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A mainstream topic in computational biology is the
problem of sequence annotation: given a sequence

of DNA/RNA or protein, ..., etCc., we want to identify

“interesting” elements

Examples:

—DNA/RNA: genes, promoters, splicing signals, binding
sites, etc

—Protein: coiled-coil domains, transmembrane domains,
signal peptides, phosphorylation sites, etc

—Generally: homologs, etc
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The sequence of many of these interesting elements
can be characterized statistically, so we are

interested in modeling them.

By modeling, we mean find statistical models then

can:
- — Accurately describe the observed elements of provided
sequences;

— Accurately predict the presence of particular elements in
new or un-annotated sequences;

— If possible, be readily interpretable and provide some
insight into the actual biological process involved (i.e. not a
black box).

Peking Umiversity v"ﬁ
(Random process, or
Stochastic process)
A collection of random variables, representing the
evolution of some a system of random values over
time, which is usually just a Kind of mathematical
._expression.

. *A stochastic process X is a collection of random variables {X;,

t T}

*The variable t is often interpreted as time, and X(t) is the state
of the process at time t.

*A realization of X is called a sample path.

* There are a number of special cases that are of high interest

in computational biology, in particular Markov processes.
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7.1 Markov
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. .

Does the sequence belong to a particular structure class
(family)?

2

Assuming the sequence includes some structure classes
(families), what can we say about its internal structure?
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CpG
CG
CG
103
““CG” CpG CpG islands CpG
CpG CpG islands DNA
C G p
40% CpG 70% CpG
300 3000bp 200bp
GC 50% CpG 0.6
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O Unmethylated
. Methylated

ﬁ Gene Expression
Gene | e—

* Gene Expression Repressed

(TYIT
—m — Gene =
1 DNA
Markov
2 DNA

Markov
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Andrei A Markov was a graduate of Saint
Petersburg University (1878), where he began a
professor in 1886. His early work was mainly in
number theory and analysis, continued fractions,
limits of integrals, approximation theory and the
convergence of series.
. After 1900 Markov applied the method of
pntinued fractions, pioneered by his teacher
2afnuty Chebyshev, to probability theory. He
roved the central limit theorem under fairly
general assumptions.
_Markov is particularly remembered for his
udy of Markov chains, sequences of random
ariables in which the future variable is
determined by the present variable but is
ndependent of the way in which the present state
arose from its predecessors. This work launched
| istochastic processes.

Andrei Andreyevich Markov
(1856~1922)

&Y Peking Umiversity
1 Markov
..ACGCCGATCCTCGCGACGACGGETGCGACGTCGTCCG...

©

&

Markov Markov chain

[—
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Markov
n n n
N Markov

Markov

Markov

?;;«fs\ \ Peking Umiversity
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DNA 1
Q w Markov (s—t)

¢

t Alt Cilt G|t T
s A[0.18]0.27|0.42 | 0.12
s C|0.17]0.370.27 | 0.19
m w s G|0.16 | 0.34 | 0.38 | 0.13
s T|0.08|0.36|0.38]0.18
Markov

1 state A C G T

( state transition probability) AA,

a'st




PN Pekinge Univessity T

o Bnbroxluciion o Conpubaiiored Biology
2 DNA 1 Markov

DNA L X X Xge X

A
1] g, |
bl Eilokiion o Conynialional Siology

X1Xg- - X[

P(X) =P (X, X[ _jsees X)
= P(X_ | X__fseeer XPDP XL | X pseeer X)) . P(X))

1 Markov X; Xi 1
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P(X) = P(X_,X__[seer %)
= P (X | XL _pseees X)POX | | X gseees X)) P(X))

P(X) - P(XL | XL—1)P(XL—1 | XL—2)"'P(X2 | XI)P(XI)

PRLCIEDIDINY P(xl)H a, .

{x} Xp X3

=1




PR Peking University @
0 A ireendaction tor Grrprisined Eoliogy

3 DNA

4 Biodsion & CongrisGonal Bioloay

4 CpG islands

P(X)=P(X_ | X__DPX ;| X _5) P(X, | X,)P(X,)

L
= P (Xl )H aXi-1Xi
i=2

X
Markov
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48 DNA 60kb
islands

I -EpG islands
Positive
- @ CpG islands

Negative

positive negative

¢

CpG

DNA

DNA

st
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T [t At Clt G|t T

s A|0.18]0.27]0.43 | 0.12

s C|0.17]0.37]027]0.19

s G|0.16| 034|038 0.13

s T|0.080.36 ] 0.38 | 0.18

t At C|t G|t T

s A|030]0.21]0.29]021

s C|0.32]0.30]0.080.30

s G|0.25]025]0.30]0.21

s T|0.18]0.24]0.29]0.29




Peking Umiversity Vﬁ
S

DNA
P (x| model +) X, S
S(x)=1lo log =5 = o
(¥) =108 5 3 [model =) Z g 2 P
B |[tA[tC|tG|tT
s A |-0.74| 042 | 0.58 | -0.80
s C|-091| 030 | 1.81 | -0.69
s G |-0.62| 046 | 0.33 | -0.73
s T |-117 | 0.57 | 0.39 | -0.68

