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Motivated by the unique geometry and novel properties of penta-graphene proposed recently as a new
carbon allotrope consisting of pure pentagons [Zhang et al. Proc. Natl. Acad. Sci. 2015, 112, 2372], we
systematically investigated its phonon transport properties by solving exactly the linearized phonon
Boltzmann transport equation combined with ﬁrst principles calculations. The intrinsic lattice thermal
conductivity Klat of penta-graphene is found to be about 645 W/mK at room temperature, which is
signiﬁcantly reduced as compared to that of graphene. The underlying reason is the strong anharmonic
effect introduced by the buckled pentagonal structure with hybridized sp2 and sp3 bonding. A detailed
analysis of the phonons of penta-graphene reveals that the ZA mode is the primary heat carrier (nearly
60%). The Klat is dominated by three-phonon scattering where the scattering rate of the Normal scattering process is comparable to that of the Umklapp scattering process. The phonon mean free path of
the collective phonon excitations is in the order of micrometers. Complementing the high thermal
conductivity of graphene, the low thermal conductivity of penta-graphene adds additional features to
the family of carbon materials for thermal applications.
© 2016 Elsevier Ltd. All rights reserved.

1. Introduction
Lattice thermal conductivity, Klat, is an important physical
quantity used to characterize phonon transport properties in materials for thermal applications. Materials with high Klat are
commonly used in cooling microelectronics for passive heat
spreading while thermoelectric devices for energy conversion
require materials with strongly suppressed Klat (<3 W/mK). In
terms of the ability to conduct heat, carbon allotropes are of special
interest because their Klat spans an over extraordinary large range
of ﬁve orders of magnitude [1]. Especially for materials at the
nanoscale, the Klat exhibits intriguing features owing to their novel
low-dimensional atomic conﬁgurations.
The Klat of graphene measured by Raman spectroscopy falls in
the range of 3000e5800 W/mK [2e5] at room temperature, which
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exceeds that of diamond, the best bulk heat conductor. Such superior Klat can be attributed to the good combination of lightweight, strong bond stiffness and its planar honeycomb lattice
where all carbon atoms are sp2 hybridized [6]. However, when the
geometrical structure is modiﬁed to graphyne or graphdiyne by
introducing acetylenic units (-C^C-) between the carbon hexagons, the Klat is substantially reduced as compared to that of graphene. This is due to the low atomic density in the sp and sp2
hybridized structures and the weak single bonds between the
carbon atoms [7e10]. This shows that the intrinsic Klat has an
intimate relationship with the topological arrangement of carbon
atoms. The strong dependence of thermal conductivity on geometry and dimensionality provides the possibility to design new
carbon structures with different thermal conductivity for diverse
applications.
Recently a new carbon allotrope consisting entirely of pentagons
named penta-graphene was proposed [11]. Unlike graphene or
graphyne and graphdiyne, penta-graphene is a sp2 and sp3 hybridized system with two carbon atoms in sp3 and four carbon
atoms in sp2 hybridized state in its unit cell [11]. Because of the
tetrahedral character of the sp3 hybridized carbon atoms, penta-
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graphene is a quasi-two dimensional (2D) sheet with a total
thickness of 1.2 Å. Due to these unique geometrical features of
penta-graphene, we wondered how high the thermal conductivity
of penta-graphene could be? Which scattering mechanism does the
thermal transport control? How important is the contribution of
the phonon branches to Klat? A systematic study of the phonon
transport properties of penta-graphene has been carried out to
answer these questions.
2. Computational methods
In semiconductors, heat is carried primarily by phonons and the
intrinsic Klat is dominated by phononephonon interactions resulting from the anharmonicity of interatomic potential around and
above room temperature [6]. What is of interest here is the lowest
order of anharmonic scattering, namely three-phonon scattering.
However, the complex inelastic nature of three-phonon scattering
makes it difﬁcult to accurately predict phonon lifetimes [12].
Therefore, some approximations, such as single-mode relaxation
time approximation (RTA) combined with Debye approximation
was used to calculate Klat in previous theoretical studies, where the
averaged Grüneisen parameters were used to evaluate the strength
of anharmonic scattering [13,14]. In addition, this method only
describes the depopulation of the phonon states rigorously, but
entirely neglects the effect of the corresponding repopulation,
which is assumed to have no memory of the initial phonon distributions [15,16]. In other words, such an approach disregards the
momentum-conserving nature of the Normal (N) scattering process. Thus, its application becomes questionable particularly in the
low temperature region (<Debye temperatures QD), where the
resistive Umklapp (U) scattering process is frozen out, while the N
process dominates the phonon relaxation. As a result, the calculated Klat is always underestimated due to the lack of information of
the N process [15,17].
In this study, we have used an iterative approach, as implemented in the ShengBTE package [18], to determine phonon lifetimes. This approach solves exactly the linearized phonon
Boltzmann transport equation (BTE) [19], which has been widely
used to calculate the Klat of various materials, showing satisfactory
