð Þ ¼ �xv for 1 < r < 1 ð23Þ

where LeF ¼ ek=ðeqeCp
eDFÞ and LeO ¼ ek=ðeqeCp

eDOÞ are respectively the
Lewis numbers of fuel and oxidizer. D is the initial droplet load

defined as D ¼ eYd;0=ðeYF;0 þ eYd;0Þ. qv represents the normalized
latent heat of evaporation, which is defined as qv ¼ eqv=eqc . The
non-dimensional source terms take the following forms

xc ¼ DaKYFYO expð�Tc=TÞ; xr ¼ DaR expð�Tr=TÞ; xv ¼ DaVYd

ð24Þ

where DaK ¼ emO
fWO

eAeq2eCper2bðeY F;0 þ eYd;0Þ=ek is the reaction Damköh-

ler number; DaR ¼ eAr
eCper2b=½eqc

ekðeYF;0 þ eYd;0Þ� the equivalent radia-

tion Damköhler number; and DaV ¼ eqeC eCper2b=ek the vaporization
Damköhler number which is proportional to the volatility of the
fuel and inversely proportional to the size of the droplets in the
spray. Thus, the extent of droplet evaporation depends on DaV .

The flow time scale, sflow ¼ eqeCper2b=ek, is used in the above definitions
of Damköhler numbers. It is noted that the vaporization Damköhler
number, DaV , strongly depends on the temperature and the volume
of the droplet and also varies in the radial direction because of the
temperature gradient. In the present work, the simplification of
constant vaporization Damköhler number is made to obtain the
analytical solutions. It has been shown that [45,46] this simplifica-
tion does not affect the qualitative nature of the predictions. For
spray with high volatility and/or small droplet size, the vaporization
Damköhler number is larger than 10�4. Conversely, for spray with
low volatility or large droplet size, the vaporization Damköhler
number is in the range of 10�8 < DaV < 10�4 [45,46,52].

Eqs. (15)–(23) are subject to the following boundary and inter-
facial conditions:

r ¼ 0 : T ¼ T0 ¼ T1: ð25Þ

r ¼ ri : T ¼ Ti;
dT
dr

� �
r�
i

¼ kp
dT
dr

� �
rþ
i

: ð26Þ

r ¼ 1 :

T ¼ Tb; kp dT
dr

� �
1� ¼ dT

dr

� �
1þ ;

mYF=r2 � Le�1
F

dYF
dr ¼ mð1� DÞ=r2;

mYO=r2 � Le�1
O

dYO
dr ¼ 0; Yd ¼ D:

ð27Þ

r ! 1 : T ¼ T1; YF ! 0; YO ! YO;1; Yd ! 0: ð28Þ
where the temperatures at the inner and outer surfaces of the
spherical burner, Ti and Tb, are to be determined in the following
analysis.

3. Multiscale asymptotic analysis

3.1. Core zone and porous zone

Owing to the constant mass fraction for each species, only gov-
erning equations of temperature need to be solved in this zone. The
solutions to the temperature Eqs. (15) and (16) subject to the
appropriate boundary and interfacial conditions in Eqs. (25)–(27)
are

T ¼
T1 þ ðTi � T1Þ exp mðr�1

i � r�1Þ� �
for 0 < r < ri

Ti þ ðTb � TiÞ exp �m=ðkprÞ½ ��exp �m=ðkpriÞ½ �
exp �m=ðkpÞ½ ��exp �m=ðkpriÞ½ � for ri < r < 1

8<: ð29Þ

Substituting Eq. (29) into Eq. (26) yields the following expres-
sion for the temperature at the inner surface of the burner, Ti, in
term of Tb

Ti ¼ T1 þ ðTb � T1Þ exp ðm=kpÞð1� r�1
i Þ� �

: ð30Þ
3.2. Vaporization zone

Since �� d � 1, the equations for temperature and species out-
side of the burner (i.e., 1< r < 1) are solved by multiscale asymp-
totic analysis. The region outside of the burner is divided into three
parts: outer zone (i.e., vaporization zone), radiation zone and reac-
tion zone. In the outer zone, the conservation equations are gov-
erned by the balance between diffusion, convection and
vaporization processes. The droplet mass fraction distribution in
the vaporization region is

Yd ¼ D exp DaV ð1� r3Þ=ð3mÞ� � ð31Þ
Expanding the solutions in term of the small expansion param-

eters � and d [21] as follows

T� ¼ T�
0 þ �T�

1 þ Oð�2Þ� �þ d T�
2 þ Oð�Þ� �þ Oðd2Þ ð32Þ

Y�
F ¼ Y�

F;0 þ �Y�
F;1 þ Oð�2Þ

h i
þ d Y�

F;2 þ Oð�Þ
h i

þ Oðd2Þ ð33Þ

Y�
O ¼ Y�

O;0 þ �Y�
O;1 þ Oð�2Þ

h i
þ d Y�

O;2 þ Oð�Þ
h i

þ Oðd2Þ ð34Þ

and combining the boundary conditions in Eqs. (27) and (28), we
have the following solutions in the outer zone

