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A unified scheme for prediction of effective moduli
of multiphase composites with interface effects.
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Abstract

In this part of the two-part paper, we present a unified theoretical framework to predict the effective moduli of multi-
phase composites containing spherical particles or cylindrical fibres with various interface effects. This framework is based
upon a replacement procedure and the generalized self-consistent prediction of the effective moduli. However, both of the
replacement procedure and the generalized self-consistent prediction are different from the conventional ones in that the
former is implemented in terms of an energy equivalency condition to calculate the elastic constants of the equivalent par-
ticles or fibres, and the latter is based upon the Eshelby equivalent inclusion method in an average sense for the three-phase
configuration. Using this replacement procedure, the expressions for the moduli of the spherical particles and cylindrical
fibres with the linear-spring interface effect, the interface stress effect and the interphase model are presented. It is shown in
a companion paper (Part II) that this scheme, together with the decoupled formulas for the generalized self-consistent pre-
diction of the effective moduli of multiphase composites, can give simple and accurate predictions of the effective moduli.
� 2006 Published by Elsevier Ltd.
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1. Introduction

Interfacial bonding condition is one of the impor-
tant factors that control the local elastic fields and
the overall properties of composites and polycrystal-
line materials. In many cases, imperfect interfacial
bonding may exist in these materials (e.g. Theocaris,
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1987), and the interfacial bonding condition may
greatly affect their properties. For example, grain
boundary sliding in polycrystalline and granular
media can be observed even at room temperature
(Mura and Furuhashi, 1984). It is found that
fornanocrystalline materials, the macroscopically
imposed deformation is accommodated by the grain-
boundary sliding and separation (Schiøtz et al.,
1998; Wei and Anand, 2004). Zhang and Hack
(1992) have previously pointed out that the soften-
ing of grain boundaries is not only important in
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nanocrystalline materials but also in conventional
materials where grain boundary cavitation and inter-
granular fracture may occur. In the literature, two
kinds of model are often used to simulate the prop-
erties of interface regions in composites and poly-
crystalline materials. The first kind of model can be
referred to as interface models in which displacement
and/or stress discontinuities are assumed to exist at
an interface. Interface models include the linear-
spring interface model and the interface stress
model. The second kind is the interphase model
which describes the interface region as a layer, called
an interphase, between the inhomogeneity and
matrix. The elastic moduli of the interphase are dif-
ferent from those of the matrix and inhomogeneity,
and can be uniform or variable. Perfect bonding is
generally assumed to prevail at both the matrix/
interphase and interphase/inhomogeneity interfaces.

Within the formalism of interface and interphase
models, extensive researches have been devoted to
the elastic fields and effective properties of conven-
tional particle- and fibre-reinforced composites (e.g.
Walpole, 1978; Aboudi, 1991; Karihaloo and Viswa-
nathan, 1988a,b; Hashin, 1991; Qu, 1993; Zhong and
Meguid, 1997; Duan et al., 2005a,b,c,d, among oth-
ers). Recently, based upon the atomic simulation of
Schiøtz et al. (1998), Jiang and Weng (2004) have
proposed a three-phase model to predict the overall
properties of nanocrystalline materials, in which
the grain-boundary region is simulated by an inter-
phase between a grain and its surrounding material.
On the other hand, considering that the grain-
boundary region may be very thin, Wei and Anand
(2004) developed an elastic–plastic interface model
coupled with a crystal-plasticity model for the grain
interior to simulate the overall response of nanocrys-
talline materials. The interface model can account
for both reversible elastic and irreversible inelastic
separation-sliding deformations at the interface.
The elastic deformation is simulated by a linear-
spring interface constitutive law. Tan et al. (2005a)
have predicted the effective constitutive relations of
composites containing particles with a piecewise lin-
ear cohesive law at the particle/matrix interface
under hydrostatic tension. The interface law of Tan
et al. (2005a,b) consists of three stages, namely, the
linearly ascending stage (i.e. a linear-spring model),
the linearly descending stage and the complete deb-
onding stage. Therefore, the theories of Jiang and
Weng (2004), Wei and Anand (2004), and Tan
et al. (2005a,b) involve two typical models, namely,
an interphase model and an interface model.
In this two-part paper, we propose a unified
micromechanical scheme to predict the effective
moduli of multiphase composites which consist of
continuous matrices and discrete spherical or cylin-
drical inhomogeneities with various interface effects.
This scheme is based upon a replacement procedure
that replaces the spherical particles/fibres together
with the interface/interphase by equivalent homoge-
neous particles/fibres. However, as will be further
elaborated in Section 2, the present replacement
procedure is different from the previous ones in that
the effective elastic constants of the equivalent
homogeneous particles/fibres are calculated in terms
of an energy equivalency condition. Then the
equivalent homogeneous particles/fibres are in turn
incorporated into the three-phase generalized self-
consistent model to predict the effective moduli of
the composites. Unlike the classical generalized
self-consistent method (GSCM, Christensen and
Lo, 1979) where the elastic field is solved from the
boundary-value problem, in this paper, the average
stresses in the equivalent particles/fibres are solved
by using the Eshelby equivalent inclusion method
in a volume average sense. It is shown that while
the obtained effective bulk moduli of the composites
are identical to those obtained using the classical
GSCM, the expressions for the effective shear mod-
uli obtained from the new scheme is much simpler
than those from the classical one. Moreover, as will
be shown in Part II, when the interface effects are
taken into account, some intrinsic length scales will
emerge, and the effective properties of the compos-
ites will become dependent upon the characteristic
size of the inhomogeneities. Therefore, we shall also
show that the size-dependence of the properties can
be nicely and accurately depicted by some scaling
laws. Although the studies in the present paper are
for composites with linear stress–strain responses,
the results can be useful in the studies of the effective
constitutive relations of nonlinear composites fol-
lowing the theoretical framework based upon the
concept of ‘‘linear comparison composites’’, as dem-
onstrated, for example, in the works of Ponte
Castañeda and Suquet (1998), and Jiang and Weng
(2004).