accuracy and predictive power [6,20e25]. The inputs to the BTE for
calculating Klat are the harmonic and anharmonic interatomic force
constants (IFCs) obtained from ﬁrst principles calculations within
the framework of density functional theory (DFT) as implemented
in the Vienna Ab initio Simulation Package (VASP) [26]. The
Perdew-Burke-Ernzerhof (PBE) functional within the generalized
gradient approximation (GGA) [27] is used to treat the electronic
exchangeecorrelation interaction. The kinetic energy cutoff of
plane waves is set to 500 eV. The 8  8  1 and 5  5  1 supercells
are used to calculate the harmonic and anharmonic IFCs, respectively, and a cutoff radius of 6.5 Å (up to the 14th nearest neighbors)
is selected to ensure the accuracy of our calculations. Speciﬁcally,
the harmonic IFCs enter dynamical matrix determining the phonon
dispersions, velocities, and eigenvectors, while the anharmonic
IFCs enter scattering matrix determining phonon lifetimes and
phonon mean free path (MFP). In addition, the presence of naturally occurring isotopic puriﬁcation (12C ¼ 98.9%, 13C ¼ 1.1%) is also
included to downscale the Klat, as is the case with diamond [28], Ge
[29], and GaN [30].
3. Results and discussions
3.1. Phonon spectra and group velocity
Since detailed information on the vibrational states is prerequisite for understanding Klat, we begin with an investigation of the
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lattice dynamics of penta-graphene. The fully relaxed lattice constants are a ¼ b ¼ 3.64 Å, in good agreement with previous
calculation [11]. Considering the isotropy of penta-graphene
(Kxx ¼ Kyy) [25], the phonon spectrum along the G e X high symmetry line is taken into account. The calculated results are displayed in Fig. 1a. Penta-graphene, with six atoms per unit cell, has
three acoustic branches and ﬁfteen optical branches. The acoustic
branches include the in-plane transverse acoustic (TA) mode, longitudinal acoustic (LA) mode, and the out-of-plane ﬂexural acoustic
(ZA) mode. The TA and LA modes, as shown in Fig. 1a, have linear
dispersions as the wave vector approaches the G point, whereas the
out-of-plane ZA mode exhibits a parabolic dispersion due to the
rapid decay of the transversal forces [31], which is a general characteristic of 2D materials.
It is important to note that the three acoustic branches are much
more dispersive as compared to the relatively localized optical
branches, implying a smaller contribution of the optical branches to
the Klat, due to their lower group velocity (Vg). We calculate Vg for
the nth mode using Vn ¼ dun/dq. The Vg  q and Vg  u relationships
are given in Fig. 1b and c, respectively. For the TA and LA modes
along the G e X high symmetry line, Vg is 12.91 km/s and 17.17 km/s
at the long-wavelength limit, respectively, which is quite large and
comparable to that of graphene, namely, 13.6 (TA) and 21.3 (LA) km/
s [32]. From the Vg  u relationship, we note that Vg of the TA and LA
modes drops dramatically with increasing phonon frequency (u),
while that of the ZA mode increases with phonon frequency, and
reaches its maximum at 6.62 THz. It then decreases and ﬁnally
reaches zero at the zone edge. In addition, the frequency of the ZA
mode is quite different from that of the TA and LA modes in the
region between the G and M points, providing opportunities for the
ZA mode to carry more heat for transport.
3.2. Scattering mechanism and lattice thermal conductivity
The isotopic scattering and the anharmonic three-phonon
scattering dominate the intrinsic Klat. For comparison, the frequency dependence of the two scattering processes for pentagraphene at room temperature is calculated and plotted in
Fig. 2a. This shows that the three-phonon scattering is nearly ten
times more intense than the isotopic scattering, implying that the
effect of the three-phonon scattering on the Klat is much stronger
than that of the isotopic scattering.
To further verify the above analysis, the temperature-dependent
Klat of penta-graphene is calculated. The ﬁtted Klat-T curve, as given
1 , conin Fig. 2b, shows an approximate relationship of Klat ∝T 0:735
ﬁrming that the three-phonon scattering modulates the thermal
transport. Our calculated Klat of penta-graphene is about 645 W/mK
at room temperature, which is reduced by nearly 80%e90% from
that of graphene. We note that the value of KRTA calculated using the
RTA solution is only half as much as that of the Klat obtained by
using the iterative approach at room temperature, as shown in
Fig. 2b. Such difference occurs in materials where the scattering
rate of the N process is comparable to the U process. This is because
within the RTA solution [33] the N process is incorrectly treated as
an independent resistive process on the same footing as the U
process. Therefore, in penta-graphene, both the N and U processes
play an important role in the phononephonon interactions at room
temperature. Similar behavior was also observed in other carbon
allotropes [12,25,34].
In addition, we further note that the KRTA gets closer to the Klat as
temperature increases. Such phenomenon is partially attributed to
the lower Debye temperature QD of penta-graphene. Debye temm
perature QD is deﬁned as, QD ¼ hv
, where h is Planck’s constant, vm
kB
is the highest frequency of the corresponding phonon branches,
and kB is the Boltzmann constant. Our calculated QD of penta-
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Fig. 1. (a) Phonon spectrum along the G e Х high symmetry line and PhDOS of penta-graphene. Variation of group velocity Vg of the three acoustic branches (b) along the G e Х
high symmetry line, and (c) with the frequency of penta-graphene. (A color version of this ﬁgure can be viewed online.)