T�
0 ¼ T1 þ ðTb;0 � T1Þ exp mð1� r�1Þ� �þ R r

1 ITðr; sÞds ð35Þ
T�
i ¼ Tb:i exp mð1� r�1Þ� �

. . . i ¼ 1;2 ð36Þ
Tþ
0 ¼ T1 þ aþT;0 ð1� expð�m=rÞ½ � þ R r

1 ITðr; sÞds ð37Þ
Tþ
i ¼ aþ

T;i 1� expð�m=r½ � . . . i ¼ 1;2 ð38Þ

8>>>><>>>>:
where ITðr; sÞ ¼ qvDaV

expð�m=rÞ�expð�m=sÞ
m expð�m=sÞ s2YdðsÞ.

Y�
F;0 ¼ 1� D� a�F;0 expð�mLeF=rÞ þ

R r
1 IFðr; sÞds ð39Þ

Y�
F;i ¼ �a�F;i expð�mLeF=rÞ . . . i ¼ 1;2 ð40Þ

Yþ
F;0 ¼ aþF;0 1� expð�mLeF=rÞ½ � þ R r

1 IFðr; sÞds ð41Þ
Yþ

F;i ¼ aþ
F;i 1� expð�mLeF=rÞ½ � . . . i ¼ 1;2 ð42Þ

8>>>><>>>>:
where IFðr; sÞ ¼ DaV

expð�mLeF=sÞ�expð�mLeF=rÞ
m expð�mLeF=sÞ s2YdðsÞ.

Y�
O;i ¼ a�

O;i expð�mLeO=rÞ . . . i ¼ 0;1;2 ð43Þ
Yþ

O;0 ¼ YO;1 � aþO;0 1� expð�mLeO=rÞ½ � ð44Þ
Yþ

O;i ¼ �aþO;i 1� expð�mLeO=rÞ½ � . . . i ¼ 1;2 ð45Þ

8><>:
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In the above expressions, we designate the variables between
the burner and flame by superscript ‘‘�” and variable outside of
the flame by ‘‘þ”, respectively. The a0s are integration constants
yet to be determined. The equations are not completely solved
since there is only one boundary condition on each side of the reac-
tion zone.

3.3. Radiation zone

In the OðdÞ radiation zone, radiative loss is considered and the
flame temperature Tf is reduced by the amount of OðdÞ. Chemical
reaction is still negligible and thereby the outer solutions of Y�

F

and Y�
O are also applicable. In the radiation zone, we introduce a

stretched coordinate, n ¼ ðr � Rf Þ=d, in which d is defined as

d ¼ T2
f =Tr and Rf is flame radius. The temperature is expanded as

[21]

T� ¼ Tf � �H�
2 þ Oð�2Þ� �� d H�

1 þ �H�
3 þ Oðd2Þ� � ð46Þ

Substituting the above temperature expansion into the Eq. (17)
yields the following governing equations of temperature in the
radiation zone:

d2H�
1

dn2
¼ �KR expð�H�

1 Þ ð47Þ
d2H�

2
dn2

¼ KRH
�
2 expð�H�

1 Þ ð48Þ
d2H�

3
dn2

¼ m�2Rf
R2f

dH�
2

dn þKR H�
3 þ 2H�

1 H
�
2

Tf

� 	
expð�H�

1 Þ ð49Þ

8>>>>><>>>>>:
where KR ¼ dDaR expð�Tr=Tf Þ is the equivalent reduced radiation
Damköhler number.

The boundary conditions for Eqs. (47)-(49) can be obtained
from matching the solutions of temperature in the outer zone with
those in the radiation zone as r ! Rf . Through the matching pro-
cess, we first obtain the following solutions for two constants,
Tb;0 and aþ