In this part of the two-part paper, the funda-
mental theoretical framework of the unified micro-
mechanical scheme will be presented, and in Part
II, the scheme will be demonstrated on various
composites to show its applicability and accu-
racy. The scaling laws will also be presented in Part
II.



(a) (b)

Fig. 1. A replacement procedure based on the energy equivalency
condition. The energy change induced by embedding an inho-
mogeneity with the interface effect is DUintf (a), and that induced
by embedding the perfectly-bonded equivalent inhomogeneity is
DUeq (b).
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2. Replacement procedure for inhomogeneities with

interface effects

Various interface effects complicate predictions
of the effective moduli of composites. The idea of
the replacement method may be attributed to
Hashin (1990), who studied the prediction of the
effective moduli of a composite reinforced by fibres
with the linear-spring interface effect. In order to
calculate the effective moduli, Hashin (1990), while
noting that the linear-spring interface model can
be equivalent to a thin and compliant interphase,
first used a layer of thin and compliant interphase
to approximate the linear-spring interface effect.
Then he calculated the moduli of the equivalent
fibre consisting of a fibre and the thin interphase
using the composite cylinder model. Finally, he
embedded the equivalent fibre in an annulus of the
matrix material of the composite, and calculated
the effective moduli of this composite fibre using
the composite cylinder model again. The moduli
so-obtained are regarded as those of the original
composite with the linear-spring interface effect.
Hashin (1991) also used this method to obtain the
bulk modulus of a particle-reinforced composite
with the linear-spring interface model. Qiu and
Weng (1991) used this replacement method to
obtain the effective bulk modulus �j of a composite
containing spherical particles with an interphase,
and the longitudinal modulus EL, the longitudinal
Poisson ratio �mL, the longitudinal shear modulus
�lL, and the transverse plane-strain bulk modulus �k
of a composite reinforced with aligned fibres with
an interphase. Garboczi and Berryman (2001), and
Zhong et al. (2004) developed differential effective
medium theories based on a replacement method,
which also maps the original particles together with
the homogeneous and inhomogeneous interphases
into equivalent homogeneous particles, to predict
the effective moduli of composites containing inter-
phases. Shen and Li (2005) presented several meth-
ods to convert spherical particles/fibres with an
inhomogeneous interphase into homogeneous parti-
cles/fibres. Then the elastic constants of the homo-
geneous particles/fibres are incorporated into the
Mori–Tanaka method to predict the effective mod-
uli of the composites. In the work of Shen and Li
(2005), the elastic constants of the equivalent homo-
geneous particles/fibres with an inhomogeneous
interphase are calculated in several ways, e.g. the
differential replacement method and the uniform
replacement method.
In the above replacement methods, the elastic
constants of the equivalent homogeneous particles/
fibres are calculated essentially based upon the com-
posite sphere/cylinder model, namely, by treating a
particle/fibre together with the interphase as a
composite independently. Moreover, the obtained
expressions for the effective shear moduli of the
composites reinforced by particles/fibres are usually
very lengthy. In the literature, the interface stress
effect has not been studied using a replacement
method. Therefore, at present, there lacks a unified
scheme to give simple and accurate predictions of
the effective moduli of composites with various
interface effects. As the effective moduli of a com-
posite can be generally sought based upon the
energy equivalency framework (Hill, 1963), there-
fore, in this paper, we propose a new replacement
procedure based upon an energy equivalency condi-
tion to calculate the elastic constants of the equiva-
lent homogeneous particles/fibres. This method,
which is consistent with the energy equivalency
framework, is different from those in the above-
mentioned papers.

In this paper, we consider particle- or fibre-rein-
forced composites in which the interfaces are
depicted by the linear-spring model (including
free-sliding model), the interface stress model, and
the interphase model, respectively. A common fea-
ture of these models is that the traction/displace-
ment may be discontinuous across the interface
region. Therefore, in this section, in order to give
a general theoretical framework, we do not deal
with any specific interface model; instead, we simply
consider a generic imperfect interface where the
traction/displacement undergoes a discontinuity
across the interface, as shown in Fig. 1. In an effort
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to uncover the effect of the interface on the elastic
properties, a replacement procedure based on an
energy equivalency condition, which replaces the
original particles/fibres with the interface effect by
equivalent homogeneous particles/fibres, is pre-
sented. The equivalent homogeneous particles/fibres
are then regarded as being perfectly bonded to the
matrix, and then a micromechanical scheme can
be used to estimate the moduli of the composites.
Therefore, the key point is to obtain the moduli of
the equivalent particles/fibres with the generic inter-
face effect. In the following exposition, the terminol-
ogy inhomogeneity refers to a particle or a fibre
when it is not necessary to differentiate them.