Fig. 2. (a) Variations of the three-phonon scattering and the isotopic scattering rates of the acoustic branches with frequency at 300 K, and (b) variation of the Klat and KRTA with
temperature in penta-graphene. (A color version of this ﬁgure can be viewed online.)

graphene is 344.6 K (ZA), 692 K (TA), and 498.2 K (LA), respectively,
much lower than the corresponding values of 675.6 K (ZA),
895 K (TA) and 1910 K (LA) of graphene. Consequently, more
phonon branches are activated at a given temperature (typically
300 K), leading to an increase in the phonon population and the
phonon scattering rate, and hence a reduction of Klat. Fig. 2b shows
that the Klat decreases dramatically (about 70%) with elevated
temperature from 300 K to 700 K, whereas it drops slowly above
700 K because of the characteristic QD of the three acoustic
branches. Note that QD is a measurement of the temperature above
which the corresponding mode begins to be excited and below
which modes are frozen out [35]. The three acoustic branches, the
primary heat carriers, are fully excited when temperature is higher
than 692 K (the QD of the TA), providing a reasonable explanation
for the tendency of Klat -T curve. In addition, Fig. 2a shows that the
anharmonic effect of the ZA mode is much weaker than that of the
TA and LA modes in a large range of the low frequency, indicating
that the ZA mode carries majority of the heat.

Obviously, a divergent and negative gZA is observed near the G
point, which is ubiquitous for the bending ZA mode in 2D systems
[36,37]. The ZA bending mode is analogous to the ﬂexural vibration
in guitar string, where a tensile strain makes the lattice stiffer to
such bending vibration, resulting in an increased frequency,
namely, negative g [38,39]. Except for gZA, the rather localized gTA
(0.1e0.4) and gLA (0.6e0.4) also exhibit some small negative
values due to the relatively weak CeC bonding in penta-graphene.
In general, bond bending (negative g) and bond stretching (positive
g) make opposite contributions to g. 2D systems where the bond
bending dominates over the bond stretching, exhibit negative gTA
and gLA. In addition, a negative g is also related to the negative
thermal expansion coefﬁcient a (a∝g), which is critical for 2D
electronic devices. This is because the strain effects resulting from
different a between samples and substrates, affect the performance
and reliability in applications [40].