A Peking Uwiversity V‘fq
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DNA CpG

AACICTTCCGCGGCCCAGGCCCGGCTGGTCGTGCGCCATATGTAAGGCC

TR Pekine Uaiversity @
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CpG islands
c<CG”
““CG” CpG CpG islands
CpG
1 DNA CpG islands

Markov

- [ 2 DNA CpG islands ]

Markov
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7.2 Markov

(Hidden) 1\1\//[[2:111.'ll{:())‘\,' model I (Speech ZSamMINeS

‘ (Optical character
- recognition)
L (Biological sequence analysis) (Biometrics)
ko 1
g 2 DNA
K

AR Peking Umiversity ; ‘I
~ A Eilocksion & Conpuiaional Bioloay >"'
HMM
10 20
( ) HMM
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1 -

&

1 4 20
““Based on a sequence of
symbols from some alphabet, find out what the sequence
represents.”

L
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CpG
1 DNA CpG
Markov
2 DNA CpG
Markov
DNA
CpG + CpG
@ CpG islands ““Model +” CpG islands
““Model 77 DNA Markov
CpG islands

CpG islands

U ) BN
3R Y
bl Falndkion o Conpuiaonal Siology

Model
( CpG )

HMM
““Model +* ““Model 77
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Observed
Symbol

I Hidden

e\l e States

Markov

AR Peking University v‘ra
Al Eidoducsion o Conyribaonal Biolocy %

1. HMM

X1 %

Tiq 7y

T Markov
T path
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7 Markov Ay

V4

ay =P(z; =17z =k)

a, =P(z, =l|7n,=START)=P(x, =1)
a,=P(r,=END |7z =k)=P(xr  =k)
Markov {X:} {7}

PR Peking University .
(AN Y. ﬁmﬂﬂﬁ' mhﬂ'

i} {7} .
ey (b) (emission probability)

e, (b)=P(x, =b| 7, =k)
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1 GpCisland HMM

A, GG, T}
{+, -} or {A+, A—, C+, C—, G+, G—, T+, T-}
p GpC DNA p+g=1

T3\ i1 At Ct Gt T A (& G T
AT [0080p 027dp 0426p 0.120p | == —* 14
i+ - oo = oo 1-p 1-p 1l-p 1
C 0.171p 0.368p 02Tdp 0.188p | = == < .
Gt |oa6lp 0339 0375 0025p | LB Lz Lz .
T+ | 0.079p 0355 0381p 0.182p | Lz e Lz Lz
\ 3 4 - <L [ 0.300¢ 0.205g 0.285¢ 0.210¢
( le Ls L L[ 0.8322¢ 0.208¢ 0.078¢ 0.302¢
G e e 14 12 1 0248¢ 0.246g 0.208¢ 0.208¢
T 1 g La 1oa 14 | 0.177¢ 0.239¢ 0.202¢ 0.292¢

6, (0)=P(x =bl 7, =K)

N,
i N
o
d

ol Eboakaiion & Conguiaionsl Biology
&

| {1,2,3,4,5, 6} {F, L}
a,. =095 a, =0.05 a, =090 a, =0.10
eF(l) = eF(2) = eF(3) = eF(4) = eF(S) = eF(6) = 1/6
eL(l) = eL(z) = eL(3) = eL(4) = eL(S) = 0.1

e (6) = 0.5
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Observed

Hidden

,-'/‘3 Peking Uwmiversity w"?

G A Feoduian & Gangriatonsl Sology

HMM

o
]n
Qi

1(xp) Inz(xz) Ins(xs) In4(x4)
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X T

L
P(X, 72-) = aO;z1 H eﬂi (Xi )aﬁi”m
i=1

7

TR b vuiversity ;B

A Bivoducson o ComgriaGonal Bioloay

One might hope that knowledge of a good statistical
model could suggest a physical model, i.e. that the
hidden Markov model states actually correspond to
physical states of the biological system, but this not
required.