The present replacement procedure is carried out
in the following way. Consider a single inhomogene-
ity with the generic interface effect embedded in an
infinite and otherwise homogeneous medium
(matrix) with the stiffness tensor C1 (Fig. 1(a)).
The remote stress (strain) is r0(e0), and the stiffness
tensor of the inhomogeneity is CI. Generally,
embedding the inhomogeneity with the interface
effect in the medium will result in a change DUintf

of the elastic strain energy of the infinite medium
compared with the energy of the homogeneous med-
ium under the same stress (strain). Now, the inho-
mogeneity with the interface effect is replaced with
an equivalent homogeneous inhomogeneity with
an unknown stiffness tensor Ceq, which is, however,
perfectly bonded to the matrix material. The
unknown stiffness tensor Ceq is determined by the
energy equivalency condition that the change DUeq

of the elastic energy by embedding the equivalent
inhomogeneity in the matrix material is equal to
the original change DUintf of the original inhomoge-
neity together with the interface effect, namely,
DUintf = DUeq. Using the Eshelby formalism, the
change DUeq of the elastic energy can be easily
obtained

DU eq ¼
V eq

2
C1 : e0 : ½C1 : ðCeq�C1Þ�1 : C1þC1 : S0��1

: C1 : e0 ð1Þ

where S0 is the classical interior Eshelby tensor
(Eshelby, 1957), and Veq is the volume of the equiv-
alent inhomogeneity. In order to determine the stiff-
ness tensor Ceq of the equivalent inhomogeneity
from the energy equivalency condition DUintf =
DUeq, we need to calculate DUintf for a specific inter-
face model. This will be done for three kinds of
interface effect in the next section.
3. Interface conditions and moduli of equivalent

inhomogeneities

3.1. Interface conditions

In the following, we shall give the formulas to
calculate the moduli Ceq of the equivalent inhomo-
geneities for three kinds of interface effect. First,
we summarize the expressions for the displace-
ment/stress discontinuities for the considered inter-
face effects.

3.1.1. Linear-spring model (LSM)

As mentioned in Section 1, the linear-spring
interface model has been widely used to simulate
the interface bonding in particle-reinforced compos-
ites (e.g. Hashin, 1991). Apart from being used to
simulate the imperfect interfacial bonding or deb-
onding (e.g. Tan et al., 2005a,b), this model can also
be used to simulate a thin and compliant interphase
(Hashin, 1991; Wei and Anand, 2004; Wang et al.,
2005, etc.). The interface conditions for the linear-
spring model can be written as

½r� � n ¼ 0; a � ½u� ¼ r � n ð2Þ

where n is the unit normal vector to the interface
CI1 between the inhomogeneity and matrix, and
[Æ] = (out) � (in). a is a second-order tensor,
a ¼ ann� nþ ass� sþ att� t. an, as and at repre-
sent the interface elastic parameters in the normal
and tangential directions, respectively, and s and t

represent the two orthogonal unit vectors in the tan-
gent plane of the interface. It is seen that infinite val-
ues of these parameters imply vanishing interface
displacement jumps and therefore a perfect bonding
interface. At the other extreme, zero values imply
vanishing interface tractions and therefore debond-
ing of the adjoining media. Finite positive values of
the interface parameters define an imperfect inter-
face. As mentioned before, the linear-spring model
can be used to simulate a thin and compliant inter-
phase (Hashin, 1991; Wei and Anand, 2004; Wang
et al., 2005). In this case, an, as and at can be ex-
pressed by the interphase modulus and interphase
thickness. When the interphase is thin and compli-
ant, namely, t/RI� 1, Ec� EI, lc� lI, where Ec

and lc are the Young and shear moduli of the
interphase, respectively; EI and lI are the Young
and shear moduli of the inhomogeneity; RI is the
radius of the spherical inhomogeneity; and t is the
interphase thickness (throughout this two-part
paper, the parameters for the inhomogeneities
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(particles/ fibres) will be distinguished by the sub-
script I), an, as and at can be expressed as follows
(Hashin, 1991; Wang et al., 2005):

an ¼
2lcð1� mcÞ
tð1� 2mcÞ

; as ¼ at ¼
lc

t
ð3Þ

where mc is the Poisson ratio of the interphase.
For the linear-spring model (LSM), the change of

the elastic energy under the remote strain boundary
condition u(S) = e0 Æx by embedding an inhomoge-
neity with the interface effect is (Benveniste, 1985)

DU LSM
intf ¼

1

2

Z
CI1

ðn � r � u0 � u1 � r0 � nÞdCI1 ð4Þ

where CI1 denotes the interface area on the matrix
side, and the superscript ‘‘1’’ denotes the quantity
evaluated at CI1 on the matrix side. r0 and u0 denote
the stress and displacement in the homogeneous
body made of the matrix only.

3.1.2. Interface stress model (ISM)

The effect of the surface/interface stress on the
mechanical properties of solids has been studied
by researchers in materials science and mechanics
for many years (e.g. Shuttleworth, 1950; Gurtin
and Murdoch, 1975; Nix and Gao, 1998; Müller
and Saúl, 2004; Sun et al., 2004). The interest in this
subject has intensified recently for its importance in
the properties of nano-structured materials (e.g.
Cuenot et al., 2004; Duan et al., 2005a,b,c; Shenoy,
2005; Dingreville et al., 2005). Recent expositions of
the physical background of the interface stress
model can be found in the works of Müller and Saúl
(2004), Duan et al. (2005a,b), Dingreville et al.
(2005), and Huang and Wang (in press). Duan
et al. (2005a) have previously predicted the effective
moduli of heterogeneous solids containing spherical
inhomogeneities with the interface stress effect. In
this paper, we formulate the prediction in the uni-
fied framework based upon the replacement proce-
dure and the generalized self-consistent method.
As will be shown, this scheme gives much simpler
expressions of the effective moduli than the previous
ones. Therefore, here, we only reproduce the neces-
sary basic equations of the interface stress model.
The displacement continuity condition and the gen-
eralized Young–Laplace equation of the interface
stress model are