3.3. Mode Grüneisen parameter

In majority of materials, primarily two types of three-phonon
scattering channels are allowed: (1) scattering between three
acoustic branches like acoustic þ acoustic 4 acoustic (aaa), and (2)
decay of two acoustic branches into one optical branch or vice versa
like acoustic þ acoustic 4 optical (aao) [41,42]. To ﬁnd out which
scattering channels manipulate the three-phonon scattering, we
examine the allowed three-phonon phase space P3 including both

the absorption (Pþ
3 ) and the emission (P3 ) processes [42]. The

To quantify the anharmonic interactions between the phonon
branches, the mode Grüneisen parameter (g) is calculated using the
quasi-harmonic approximation (QHA). This is deﬁned as
ul
gl ¼ uAl vvA
, where A is the area of the unit cell and ul is the
angular frequency of a speciﬁc phonon mode (l). The g dispersion
and g  u relationship are presented in Fig. 3a and b, respectively.

3.4. Three-phonon phase space
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Fig. 3. Calculated g of the three acoustic branches (a) along the Ge Х high symmetry line, and (b) that with the frequency of penta-graphene. (A color version of this ﬁgure can be
viewed online.)

calculated results are displayed in Fig. 4a, b and c, respectively,
which show that for the ZA mode, the P3 is much larger than that of
the TA and LA modes in a large part of the low-frequency range due
to its lower energy. Hence, the processes like ZA þ ZA/LA/TA 4 LA/
TA/OP (OP is short for the optical modes) are the predominant
scattering channels in thermal transport. The Pþ
3 (ZA) is much more
intense than the P
3 (ZA) by about two orders of the magnitude,
revealing that the processes of ZA þ ZA/LA/TA 4 A/TA/OP occur
easier from left to right. For the TA and LA modes, their P3 is almost

equal, and their Pþ
3 is larger than the P3 , respectively, implying that
the processes of TA þ TA/LA/ZA / OP/LA/TA, LA þ LA/TA/ZA / OP/
LA/TA are preferable.
A further analysis of the contribution from each phonon branch
to the Klat reveals that the ZA mode contributes nearly 60% to the
Klat, which is over three times larger than that from the TA (19.45%)

and LA (16.02%) modes, as shown in Fig. 4d, due to its weaker
anharmonic effect. However, such large contribution is still small as
compared to that in graphene (80%) because the reﬂection symmetry breaks down in the quasi-2D buckled structure of pentagraphene [24]. In addition, the inverse relationship between the
P3 and the Klat is not preserved in penta-graphene due to the nonignorable effect of the N process in the three-phonon scattering.
3.5. Phonon mean free path
Before commenting on the reliability of simulation results, it is
important to clarify the difference between the microscale and
macroscale descriptions of Klat. In microscale, a rigorous description
of Klat requires an iterative solution of the Boltzmann transport
equation, where the phonon branches behave like the collective

Fig. 4. Frequency-dependent three-phonon phase space of the three acoustic branches for (a) all allowed three-phonon processes P3, (b) the absorption process Pþ
3 , and (c) the
emission process P
3 of penta-graphene. (d) Contributions of the acoustic branches and the optical branches to the Klat as a function of temperature. (A color version of this ﬁgure can
be viewed online.)
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excitations characterized by the phonon mean free path (MFP). At
the macroscale, the Fourier’s law satisfying experimental measurement, is used to determine the Klat of a material [16]. Fourier’s
law is applicable only when the condition L > Lmax, where Lmax is
the maximum phonon MFP in microscale and L is a sample size in
macroscale, is satisﬁed. Thus, the simulation results can be comparable to experimental data. On this account, we investigate the
normalized Klat utilizing the phonon MFP accumulation function,
which was demonstrated to be a particularly useful quantity to
describe the MFP relevant for heat conduction [43]. Thus, two
typical phonon transport regimes, namely, the ballistic and diffusive regimes of penta-graphene are calculated and presented in
Fig. 5. One can see an extremely broad phonon MFP spectrum
ranging from a few nanometers to 5 microns, where the phonon
branches contribute unevenly to the Klat. In the ballistic regime, the
Klat increases with the elevated phonon MFP until reaching the
thermodynamic limit in the diffusive regime, where the allowed
phonon MFP is above Lmax. At room temperature, the phonon
branches with the MFP shorter than 278 nm contribute 50% to the
Klat, while those with the MFP longer than 585 nm only contribute
20% to the Klat. The MFPs corresponding to the 50% accumulation at
300, 500, 800 and 1000 K are calculated to be 278, 109, 52 and
39 nm, respectively. It is worthwhile to mention that the Klat of
penta-graphene can be tuned through several possible ways such
as isotope disorder, tensile strain and chemical functionalization,
which can introduce defects, or change the bond strength for
enhancing phonon scattering. However, further systematic studies
are needed, which is ongoing and will be released elsewhere in due
course. Here we only focus on the intrinsic Klat of penta-graphene.
4. Conclusions
In conclusion, we investigate the lattice thermal conductivity of
penta-graphene by solving exactly the linearized phonon Boltzmann transport equation combined with state-of-the-art theoretical calculations. We show that the intrinsic Klat of penta-graphene
is about 645 W/mK at room temperature which is signiﬁcantly
reduced as compared to that of graphene. The possible reasons are:
(1) the buckled pentagonal structure of penta-graphene breaks the
selection rule of graphene, thus more scattering channels are