T;0, in term of Tf

Tb;0 ¼ T1 þ ½Tf � T1 �
Z Rf

1
ITðRf ; sÞds�= exp½mð1� R�1

f Þ� ð50Þ

aþT;0 ¼ ½Tf � T1 �
Z Rf

1
ITðRf ; sÞds�=½1� expð�m=R�1

f Þ� ð51Þ

Integrating Eqs. (47) and (48) and using the matching condi-
tions yields

H�
1 ¼ 2 ln½1� 0:5KR expðg�

1 � g�
0 nÞ=ðg�

0 Þ2� � g�
0 n� g�

1 ð52Þ
H�

2 ¼ ðTb;1=g�
0 Þ exp½ðmð1� R�1

f Þ� dH�
1

dn ð53Þ
Hþ

2 ¼ �ðaþT;1=g�
0 Þ½1� expð�m=Rf Þ� dH

þ
1

dn ð54Þ

8>>><>>>:
where

g�
0 ¼ ½Tf � T1 � R Rf

1 IT ds� þ qvDaV
R2f

R Rf
1 ½Yds2 expðm=s�m=Rf Þ�ds

gþ
0 ¼ m

R2f

Tf�T1�
R Rf
1 IT ds

expðm=Rf Þ�1 � qvDaV
R2f

R Rf
1 ½Yds2 expðm=s�m=Rf Þ�ds

gþ
1 ¼ Tb;2 exp½mð1� R�1

f Þ�
gþ
1 ¼ aþT;2½1� expð�m=Rf Þ�

8>>>>>>><>>>>>>>:
ð55Þ
3.4. Reaction zone

In the Oð�Þ reaction zone, only Oð�Þ variations of variables and
an Oð�Þ leakage of reactants are allowed. As a result, the tempera-
ture is within an Oð�Þ reduction from the maximum temperature Tf

and the reactant mass fraction are Oð�Þ quantities. In order to
analyze the flame structure, we introduce a stretched spatial coor-
dinate, f ¼ ðr � Rf Þ=�, in which � ¼ T2

f =Tc . The temperature, fuel
and oxidizer mass fractions are expanded as [21]

T ¼ Tf � �h1 � �2h2 þ Oð�3Þ� �þ OðdÞ þ Oð�=dÞ ð56Þ
YF ¼ �wF;1 þ �2wF;2 þ Oð�3Þ� �þ OðdÞ þ Oð�=dÞ ð57Þ
YO ¼ �wO;1 þ �2wO;2 þ Oð�3Þ� �þ OðdÞ þ Oð�=dÞ ð58Þ

Substituting the stretched coordinate, f ¼ ðr � Rf Þ=�, and Eqs.
(56)–(58) into Eqs. (15)–(21) and expanding and collecting the
leading-order terms of � and d, we obtain the following flame
structure equation, species-species coupling functions, and
temperature-species coupling functions in the reaction zone

d2h1
df2

¼ KKwF;1wO;1 expð�h1Þ ð59Þ

Le�1
F wF;1 � Le�1

O wO;1 ¼ C1fþ C2 ð60Þ
d Le�1

F wF;2 � Le�1
O wO;2

� 	
df

þ 2
Rf

d Le�1
F wF;1 � Le�1

O wO;1

� 	
df

� m

R2
f

ðwF;1 � wO;1Þ ¼ C3 ð61Þ

h1 � Le�1
F wF;1 ¼ C4fþ C5 ð62Þ

d h2Le
�1
F wF;2

� 	
df

þ 2
Rf

dðh1 � Le�1
F wF;1Þ

df
� m

R2
f

ðh1 � Le�1
F wF;1Þ ¼ C6 ð63Þ

where KK ¼ �2DaK expð�Tc=Tf Þ is the reduced reaction Damköhler
number and the C0s are integration constants to be determined.

Similar to the analysis of radiation zone, the boundary condi-
tions for Eqs. (59)–(63) are derived from matching the inner solu-
tions in the limits of f ! �1 with the outer solutions of YF and YO

in the limit of r ! Rf and with the solutions of T in the radiation
zone in the limit of n ! 0. Among them

h1ðf ! �1Þ ¼ � Tb;1

g�
0

exp½mð1� R�1
f Þ� þ f


 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg�

0 Þ2 þ 2KR

q
ð64Þ

h1ðf ! þ1Þ ¼ � aþT;1
gþ
0
½1� expð�m=R�1

f Þ� � f


 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ

0 Þ2 þ 2KR

q
ð65Þ

are required to solve Eq. (59). The matching also gives

a�F;0 ¼ 1� Dþ R Rf
1 IF ds

h i
expðmLeF=Rf Þ

aþF;0 ¼ � R Rf
1 IF ds=½1� expð�mLeF=Rf Þ�

�aþF;1 ¼ aþO;1 ¼ aþT;1=g
þ
0

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ

0 Þ2 þ 2KR

q
a�F;2 ¼ aþF;2 ¼ a�O;0 ¼ a�O;2 ¼ aþO;2 ¼ 0

aþO;0 ¼ YO;1= 1� expð�mLeO=Rf Þ
� �

8>>>>>>>>>><>>>>>>>>>>:
ð66Þ

In addition, in the matching process we obtain the following
expressions for flame radius Rf and flame temperature Tf :