½u� ¼ 0; n � ½r� ¼ �rS � s ð5Þ

where $S Æs denotes the interface divergence of a
tensor field s (Gurtin and Murdoch, 1975). For an
isotropic interface, the interface stress s is related
to the interface strain es by the constitutive rela-
tion

s ¼ 2lse
s þ ksðtr esÞ1 ð6Þ

where ks and ls are the interface moduli, and 1 is the
second-order unit tensor in two-dimensional space.
For a coherent interface, the interface strain es is
equal to the tangential strain in the abutting bulk
materials. Similar to the linear-spring interface
model, the interface stress model, apart from being
used to simulate the excess of the bulk stress at an
interface (e.g. cf. Müller and Saúl, 2004), can be
used to accurately simulate a thin and stiff inter-
phase (Wang et al., 2005). For the former case,
the interface moduli may be obtained using atomis-
tic simulations (e.g. Streitz et al., 1994; Shenoy,
2005). For the latter case, namely, for a thin and stiff
interphase (t/RI� 1, Ec� EI, lc� lI), the inter-
face moduli ks and ls in Eq. (6) are given by (Wang
et al., 2005)

ks ¼
2lcmct
ð1� mcÞ

; ls ¼ lct ð7Þ

The change of the elastic energy under the remote
strain boundary condition u(S) = e0 Æx by embed-
ding an inhomogeneity with the interface stress
effect is (Duan et al., 2005b)

DU ISM
intf ¼

1

2

Z
CI1

ðn � r1 � u0 � u � r0 � nÞdCI1 ð8Þ
3.1.3. Interphase model

The linear-spring model and interface stress
model are all two-phase models in the sense that
the interface region occupies a zero volume fraction
in the composite, whereas, the interphase model is a
three-phase one, consisting of the inhomogeneity,
the interphase and the matrix. For the interphase
model, perfect bonding conditions are usually
assumed to prevail at both the inhomogeneity/inter-
phase interface CIc and the interphase/matrix inter-
face Cc1, i.e.

nk � ½rk� ¼ 0; ½uk� ¼ 0 ðk ¼ 1; 2Þ ð9Þ

where the superscript k = 1,2 represents the inter-
faces CIc and Cc1, respectively. [rk] and [uk] represent
the stress and displacement discontinuities at the
interfaces CIc and Cc1. The energy change under
the remote strain boundary condition u(S) = e0 Æ x

for the interphase model is



86 H.L. Duan et al. / Mechanics of Materials 39 (2007) 81–93
DU interphase
intf ¼ 1

2

Z
Cc1

ðn1 � r � u0 � u � r0 � n1ÞdCc1

ð10Þ
where n1 is the unit normal vector to the interface Cc1.

3.2. Moduli of equivalent homogeneous spherical

particles

For the linear-spring model and the interphase
model, the bulk moduli of the equivalent spherical
particles obtained by the present energy equivalency
condition are the same as those obtained by the
composite sphere model of Hashin (1991), and
Qiu and Weng (1991), respectively. For the interface
stress model, the bulk modulus of the equivalent
particle is the same as that obtained using the com-
posite sphere model, when the interface moduli are
calculated using Eq. (7). Therefore, the detailed pro-
cedures are not shown here. In order to obtain the
shear moduli of the equivalent particles, we choose
the remote strain (Fig. 1(a)) as

e0
xx ¼ e0

yy ¼ �e0; e0
zz ¼ 2e0 ð11Þ

where e0 is a constant strain. Then the energy
changes in Eqs. (4), (8) and (10) for the LSM,
ISM and the interphase model can be expressed in
a unified expression as

DU intf ¼ �48pC1e0l1ð1� m1ÞR3
I ð12Þ

where C1 is a constant to be determined later, and l1

and m1 are the shear modulus and Poisson ratio of
the matrix, respectively. The value of C1 depends
on the chosen particular interface effect. Under the
boundary conditions in Eq. (11), DUeq in Eq. (1)
can be expressed as

DU eq ¼ V eq

90e2
0l1ðleq � l1Þð1� m1Þ

l1ð7� 5m1Þ þ 2leqð4� 5m1Þ
ð13Þ

where leq and Veq are the shear modulus and volume
of the equivalent particle, respectively. The proce-
dure for the solution of the constant C1 for the three
interface effects is as follows. Under the deviatoric
homogeneous remote strain in Eq. (11), the general
expressions for the displacements in an infinite
region containing a spherical inhomogeneity with
jeq ¼
mrjIl1

3jI þ mrl1

leq ¼ lI

24Mmh þ mrð16M þ mhNÞ
80g3M þ 4g3mh½10ð7� mIÞ þM � þ mr½2g3ð140� 8
any of the above three interface effects are given by
(Lur’e, 1964), in the spherical coordinates (r,h,u),

ur ¼ 12mAh2þ 2Bþ 2ð5� 4mÞ
h3

C� 3D

h5

� �
rP 2ðcoshÞ

ð14Þ

uh ¼ ð7� 4mÞAh2þBþ 2ð1� 2mÞ
h3

Cþ D

h5

� �
r

dP 2ðcoshÞ
dh

ð15Þ

where P2(cosh) is the Legendre polynomial of order
two, and h = r/RI. It should be noted that the expres-
sions in (14) and (15) are applicable to the spherical
particle and the matrix material when we consider
the composite with the linear-spring interface model
or the interface stress model, whereas they are appli-
cable to the spherical particle, the interphase and the
matrix when we consider the composite with the
interphase model. Therefore, the constants A, B, C

and D are different for the three kinds of composite
with the three interface effects. These constants are
determined for each of the three interface conditions
in Eqs. (2), (5) and (9), respectively, along with the
remote boundary conditions and the condition to
avoid singularity at the origin. For the particle,
C = D = 0, and the remaining A and B are denoted
by AI and BI. The constants for the matrix are de-
noted by A1, B1, C1 and D1, with A1 and B1 deter-
mined by the remote boundary conditions. For the
interphase, the constants are represented by Ac, Bc,
Cc and Dc. Therefore, for the LSM, there are four
constants, AI, BI (in the particle), C1 and D1 (in the
matrix) to be determined by Eq. (2); for the ISM,
there are four constants, AI, BI (in the particle), C1

and D1 (in the matrix) to be determined by Eq. (5);
and for the interphase model, there are eight con-
stants, AI and BI (in the particle) C1 and D1 (in the
matrix), and Ac, Bc, Cc and Dc in the interphase to
be determined by Eq. (9).