—— Computational Molecular Biology: An Introduction

George Box
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2. Viterbi —_—

v

AR Peking University
M Bilodsiion o Conpeda@onal Bioloay

Most probable state path
Xl oo OXL

7° =argmax P(X, ) =argmax P(r | X)

v T

—————————————

‘_
e e e e e . e
r

;
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recursive
Vi (i) I ( i
Xy eee X ) i k
Vk(l)—{nllan}P(Xl,Xz, X., )
i+1

v, (0) =1

v (I + 1) € (X|+1)Inl?‘X {Vk (i)ak| }

‘ iyl A s

5 — i R o g cat B e e
e e s 5
= =TT -

Factorial (4)

Call 1;

Call z:

Call 3;

Call 4;

Call &;

PR Pekisg University
7y =

Recursive process

\ Returns 24

Returns &

Returns 2
Returns 1

i Returnsz 1
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Viterbi

Initialization (i=0):

V,(0) =1
v, (0)=0 for kK >0

Recursion (i=1, 2, ..., L):

vi(i) = e (x;) max {v, (i-1)-a, |
ptr . (I) = arg max {Vk(i—l)-ak,}
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Termination:

P(x,m7) = max v, (L)-a,,}

7' =arg max {v,(L)-a,,}
k

Traceback (i=L, ..., 1):

= pt_r {77 i*}

R Peking University e
(A Bleaduion to Comguisiod Biology Y

Viterbi CpG
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4— <—
0.034 0.012 0 003
0 010 0 003 0 0002

PR Peking Umiversity oA
0 Ssadiion &3 Cosyristonal Siology %
With logarithmic scores

Initialization (i=0):
Vo(0) =0
vV, (0) = —o0 for k>0

Recursion (i=1, 2, ..., L):
v (i) = log &, (x;) + max {v, (i —1)+log( a,)}
ptr.(l) = arg max {Vk(i — 1) + log( a, )}
| K
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Termination:
P(x,7") = max V(L) + log( a,,)

7, =arg max {v, (L)+ log( a,,)}
k

Traceback (i=L, ..., 1):

A Pekimg University oA
il Biodcion o ConpriaGonal Biolosy w&
Viterbi

|
: 1/10) 0.9

:1/10
110!
: 1/10|
: 1/10)
:1/2

a, =095 ay, =0.05 a, =090 a, =0.10
er(D)=¢ec(2)=e(3)=ec(4)=¢€(5) =6 (0) = 1/6
ee(M=¢e(2)=¢,(3)=¢e.(4)=¢.(5)=0.1

. €.(6) =805




253
7

>

Peking University A
Bsendsciions dor Coerguilisioned Bidngy Wv
Viterbi HMM 300

Rolls 315116246446064424531132163116415213362514454363.65602650665060
Die FFFFFFFFFFEFFFFFFFrFEFFFFFFFFFFFFFFFFFFFFFFFFFFLLLLLLLLLLLLLLL
Viterbl FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFLLLLLLLLLLLL

Rolls 6511664531326512456366646316366563162326455236266666625151631
Die LLLLLLFFFFFFFFFFFFLLLLLLLLLLLLLLLLFFFLLLILLLLLLLLLLFFFFFFFFE
Viterbi LLLLLLFFFFFFFFFFFFLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLFFFFFFFF

Rells 222555441E66556563560432436412315134565146353411126414526253356
Die FFFFFFFFLLLLLLLLLLLLLFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFEFLL
Vicerhi FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFL

Ralle 36616366R4862325344136616611632525624R2255265252265435353336
Dig LLLLLLLLFFFEFFFFFFFEFFFF PR PP FFEFFFRFFFPFEFPFEPFEFSFFFEFPFEE
Vitern: LLLLLLLLLLILLFFFFFFFEFFFFFFEFFFFFFFEFFFFFFFFFEFFFFESFFFFFFFFF
L 3

Eolls 233121625364414432335163 243633005562 4000626F2R0RG612355245242
Dis FFFFFFFFFEFFFFFFFFFFFFFFFFFLLLLLLLLLLLLLLLLLLLLLLFFFFFFFFFET
Viterbi FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFLLLLLLLLLLLLLLLLLLLEFFFF FFFFE‘F_::J

3

Peking University oA
Eioducian & Conpaiasal Sioloay wv
3. (The Forward Algorithm)
DNA DNA
Markov Markov

P(x) = P(Xl)ﬁ A, 2 4.
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DNA Xieoo Xy,
Xiooo Xy

P(x)=> P(x,7)=> P(z|X)

" P(X)

" =arg max P(X,7) = arg max P(z|X)

S Peking University
=
Viterbi
P(X)
XpeeeX; i 7k ( )

f (i)=P(xX,..x,, 7, =k)

f(i+1)=¢e(x -I—lZf(I .a,
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Initialization (i=0):
fo(0) =1
f,(0)=20 for k>0

~ Recursion (i=1, 2, ..., L):
f (1) = eI(Xi)Z {fk(i -1)-ay }
k
- Termination:

P(x)=> f. (L) a,

) Peking Umiversity @
4 Biodsion & CongrisGonal Bioloay
4.