YO;1
expðmLeO=Rf Þ � 1

¼ 1� Dþ
Z Rf

1
IF dsþ DaV

R Rf
1 I0FðsÞds
m

þ
R Rf
1 IF ds

expðmLeF=Rf Þ � 1
ð67Þ

m

R2
f

YO;1
expðmLeO=Rf Þ � 1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg�

0 Þ2 þ 2KR

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ

0 Þ2 þ 2KR

q
ð68Þ

where I0FðsÞ ¼ Yds2 expðmLeF=s�mLeF=Rf Þ.
It is noted that the flame radius and flame temperature are both

independent of the burner size. For purely gaseous adiabatic spher-
ical diffusion flames, Eqs. (67) and (68) reduce to that under adia-
batic condition:
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Rad;gas
f ¼ mLeO= lnð1þ YO;1Þ ð69Þ

Tad;gas
f ¼ T1 þ YO;1=ð1þ YO;1Þ ð70Þ
The reactant leakage across the flame can be represented by

YF;L ¼ Yþ
F;1ðRf Þ ¼ aþF;1½1� expð�mLeF=Rf Þ� ð71Þ

and the first order quantities of oxidizer and fuel can be expressed
in the first order quantities of temperature

Le�1
O wO;1 ¼ h1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg�

0 Þ2 þ 2KR

q
f� ðaþ

T;1=g
þ
0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ

0 Þ2 þ 2KR

q
	 ½Le�1

O � 1þ e�m=Rf � Le�1
O e�mLeO=Rf � ð72Þ

Le�1
F wF;1 ¼ h1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ

0 Þ2þ2KR

q
�m

R2
f

Z Rf

1
IF ds=½emLeF=Rf �1�

( )
f

�ðaþT;1=gþ
0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ

0 Þ2þ2KR

q
Le�1

F �1þe�m=Rf �Le�1
F e�mLeF=Rf

h i
ð73Þ

For simplicity, we assume that the Lewis number of the fuel is
equal to that of the oxidizer, i.e., LeF ¼ LeO ¼ Le. As a result, the
equations containing Eqs. (59), (64),(65), and (72),(73) can be con-
verted to Liñán’s equations in diffusion flame regime [2]. Similar to
[9,21], the conversion is performed by introducing a new indepen-
dent variable fL and a new dependent variable hL as

fL ¼ ða1=3b=2Þf ð74Þ
hL ¼ a1=3ðh1 þ aþF;1‘eÞ � cf ð75Þ
where

a ¼ ð2Le=bÞ2KK expð‘eþ aþF;1Þ
b ¼ ðm=R2

f Þ½1� Dþ R Rf
1 IF ds� þ ðDaV=R

2
f Þ
R Rf
1 I0F ds

c ¼ 1� ð2=bÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgþ

0 Þ2 þ 2KR

q
‘ ¼ ðm=R2

f Þ
R Rf
1 IF ds=½expðmLe=Rf Þ � 1�

‘e ¼ Le�1 � 1þ e�m=Rf � Le�1e�mLe=Rf

8>>>>>>>>><>>>>>>>>>:
ð76Þ

Substituting Eqs. (74) and (75) to Eqs. (59), (64),(65), and (72),
(73) yields

d2hL
df2L

¼ ðhL þ fLÞðhL � fLÞ exp½�a1=3ðhL þ cfLÞ� ð77Þ

dhL
dfL

¼ �1 ðfL ! �1Þ ð78Þ
dhL
dfL

¼ 1þ 2‘=b ðfL ! þ1Þ ð79Þ
m (mg/s)

R
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Fig. 2. Change of flame radius, eRf , with mass flow rate, em, at Le ¼ 1:0. Dashed lines:
DaV ¼ 10�6; dash-dotted lines: DaV ¼ 10�4.
and the constants Tb;1 and aþ
T;1 are determined by the following two

expressions, respectively:

hLðfL ! �1Þ ¼ �a1=3Tb;1

g�
0

emð1�R�1
f Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðg�

0 Þ2 þ 2KR

q
þ aþF;1‘e� fL ð80Þ

hLðfL ! þ1Þ ¼ a1=3YF;L þ aþF;1‘eþ ð1þ 2‘=bÞfL ð81Þ
When there is no droplet load and the Lewis numbers of fuel

and oxidizer are unity (i.e. D ¼ 0 and Le ¼ 1:0), Eqs. (77)–(81)
reduces to previous results on purely gaseous spherical diffusion
flame in [21]. Therefore, the present analysis is consistent with that
in previous study on purely gaseous diffusion flames. By numeri-
cally solving Eqs. (77)–(81) using the fourth order Runge–Kutta
method and Newton’s iteration method, the kinetic and radiative
extinction conditions of spherical burner-stabilized spray diffusion
flames can be obtained.
4. Results and discussion

In this study, the thermal and transport parameters are chosen

to n-decane/air mixture. They are eT 0 ¼ eT1 ¼ 298 K, eqc ¼ 69920 J/g,eCp ¼ 2:2215 J/(g
K), emF ¼ 1; emO ¼ 15:5; ek ¼ 0:0012043 W/(cm
K),fWF ¼ 142 g/mole, fWO ¼ 32 g/mole, eT c ¼ 15089 K, eT r ¼ 8000 K,erb ¼ 0:3175 cm (the burner size is chosen as the one used in exper-
iments by Sunderland et al. [40,41]).