After solving the boundary-value problem fol-
lowing the above procedure, the constant C1 in
Eq. (12) can be obtained. According to the energy
equivalency condition DUintf = DUeq, the moduli
jeq and leq of the equivalent particle with the lin-
ear-spring interface effect are, with DULSM

intf given in
Eq. (12) and DUeq in Eq. (13),
ð16Þ

0mI þ 3MÞ þ mhN � ð17Þ
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where M = g3(7 + 5mI), N = 5(28 � 40mI + M), and
g3 = lI/l1. jI, lI and mI are the bulk modulus, shear
modulus and Poisson ratio of the particle, respec-
tively. The two non-dimensional parameters mr and
mh are defined as mr = anRI/l1 and mh = asRI/l1.

The moduli of the equivalent particle with the
interface stress effect are

jeq ¼ jI þ
2jrl1

3
ð18Þ

leq ¼ l1

P
2N þ 8ð7� 10mIÞð3jr þ lrÞ ð19Þ

in which

P ¼ 2g3N þ 4½84þ 5g3ð7� mIÞ � 120mI�lr

þ ½5g3ð35� 47mIÞ þ 4ð7� 10mIÞð1þ 5lrÞ�jr

ð20Þ

where jr and lr are two non-dimensional parame-
ters, jr = js/(RIl1), lr = ls/(RIl1), and js = 2(ls +
ks).

The bulk modulus of the equivalent particle with
the interphase model is

jeq ¼
4ð1� V IÞjclc þ jIð3jc þ 4V IlcÞ

3ð1� V IÞjI þ 3V Ijc þ 4lc

ð21Þ

where VI = [RI/(RI + t)]3, and jc and lc are the bulk
and shear moduli of the interphase, respectively.
The shear modulus of the equivalent particle with
the interphase model is

leq ¼ l1

5� 2V IW 1ð7� 5m1Þ
5þ 4V IW 1ð4� 5m1Þ

ð22Þ

where W1 = C1/e0. As C1 is proportional to e0, W1

will be independent of e0. However, the expression
of W1 is not given here for its lengthiness.

3.3. Moduli of equivalent homogeneous fibres

Using the same procedure as for the spherical
particles with the three interface effects, in this sec-
tion, we will give the moduli of the equivalent
homogeneous fibres for the fibre-reinforced com-
posites with the interface effects. However, a cylin-
drical fibre with one of the interface effects will be
replaced with an equivalent homogeneous trans-
versely isotropic fibre, which should have five elastic
constants, e.g. the longitudinal modulus ELeq, the
longitudinal Poisson ratio mLeq, the longitudinal
shear modulus lLeq, the transverse plane-strain bulk
modulus keq, and the transverse shear modulus lTeq
(cf. Christensen, 1979). Here and in the following,
the subscript ‘‘L’’ denotes a longitudinal property
along the axis of a fibre, and ‘‘T’’ a transverse prop-
erty perpendicular to it. For the three kinds of inter-
face effect, ELeq, mLeq, lLeq and keq of the equivalent
fibres obtained by the present energy equivalency
condition are the same as those obtained by the
composite cylinder model of Hashin (1990) for the
LSM, and Qiu and Weng (1991) for the interphase
model. Therefore, the detailed procedures are not
shown here. In order to obtain the transverse shear
modulus of the equivalent fibre with one of the
interface effects, we choose the remote strain as
(Fig. 1(a))

e0
xx ¼ e0; e0

yy ¼ �e0 ð23Þ

where we have assumed that the fibre is aligned with
the z-axis in the Cartesian coordinate system. Then
the energy changes in Eqs. (4), (8) and (10) for the
LSM, ISM and the interphase model can be ex-
pressed in a unified expression as

DU intf ¼ �8pc1e0l1ð1� m1Þq2
I ð24Þ

where c1 is a constant that is to be determined from
the chosen interface effect, and qI is the radius of the
fibre. Under the boundary conditions in Eq. (23),
DUeq in Eq. (1) can be expressed as

DU eq ¼ Seq

8e2
0l1ðlTeq � l1Þð1� m1Þ
l1 þ lTeqð3� 4m1Þ

ð25Þ

where Seq is the area of the cross section of the
equivalent fibre. The value of c1 in Eq. (24) is deter-
mined in the way similar to that for the spherical
particle. The corresponding elastic fields in the inho-
mogeneity, the interphase and the matrix can be
found in the paper of Huang et al. (1994). Thus,
for brevity, we do not reproduce the solution here.
Instead, we only give the final expressions of the
moduli of the equivalent fibre. In the following,
we take a fibre as a transversely isotropic medium
which has five elastic constants: plane-strain bulk
modulus kI, transverse shear modulus lTI, longitu-
dinal shear modulus lLI, longitudinal modulus
ELI, and longitudinal Poisson ratio mLI. The matrix
is assumed to be isotropic. The interface constitutive
relations between the fibre and the matrix for the
ISM and LSM are expressed in Eqs. (2) and (5),
respectively, and the interphase between the fibre
and the matrix is isotropic.