Fig. 5. Normalized Klat accumulation as a function of the phonon MFP of pentagraphene at different temperatures. The vertical dotted lines indicate the phonon
MFPs corresponding to the 50% accumulation. (A color version of this ﬁgure can be
viewed online.)

provided by the ZA mode. (2) The hybridized sp2 and sp3 bonding in
penta-graphene enhances the anharmonicity of the phonon
branches. (3) The lower Debye temperature leads to the higher
phonon scattering rate because more phonon branches can be
activated at a given temperature. (4) The three acoustic branches
are the primary heat carriers with a dominate contribution coming
from the ZA mode. The reduced thermal conductivity combined
with the intrinsic band gap of 3.25 eV, the unusual negative Poisson’s ratio, and the ultrahigh ideal strength makes penta-graphene
attractive for potential applications.
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[31] H. Şahin, S. Cahangirov, M. Topsakal, E. Bekaroglu, E. Akturk, R.T. Senger, et al.,
Monolayer honeycomb structures of group-IV elements and III-V binary

429

compounds: ﬁrst-principles calculations, Phys. Rev. B 80 (2009) 155453.
[32] D.L. Nika, E.P. Pokatilov, A.S. Askerov, A.A. Balandin, Phonon thermal conduction in graphene: role of Umklapp and edge roughness scattering, Phys.
Rev. B 79 (15) (2009) 155413.
[33] L. Lindsay, D.A. Broido, T.L. Reinecke, Ab initio thermal transport in compound
semiconductors, Phys. Rev. B 87 (16) (2013) 165201.
[34] L. Lindsay, D.A. Broido, N. Mingo, Diameter dependence of carbon nanotube
thermal conductivity and extension to the graphene limit, Phys. Rev. B 82 (16)
(2010) 161402.
[35] T. Nakashima, Y. Umakoshi, Anisotropy of electrical resistivity and thermal
expansion of single-crystal Ti5Si3, Phil. Mag. Lett. 66 (6) (1992) 317e321.
[36] B. Fultz, Vibrational thermodynamics of materials, Prog. Mater. Sci. 55 (4)
(2010) 247e352.
[37] N. Mounet, N. Marzari, First-principles determination of the structural,
vibrational and thermodynamic properties of diamond, graphite, and derivatives, Phys. Rev. B 71 (20) (2005) 205214.
[38] L.F. Huang, P.L. Gong, Z. Zeng, Correlation between structure, phonon spectra,
thermal expansion, and thermomechanics of single-layer MoS2, Phys. Rev. B
90 (4) (2014) 045409.
[39] L.-F. Huang, P.-L. Gong, Z. Zeng, Phonon properties, thermal expansion, and
thermomechanics of silicene and germanene, Phys. Rev. B 91 (20) (2015)
205433.
[40] Y. Cai, J. Lan, G. Zhang, Y.-W. Zhang, Lattice vibrational modes and phonon
thermal conductivity of monolayer MoS2, Phys. Rev. B 89 (3) (2014) 035438.
[41] D.A. Broido, L. Lindsay, T.L. Reinecke, Ab initio study of the unusual thermal
transport properties of boron arsenide and related materials, Phys. Rev. B 88
(21) (2013) 214303.
[42] L. Lindsay, D.A. Broido, Three-phonon phase space and lattice thermal conductivity in semiconductors, J. Phys. Condens. Matter 20 (16) (2008) 165209.
[43] H. Zhang, C. Hua, D. Ding, A.J. Minnich, Length dependent thermal conductivity measurements yield phonon mean free path spectra in nanostructures,
Sci. Rep. 5 (2015) 9121.