Based on these data and Eq. (70), the purely gaseous flame tem-

perature is Tad;gas
f ¼ 2292 K. In addition, the latent heat of vaporiza-

tion is taken to be qv ¼ 0:1qc , which is chosen for n-decane fuel
according to Lefebvre [53]. The above data can be replaced by other
values when other fuels or burner sizes are interested.

It is noted that the quantifying parameters, d; �;KR, and KK ,
depend on the leading-order flame temperature Tf , which changes
with the radiative loss intensity and droplet load. Therefore, the
same nondimensional value can correspond to different cases with
different physical parameters, which make the above theoretical
analysis not amenable for ready interpretation of the system behav-
ior. According to Chao et al. [9,21], it is necessary to rescale all the
parameters to a fixed, absolute reference state. The obvious choice
of the reference state is the adiabatic purely gaseous state. Designat-
ing properties nondimensionalized by these reference quantities
by the superscript ‘‘*”, we have T�

f ¼ T�
1 þ Y�

O;1=ð1þ Y�
O;1Þ;

d� ¼ T�
f
2
=T�

r ; �
� ¼ T�

f
2
=T�

c ; K
�
R ¼ d�Da�R expð�T�

r=T
�
f Þ; K�

K ¼ ��3Da�K
expð�T�

c=T
�
f Þ.

With these rescaled parameters, the parameters required to
present the results can be rescaled to

KR ¼ K�
RðTf =T

�
f Þ2 expðT�

r=T
�
f � Tr=Tf Þ ð82Þ

KK ¼ K�
KðTf =T

�
f Þ6 expðT�

c=T
�
f � Tc=Tf Þ ð83Þ

YF;L ¼ Y�
F;L=ðTf =T

�
f Þ2 ð84Þ

It is noted that in the rescaled process we have
Da�R ¼ DaR;Da

�
K ¼ DaK ; T

�
r ¼ Tr , and T�

c ¼ Tc .

4.1. Flame radius and flame temperature

We first investigate the effects of radiative loss and droplet
evaporation on the flame radius and flame temperature, both of
which are determined by the leading order (i.e., zeroth order)
solutions which are obtained by assuming the reaction rate to be
infinitely fast.

Fig. 2 shows the change of flame radius, eRf , with mass flow rate,em, for different values of fuel droplet load and vaporization
Damköhler number. These quantities are presented in their



W. Han, Z. Chen / International Journal of Heat and Mass Transfer 99 (2016) 691–701 697
physical values instead of non-dimensional forms. For purely gas-

eous flame (i.e., D ¼ 0), the flame radius, eRf , is shown to change lin-
early with the mass flow rate, em, as predicted by Eq. (69). The same

trend was also obtained in [21]. However, for spray flame, eRf does
not changes linearly with em and the presence of droplets reduces
the flame radius at a given value of em. This is because the gaseous
fuel concentration is reduced when there are fuel droplets. Fur-

thermore, at the same droplet load, the flame radius eRf is shown
to increase with the vaporization Damköhler number, DaV , since
DaV is proportional to the fuel vaporization rate.

The flame temperature, eT f , is shown in Fig. 3 as a function of the

mass flow rate, em, for Le ¼ 1:0 and D ¼ 0:2. It is seen that eT f always
decreases as em increases. This can be explained by the comparison
between radiative loss and chemical heat release, as conducted by
Wang and Chao [21] for purely gaseous spherical diffusion flame.
The radiative loss rate is proportional to the volume of the heat loss

region, which is roughly equal to the area of the flame sheet (4peR2
f )

multiplying the thickness of the radiation region. Since the thick-
ness of the radiation region is nearly independent of the em andeRf is roughly proportional to em (see Fig. 3), the radiative loss rate
is proportional to the square of mass flow rate. The chemical heat
release is proportion to the mass flow rate itself. Therefore, the
ratio between radiative loss and chemical heat release increases

with the mass flow rate, which makes eT f decrease with em. It is also

observed in Fig. 3 that the flame temperature eT f decreases with the
radiation intensity K�

R. Furthermore, it is noted that the zeroth

order behavior of the flame (e.g., eRf and eT f ) is controlled by the
competition between the radiative loss (which is proportional toeR2

f ) and latent heat absorption for droplet evaporation (which is
proportional to DaV ). At relatively low radiation intensity of
K�

R ¼ 10�7 (see Fig. 3) the effect of latent heat absorption is domi-
nant and hence the spray flame temperature is less than that of the
purely gaseous flame at a given mass flow rate. However, at rela-
tively high radiation intensity of K�

R ¼ 10�5, the effect of radiative
loss is dominant and the radiation intensity of the spray flame is
weaker than that of the purely gaseous flame because the former
has smaller flame radius (see Fig. 2) and and thereby lower
T
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Fig. 3. Change of flame temperature, eT f , with mass flow rate, em, at Le ¼ 1:0 and
D ¼ 0:2. Solid lines: D ¼ 0:0; dashed lines: DaV ¼ 10�6; dash-dotted lines:
DaV ¼ 10�4; dash-dot-dotted lines: DaV ¼ 10�2.
radiative loss. Consequently, the flame temperature of spray com-
bustion is larger than that of the purely gaseous combustion for
K�

R ¼ 5	 10�5 as shown in Fig. 3.
Unlike previous studies (e.g., [2–4,7,9,21,42]) only considering

unity Lewis numbers, in this work the Lewis numbers of fuel and
oxidizer can be nonunity (however we assume that the fuel and
oxidizer have the same Lewis number). In Fig. 4 we plot the flame
radius and flame temperature at different Lewis numbers for
D ¼ 0:2;DaV ¼ 10�4 and K�

R ¼ 10�6. The flame radius and flame
temperature are shown to strongly depend on the Lewis numbers.
It is observed that the flame radius increases with the Lewis num-
ber. Consequently, the radiative loss becomes stronger at larger
Lewis number. This causes lower flame temperature at larger Lewis
number as shown in Fig. 4. According to Figs. 2–4, we can conclude
that droplet evaporation and Lewis number influence both flame
radius and flame temperature while the radiative loss only affects
the flame temperature.

To stabilize the diffusion flame away from the burner, an Oð1Þ
amount of fuel vapor cannot exist in the oxidizer side. This is
because if both fuel and oxidizer exist in the oxidizer region, the
diffusion flame will ignite the premixture to establish a premixed
flame. The presence of the premixed flame then depletes the oxi-
dizer, resulting in transient movement of the diffusion towards
the oxidizer side. Therefore, it is necessary to assess the amount
of fuel vapor in the oxidizer region for the spray diffusion flame
considering finite-rate evaporation of droplet fuel. We plot the
mass fraction of fuel vapor for fuels with different evaporation
rates in Fig. 5. For the low volatility fuel, Fig. 5(a) shows that dro-
plets can pass the flame front and then continue to evaporate into
fuel vapor. However, the fuel vapor from droplet evaporation in the
oxidizer region quickly diffuses into the reaction layer. Therefore,
YF is an Oð�Þ quantity in the oxidizer region. For the high volatility
fuel, Fig. 5(b) indicates that in the oxidized region, the mass frac-
tions of droplet and fuel vapor are both nearly zero. Therefore,
for the spray diffusion flame with finite-rate vaporization droplets,
the fuel vapor concentration is an Oð�Þ quantity in the oxidizer
region and spray diffusion flame can be stabilized.

Given the sensitivity of flame extinction to liquid transport
properties and assumptions made in this study, we mainly focus
on small initial droplet load (i.e., D ¼ 0:2) in the following analysis
of flame extinction.
4.2. Kinetic extinction limit

At finite reaction rate (i.e., finite reduced reaction Damköhler
number K�

K ), flame extinction occurs when the reaction rate
becomes too slow. The extinction limits of spherical spray diffusion
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Fig. 4. Change of flame radius, eT f , and flame radius, eRf , with mass flow rate, em, at
D ¼ 0:2;DaV ¼ 10�4, and K�

R ¼ 10�6.
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flame can be investigated by solving the flame structure function in
Eq. (77). The internal structure of the reaction zone in the spherical
spray diffusion flame is shown in Fig. 6 for em ¼ 2 mg/s,
D ¼ 0:2;DaV ¼ 10�4 and K�

R ¼ 10�7. It is seen that two solutions
exists for a given value of K�

K when it is higher than a critical value.
This critical reduced reaction Damköhler number is identified as
the extinction state, K�

K;E. Below the critical value K�
K;E, no solution

exists and flame extinction occurs. Unlike the purely gaseous
flames [2], the slope of the curve at fL ! þ1 is not equal to unity
according to Eq. (80). This is due to the heat absorption by droplet
evaporation, which can significantly affects K�

K;E.
The fuel leakage can be used to investigate the extinction phe-
nomena of diffusion flame (e.g., [21]). Fig. 7 shows the variation of
fuel leakage Y�

F;L with the reduced reaction Damköhler number K�
K

at em=2 mg/s. The lower and middle branches of the well-known S-
shaped ignition/extinction curve are shown in Fig. 7. The results of
the purely gaseous flame (i.e., D ¼ 0) are included for comparison.
In Fig. 7, the extinction state, K�

K;E, is reached at the turning point
which is denoted by open circle. There are two branches of solu-
tions for fuel leakage when K�

K > K�
K;E. Only the lower branch is

physically realistic since the fuel leakage Y�
F;L should increase as

the extinction limit is approached. As expected, the value of K�
K;E

is shown to increase greatly with radiation intensity. Moreover,
the influence of droplet evaporation on the extinction state K�

K;E

is shown to depend on the radiation intensity. This is due to the
fact that the flame structure is affected by droplet evaporation in
two ways: (1) the latent heat absorbed for droplet vaporization
reduces the flame temperature; and (2) the decrease in the flame
radius (see Fig. 2) results in the reduction of radiative loss (which
is proportional to the square of flame radius) and residence time.
Here the residence time refers to the time allowed for the fuel to
pass through the reaction region and is inversely proportional to
the flow speed [21]. For adiabatic (i.e., K�

R ¼ 0:0) or low radiation

intensity (e.g., K�
R ¼ 10�7) case, heat loss due to the latent heat

absorbed for evaporation and decrease in the residence time due
to relatively small flame radius induced by droplet evaporation
are dominant. Consequently, the presence of droplets results in
the larger value of K�

K;E than that of purely gaseous flame. Espe-
cially for lower vaporization Damköhler number (e.g.,
DaV ¼ 10�6), the residence time is shorter and the flame is easier
to be extinguished. However, at relatively high radiation intensity
(e.g., K�

R ¼ 10�6), the reduction of radiative loss due to the presence
of droplet evaporation becomes dominant. As a result, the spray
flame with the lower DaV (e.g., DaV ¼ 10�6) has lower K�

K;E than
that of the purely gaseous flame. This indicates that the flame with
higher radiation intensity and lower vaporization Damköhler num-
ber is relatively more difficult to be extinguished. It is noted that
above extinction limit that is induced by lower reaction rate exists
even without radiative loss. Therefore, it is the kinetic extinction
limit. Since for a given mass flow rate, the flame radius is kept
unchanged and radiative loss only weakens the flame and pro-
motes kinetic extinction, the radiative extinction limit does not
exist at higher values of K�

K . This was also demonstrated by Wang
and Chao [21] for purely gaseous spherical diffusion flame.

To demonstrate the effects of Lewis number, in Fig. 8 we plot
the fuel leakage Y�

F;L as a function of the reaction Damköhler num-

ber K�
K for the adiabatic (K�

R ¼ 0:0) and radiative (K�
R ¼ 10�6) spher-

ical spray diffusion flames at different Lewis numbers. It is
observed that the kinetic extinction becomes more difficulty to
happen at smaller Lewis number and thus K�

K;E increases with the
Lewis number. This is due to that the flame temperature increases
when the Lewis number decreases, as shown in Fig. 4. The results
in Fig. 8 indicate that even a small deviation of the Lewis number
from unity can result in the significant change in the kinetic extinc-
tion limit. Similar change was also observed in previous studies for
purely gaseous diffusion flames [5,13].
4.3. Radiative extinction limit

In this subsection we investigate the radiative extinction limit.
As mentioned before, the radiative extinction limit does not exist
for a given mass flow rate. Therefore, in order to get the radiative
extinction limits, the mass flow rate should change as an indepen-
dent variable so that long residence time occurs. The leakage of
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fuel, Y�
F;L, is plotted versus the mass flow rate, em, in Figs. 9–11 for

different cases. It is seen that for each case, spherical spray diffu-
sion flame exists only when the mass flow rate is between a min-
imum value and a maximum value. The minimum and maximum
mass flow rates correspond to the kinetic and radiative extinction
limits, respectively. Within these two limits, two branches of solu-
tions are observed and only the lower branch is physically realistic.
Along the lower branch of solution, the fuel leakage, Y�

F;L, first

decreases and then increases with em. This was explained by Wang
and Chao [21] for purely gaseous spherical diffusion flame: it is
mainly due to the fact that the chemical heat release rate is linearly
proportional to the mass flow rate em while the radiative loss rate
scale with em2. At lowmass flow rate, the flame radius and radiative
loss are both small and thereby it is mainly controlled by the res-

idence time. (Since em � eR2
f ðeqeuÞf and flame radius eRf , we haveeu � em�1. The residence time is inversely proportional to flow

speed and thereby it is proportional to em). When the mass flow
rate increases, the residence time becomes longer and thereby
the reaction becomes stronger such that the fuel leakage is
reduced. At the large mass flow rate, the flame is mainly controlled
by radiative loss. Since the ratio between radiative heat loss and
chemical heat release rate is linearly proportional to the mass flow
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rate, the fuel leakage increase with the mass flow rate when then
radiative extinction limit is approached.