The five elastic constants of the equivalent fibre
with the linear-spring interface effect are
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keq¼
mqkIl1

2kIþmql1

ð26Þ

lTeq¼ lTI

3g2ðmqþm/Þþmqm/ð3þg2�4mTIÞ
12g2

2þg2ðmqþm/Þð6þg2�4mTIÞþmqm/ð3þg2�4mTIÞ
ð27Þ

lLeq¼
mzlLIl1

mzl1þlLI

ð28Þ

mLeq¼ mLI ð29Þ
ELeq¼ELI ð30Þ

where g2 = lTI/l1, and the three non-dimensional
parameters mq, m/ and mz are defined by mq = an-

qI/l1, m/ = asqI/l1 and mz = atqI/l1. mTI is the
transverse Poisson ratio of the fibre.

The five elastic constants of the equivalent fibre
with the interface stress effect are

keq¼ kIþ
vrl1

4
ð31Þ

lTeq¼l1

8g2
2þð3�4mTIÞvrþ2g2½12þ5vr�2mTIð8þ3vrÞ�

8g2þð3�4mTIÞð8þ3vrÞ
ð32Þ

lLeq¼lLIþlrl1 ð33Þ

mLeq¼
2kImLIþkrl1

2kIþðkrþ2lrÞl1

ð34Þ

ELeq¼ELIþ
4kIl1½2ð1þm2

LIÞlrþð1�mLIÞ2kr�
2kIþðkrþ2lrÞl1

ð35Þ

where vr = 4lr + 2kr, lr = ls/(qIl1) and kr =
ks/(qIl1).

The moduli of the equivalent fibre with the inter-
phase model are

keq¼
ð1�V IÞkclcþkIðkcþV IlcÞ
ð1�V IÞkIþV Ikcþlc

ð36Þ

lTeq¼l1

1�V Iw1

1þV Iw1ð3�4m1Þ
ð37Þ

lLeq¼lcþ
2V IlcðlLI�lcÞ

ð1�V IÞlLIþð1þV IÞlc

ð38Þ

mLeq¼V ImLIþð1�V IÞmcþ
V Ilcð1�V IÞðkI�kcÞðmLI�mcÞ
ð1�V IÞkclcþkIðkcþV IlcÞ

ð39Þ

ELeq¼V IELIþð1�V IÞEcþ
4V Ið1�V IÞðmLI�mcÞ2

1�V I

kI

þV I

kc

þ 1

lc

ð40Þ
where VI = [qI/(qI + t)]2, and w1 = c1/e0. As c1 is
proportional to e0, w1 will be independent of e0.
However, the expression of w1 is not given here
for its lengthiness.
4. Energy framework and equivalent inclusion method

4.1. Energy framework

Having replaced the spherical particles/fibres
with the interface effects by equivalent homoge-
neous particles/fibres which are perfectly bonded
to the corresponding matrix materials, we can use
various micromechanical schemes to predict the
effective moduli of two- and multi-phase composites
with these interface effects. There are many micro-
mechanical schemes in the literature, e.g. the gener-
alized self-consistent method (GSCM, Christensen
and Lo, 1979), the Mori–Tanaka method (MTM,
Mori and Tanaka, 1973; Benveniste, 1987) and the
double-inclusion model (Hori and Nemat-Nasser,
1993), etc. For a comprehensive exposition, one
can refer to the monographs of Aboudi (1991),
Nemat-Nasser and Hori (1999), and Torquato
(2002). It is noted that Tan et al. (2005a) predicted
the effective stress–strain relations of composites
containing spherical particles with the piecewise lin-
ear interface cohesive law using the Mori–Tanaka
method. In their prediction, the Mori–Tanaka
method is modified to incorporate the displacement
discontinuity and the interface law at the particle/
matrix interface. In this paper, we shall use a micro-
mechanical scheme that was recently proposed by
Duan et al. (in press) along with the above replace-
ment procedure to predict the effective moduli of the
composites with the interface effects. It has been
shown that the distinguished feature of the micro-
mechanical scheme of Duan et al. (in press) is that,
whilst its predictions are almost identical to the clas-
sical generalized self-consistent method (GSCM,
Christensen and Lo, 1979), and the third-order
approximation (TOA, Torquato, 1998), the expres-
sions for the effective moduli have very simple
closed forms. For the sake of completeness, we
begin with the energy equivalency framework of
Hill (1963).

Hill (1963) established the energy equivalency
framework for composites. Huang and Hwang
(1995) generalized this framework to anisotropic
matrices and inhomogeneities, and applied it to the
dilute approximation, the self-consistent method,
the generalized self-consistent method, and the
Mori–Tanaka method. Dong et al. (2005) general-
ized the theoretical framework of Huang and Hwang
(1995) to multiple transversely isotropic fibres and
transversely isotropic matrices. Following Hill
(1963), and Huang and Hwang (1995), consider a
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representative volume element (RVE) of a multi-
phase (N-phase) composite consisting of a con-
tinuous matrix and N � 1 kinds of discrete
inhomogeneity. The corresponding stiffness tensors
of the inhomogeneities are CI (I = 2, . . . ,N), and that
of the matrix is C1. Applying a homogeneous trac-
tion boundary conditions R(S) = r0 ÆN on the exter-
nal surface S of the RVE, where r0 is the uniform
stress tensor when the material is homogeneous
and N is the exterior unit normal vector to S, then
the strain energy Umacro of the composite material
is given by

U macro ¼
1

2
r0 : C�1 : r0V ð41Þ

where C is the effective stiffness tensor of the com-
posite, and V is the volume of it. The strain energy
of the composite is also the sum of the energy in the
inhomogeneities and the matrix