In Fig. 9 we show the results at different reduced reaction
Damköhler numbers K�

K for gaseous and spray diffusion flames.
The flammable range between the kinetic and radiative extinction
limits is shown to become narrower as K�

K decreases from

5:0	 10�4 to 4:5	 10�4. This is because the reaction rate is propor-
tional to K�

K and extinction occurs more easily at lower reaction
rate. Moreover, the extinction limits and flammable range are
shown to be greatly affected by droplet evaporation. It is seen that
the minimum mass flow rate, corresponding to the kinetic extinc-
tion limit, always increases due to the presence of droplet vapor-
ization and it further increases with increasing DaV . This is due
to short residence time and heat loss induced by droplet vaporiza-
tion. However, the maximum mass flow rate, corresponding to the
radiation extinction limit, changes with DaV in non-monotonic
way: it first increases at DaV ¼ 10�4 and then decreases at
DaV ¼ 10�2. This is caused by the competition between the reduc-
tion in radiative loss due to small flame radius and the decrease in
flame temperature due to the latent heat absorbed for droplet
vaporization. At higher vaporization Damköhler number,
DaV ¼ 10�2, the latter effect is dominates and thereby flame extinc-
tion occurs more easily. Similar to Fig. 9, Fig. 10 shows the results
at different radiation intensities. It is seen that the flammable
region is reduced by increasing the radiative loss intensity (K�

R

from 10�5 to 1:1	 10�5), which implies that there exists a maxi-
mum K�

R above which no flame exists.
The effects of Lewis number on both extinction limits are

demonstrated in Fig. 11. The flammable region in terms ofmass flow
rate em is shown to be very sensitive to the Lewis number. Specifi-
cally, the region is greatly enlarged/narrowedwhen the Lewis num-
ber is slightly smaller/larger than unity. This is due to the fact that
the change of Lewis number significantly affects flame temperature
and flame radius. Therefore, for large hydrocarbon fuels with high
Lewis number, the mass flow rate needs to be properly chosen in
order to maintain the spherical diffusion flame. Furthermore,
Fig. 4 and Fig. 11 indicate that the flame is affected by the Lewis
number through both the zeroth order and the first order behavior
of the flame, which is consistent with results reported in [5].
5. Conclusions

Spherical burner-stabilized diffusion flames with radiative loss
and finite-rate droplet evaporation are analyzed using multiscale
asymptotic method. Analytical correlations for flame radius, flame
temperature and extinction limits are derived and used to examine
the effects of finite-rate droplet evaporation on flame radius, flame
temperature, and kinetic and radiative extinction limits. The main
conclusions are:

When the mass flow rate is fixed and the reaction intensity var-
ies, there only exists the conventional kinetic extinction limit char-
acterized by a critical reaction Damköhler number. The extinction
Damköhler number increases with the radiation intensity. It is
strongly affected by droplet vaporization in two ways: (1) the
latent heat absorbed for droplet vaporization reduces the flame
temperature; and (2) the decrease in the flame radius results in
the decrease in radiative loss and residence time. At lower radia-
tion intensity, spray flames are much easier to be extinguished
due to the decrease in the residence time induced by droplet evap-
oration. However, at higher radiation intensity, the spray flame
with the lower vaporization Damköhler number is relatively more
difficult to be extinguished. Furthermore, small deviation of the
Lewis number from unity can result in significantly change of the
kinetic extinction limit.
When the reaction intensity is fixed and the mass flow rate
changes, there exists two extinction limits: a kinetic extinction
limit at the low-flow rate and a radiative extinction limit at the
high-flow rate. Therefore, steady spray flames only exist in the cer-
tain range of mass flow rate. This range becomes narrower when
the reaction/radiation intensity decreases/increases. The flam-
mable range is significantly affected by droplet evaporation and
is also very sensitive to Lewis number. Therefore, a proper mass
flow rate is needed in order to maintain steady diffusion flames
for high-volatility fuel and/or fuels with large Lewis numbers.

It is noted that the present analysis is based on the assumptions
of one-step irreversible reaction with large activation energy and
quasi-monodisperse model for the spray. Moreover, the droplets
are viewed from a dilute spray region which means the small vol-
ume fraction of liquid phase. It is neglected that the detailed heat
transfer between droplet and gas phase. Therefore, the above con-
clusions only hold for fast chemistry with low heat release and
dilute droplets with low droplet load. Detailed numerical simula-
tions need to be performed so that the above assumptions can be
relaxed and quantitative information can be provided for the
extinction of spherical burner-stabilized diffusion spray flames.
Nevertheless, qualitative results on extinction can still be provided
in the present analysis considering one-step chemistry and quasi-
monodisperse spray.
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