U micro ¼
1

2
r0

: C�1
1 : r0 þ

XN

I¼2

fI C�1
I � C�1

1

� �
: �rI

" #
V ð42Þ

where fI is the volume fraction of the I-th kind of
inhomogeneity. According to the energy equiva-
lence Umicro = Umacro, the following equation can
be obtained (Hill, 1963):

C�1 ¼ C�1
1 þ

XN

I¼2

fIðC�1
I � C�1

1 Þ : TI ð43Þ

Likewise, applying a homogeneous strain boundary
conditions u(S) = e0 Æx on the external surface S, the
following equation can be obtained (Hill, 1963):

C ¼ C1 þ
XN

I¼2

fI CI � C1ð Þ : EI ð44Þ
(a) (b)

Fig. 2. The GSCM (three-phase) configuration for a composite containi
inclusion method in a volume average sense for the three-phase configu
TI in Eq. (43) and EI in Eq. (44) are the stress and
strain concentration tensors in the Ith inhomogene-
ity, namely,

�rI ¼ TI : r0; �eI ¼ EI : e0 ð45Þ
in which �eI and �rI are the volume average strain and
stress tensors in the Ith inhomogeneity, respectively.

4.2. GSCM for two-phase composites

It should be emphasized that Eqs. (43) and (44)
are exact representations of the effective moduli.
The approximation nature of various micromechan-
ical schemes comes from the evaluation of the aver-
age strains and stresses in the inhomogeneities and
the matrix. Many micromechanical schemes can be
used to evaluate TI and EI thus to give various pre-
dictions of the effective moduli. For linear compos-
ites containing non-overlapping identical spheres,
Segurado and LLorca (2002) conducted detailed
numerical computation of the effective moduli and
compared their results with three analytical models,
namely, the Mori–Tanaka method (MTM, Mori
and Tanaka, 1973, Benveniste, 1987), the general-
ized self-consistent method (GSCM, Christensen
and Lo, 1979), and Torquato’s third-order approx-
imation (TOA, Torquato, 1998). Following the
comparisons of Segurado and LLorca (2002), and
the studies of Ma et al. (2004), it appears that from
an overall point of view, the GSCM and the TOA
tend to give the best results for spherical particle-
reinforced composites.

The GSCM evaluates EI or TI based on the
three-phase model where an inhomogeneity is
embedded in a finite matrix shell that, in turn, is
embedded in an infinite equivalent medium with
the yet-unknown effective properties of the compos-
ite, as shown in Fig. 2(a). The outer radius Rm (or
qm) of the spherical (or circular) matrix shell is
(c)

ng spherical (circular) inhomogeneities (a). The Eshelby equivalent
ration ((b) and (c)).
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related to the radius RI (or qI) of the spherical (or
circular) inhomogeneity through the volume frac-
tion fI ¼ R3

I=R3
m ðfI ¼ q2

I=q
2
m for circular inhomoge-

neity). The GSCM has emphasized the importance
of the matrix atmosphere. Zheng and Du (2001)
have also emphasized this and proposed an effective
self-consistent method (ESCM) which is also based
on a three-phase model.

For a two-phase composite, the effective moduli
predicted by the GSCM can be easily obtained by
substituting the strain concentration tensor EI into
Eq. (44). EI can be calculated in terms of the config-
uration shown in Fig. 2(a) using the procedure of
Christensen and Lo (1979). While the effective bulk
modulus is given by a simple formula, the predicted
effective shear modulus needs to be calculated from
a quadratic equation with lengthy coefficients.
Recently, Duan et al. (in press) proposed a new
micromechanical scheme. In the scheme of Duan
et al. (in press), the strain concentration tensor EI

is not directly calculated using the configuration in
Fig. 2(a). Instead, it is calculated using the Eshelby
equivalent inclusion method in a volume average
sense shown in Fig. 2(b) and (c). This method to cal-
culate the strain concentration tensor is briefly
described below.

Assume that the volume average stress in the
inhomogeneity X in the three-phase configuration
in Fig. 2(a) is �rI while the remote stress is r0. For
the same remote stress, when we replace the spheri-
cal inhomogeneity with the stiffness tensor CI by the
matrix material with the stiffness tensor C1, the vol-
ume average stress in the same region X is denoted
by �rm, as shown in Fig. 2(b). This volume average
stress �rm can be related to the remote stress by the
relation �rm ¼ B : r0, where the fourth-order tensor
B is equal to the classical stress concentration tensor
T0 (Duan et al., in press). Generally, �rm is different
from �rI . As in the classical Eshelby equivalent
inclusion method, the spherical matrix region X is
further given a uniform eigenstrain e* (Fig. 2(c))
such that the following equivalency condition is
satisfied:

CI : ð�em þ �e0Þ ¼ C1 : ð�em þ �e0 � e�Þ ð46Þ
where a bar denotes the volume average. The dis-
turbed strain �e0 is related to the interior Eshelby ten-
sor SI through

�e0 ¼ SI : e� ð47Þ

Following the classical Eshelby equivalent inclusion
method in a volume average sense for the three-
phase configuration (Duan et al., in press), the
approximate volume average stress concentration
tensor T� that relates the volume average stress �rI

to the remote stress r0 through the relation
�rI ¼ T� : r0 can be expressed as follows:

T� ¼ ½Ið4sÞ � CI : SI : ðC�1
I � C�1

1 Þ�
�1

: CI : C�1
1 : B

ð48Þ

where I(4s) is the fourth-order symmetric identity
tensor in three-dimensional space (Nemat-Nasser
and Hori, 1999), SI is the volume average Eshelby
tensor for the spherical region X in Fig. 2(c), which
has been given in the paper of Duan et al. (in press).
For a spherical isotropic particle in an isotropic ma-
trix, the stress concentration tensor in Eq. (48) can
be expressed as

T� ¼ a�J3 þ b�K3 ð49Þ
in which

J3 ¼
1

3
Ið2Þ � Ið2Þ; K3 ¼ �

1

3
Ið2Þ � Ið2Þ þ Ið4sÞ ð50Þ

where I(2) is the second-order identity tensor in
three-dimensional space. Likewise, the strain con-
centration tensor E�, which relates the volume aver-
age strain �eI to the remote strain e0 in the relation
�eI ¼ E� : e0, is given as

E� ¼ ½Ið4sÞ � SI : C�1
1 : ðC1 � CIÞ��1

: A ð51Þ

where the fourth-order tensor A relates the volume
average strain �em to the remote strain e0 through
the relation �em ¼ A : e0 (Fig. 2(b)), and A ¼
C�1

I : B : C1.
It is found that the dilatational component a* of

the approximate average stress concentration tensor
T� in Eq. (49) is identical to that of the exact average
stress concentration tensors TI calculated directly by
solving the boundary-value problem in Fig. 2(a),
and the deviatoric component b* has practically
the same numerical values as those of the exact
counterpart for composites containing spherical
particles of various stiffnesses (Duan et al., in press).
Therefore, the approximate stress concentration
tensor T� obtained using the Eshelby equivalent
inclusion method in the above volume average sense
is very accurate. Thus we shall replace TI in the gen-
eral expression (43) with T� to predict the effective
compliance tensor of composites containing ran-
domly distributed spherical inhomogeneities. Duan
et al. (in press) also found that the effective bulk
and shear moduli obtained by substituting the stress



(a) (d)

(b) (c)

Fig. 3. A scheme showing how to decompose a multiphase composite into multiple composites to calculate the stress (strain)
concentration tensors. A composite with multiple inhomogeneities (a); 2nd sub-composite (b); 3rd sub-composite (c); and Nth sub-
composite (d).
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concentration tensor T� in Eq. (49) into Eq. (43) are
identical to those obtained by substituting the strain
concentration tensor E� in Eq. (51) into Eq. (44),
which means that this method is self-consistent
indeed. Thus, either Eq. (43) or (44) can be used
to predict the effective moduli.

The above Eshelby equivalent inclusion method
in a volume average sense is also applicable to the
circular inhomogeneity, and SI, TI and T� for the
circular inhomogeneity have the similar properties
to those of the spherical inhomogeneity. SI for the
circular inhomogeneity in the plane-strain state is
given below

SI ¼ nIJ2 þ 1IK2 ð52Þ
where

J2¼
1

2
I0ð2Þ � I0ð2Þ; K2¼�

1

2
I0ð2Þ � I0ð2Þþ I0ð4sÞ ð53Þ

nI¼ 1� 4

N 1

ð1�2m1Þ½1�k2þð1þk2�2m1ÞgI � ð54Þ

1I¼
3�4m1

4ð1� m1Þ
�2k2

N 2

3k2ð1�k2Þð1�gIÞþ
H 12

ð3þgI�4�mÞ

� �
ð55Þ

in which

N 1 ¼ 8ð1� m1Þ½1þ gIð1� 2m1Þ�
N 2 ¼ 8ð1� m1Þ½1þ gIð3� 4m1Þ�
H 12 ¼ g2

I ½3ð4� k2Þ � 24m1 þ 16m2
1�

� 2gIð3k2 � 4m1Þð1� 2�mÞ
� ð4� 3k2Þð3� 4�mÞ

ð56Þ

where k = qI/qm, and gI ¼ �l=l1. I 0(2) and I 0(4s) are
the second-order identity tensor and the fourth-or-
der symmetric identity tensor in two-dimensional
space (Nemat-Nasser and Hori, 1999), respec-
tively.
4.3. GSCM for multiphase composites

Eqs. (43) and (44), together with the average
stress and strain concentration tensors can be
used to calculate the effective bulk and shear moduli
of multiphase composites. Fig. 3 shows how to
approximately decompose a multiphase composite
into multiple composites each of which contains only
one kind of inhomogeneity, and constitutes a gener-
alized self-consistent three-phase model as shown in
Fig. 2(a) for the concerned inhomogeneity. For each
of the multiple composites, the stress (strain) concen-
tration tensor T�ðE�Þ is calculated using the expres-
sion in Eqs. (48) and (51), following the procedure
shown in Fig. 2. Then the effective moduli of the
multiphase composite are calculated from Eq. (43)
(Eq. (44)) by substituting the obtained stress (strain)
concentration tensors and other parameters into it.

In general, Eqs. (43) and (48) or Eqs. (44) and
(51) constitute the basic equations to obtain the
effective moduli of the multiphase composites.
These are nonlinear coupled algebraic equations
and have to be solved numerically. However, as will
be shown in Part II, instead of solving these nonlin-
ear coupled equations numerically, we can calculate
the effective moduli using an alternative simple
decoupled method proposed by Huang et al.
(1994). It will be seen that this simple method gives
very accurate results for various composites.

5. Conclusions

In this part of the two-part paper, a unified
micromechanical framework is presented to predict
the effective moduli of particle- or fibre-reinforced
composites with interface effects. This framework
comprises a replacement procedure and the
generalized self-consistent prediction of the effective
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moduli. Both of these procedures are different from
the conventional ones in that the elastic constants
of the equivalent homogeneous particles/fibres are
calculated based upon an energy equivalency condi-
tion, and the generalized self-consistent prediction is
based upon the Eshelby equivalent inclusion method
in an average sense for the three-phase configura-
tion. As will be shown in Part II, this scheme gives
simple expressions of the effective moduli of the
composites with the interface effects.
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