Viterbi '
- |
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il Frsoxdkiciion b Grepuiidared Biology

P(x,7,=k)=P(x,..x_,m, = k)
= P(X,..X;, ; = K) - P(Xi - X | X%, 71, = K)
= P(X,..%, 7 = k) - R(X;,.. % |7 = K)

b (i)=P (X, % | 7; = k)

i+1°

,-'fa Peking Umiversity @

& Beodksosan & Compriaeonal Biology
(Backward algorithm)

Initialization (i=L):
b, (L) =a,, for all k>0

Recursion (i=L-1, L-2, ..., 1):

b, (1) = 2, ay 'el(xm)’bl (i + 1)
|
Termination:

P(x) = Z dyo ‘el(x1)'b|(1)
Cw ey e,
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Posterior state
probability :

f, ()b, (i)
P(ﬂ'i:k|xl"'xl‘): P(x)

fair die

=
£
o
1 . adi 18 | & E ~ ol
0] 50 100 150 200 250 300
Rolls 315116246446644245311321631164152133625144543631.685662656064860
Dia FFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFrFFFLLLLLLLLLLLLLL.L
Rolls E511664531326512456365646316366531162326455236266666625151631
| Die LLLLLLFFFFFFFFFFFFLLLLLLLLLLLLLLLLFFFILIILI.[.I.L.L.L.LILLLLFFFFFFFFF

I Rolls 222555441 C€653466553564324356413151346514635341112641452625533506

Die FFFFFFFFLLLLLLILLLLLLLFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFLL
1
| Rolle 3551636604662 325344136616611632525624022552652522654353535338
I Di LLLLLL.LLFFFFFFFFFFFFFFFFFFEFFFFFFFFEFFFFFFFFFFFFEFFFEFFFFEFFFFFF

| Rolla A3312162536442124323351632 2436336655624 00002683 26006123 55245242 |
Die FFFEFFFFFFFFFFFFFFFFFFFFFFFLLLLLLLLLLLLLLLLLLLLLLEFFFFFFFFEFFF |
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(Decoding)

Viterbi DD:»
-

PR Peking University 3
(AN Y. bmupﬁi mhﬂ'

7T, = arg max P(7zi = k‘x)
K

n” =arg max P(X, )
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87.3 Markov

Ay

a, =P(m, =1|7z_ =k)

ex(b)
e (b)=P(x =b| 7, =k)

-%

[ A Bodacon o Conprisanal Siology |

1 2
n X'y X7y aeey XM

HMM

1 CpGisland CpG
DNA




Akl Ek(b)

B0
a0 z . )

DD:»
Pseudocounts
Modification
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EM

ex(b)

Aq  Eq(D)
Ay e (b)

P Peking Umiversity @
A Bisodiacian & Coanpribaaand Biokoay
n x!, x2, ..., x"
Ay ew(b)

ST ERE TR L)

0 HMM

‘ A :Zn:lﬂlx—J)Z f230)-ay ‘el( |+1) b (i +1)
£,0)-3, 5, Z 000

|xJ b

e ot ootk
R e
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3. Markov

. oS i 2 LR
RS A e i e o e Mt o
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87.4 Markov

. (pairwise alignment)

* Profile HMM

profile

Genscan (Burge et al, 1997)
GeneMark series (Borodovsky et al, 1993-2001)

Motif

PR Peking Vniversity @

1.
X, Y:
X: VLSPADK
Y: HLAESK
XY Insertion

Deletion
alignment
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alignment (a match model)
Xc:VLSPAD- K
YYHL - - AE S K
MMIxIxMMIyM
M, Ix, Iy}
M (match)
Ix (insertion in X)
. Iy (insertion in Y)

alignment
- (emission) (transition)

PR Peking University A
(Al Bodciion o Conpisiional Siology Y

Full match model T
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amino acid X Y
X: VLSPADK
Y: HLAESK
P(X<>Y,7)

z = argmax P(X <> Yy, 7)=argmax P(X <>y | x)-P(x)

- T T emissions transitions

& Peking Umiversity @
A Biloducson & ConyprdaEonal Bioloay .
(Viterbi algorithm).

ij i=0,...,7;

1-25-twM(i-1,j-1),
VM (0, )= pyy; maxq (- -tV (-1, j-1),
A-e—-twYi-1,j-1);

svM (-1, ),

IX /:
v7(l,]) = qy max
& {EV'X(i—l,J’);

svM G, j-1),
ev (i, j-1);

v'y(i,n:qyjmax{
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X, Y:
X: VLSPADK

Y: HLAESK

match XY

P(X< y,7*%| M)

significance e

P(X.,y|R)
log-odd

= log

PR Peking University .
AR BiovkaEon ﬁmﬂwﬁ‘ ﬂhﬂr

Logistic
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Full random model

TR Pekime Umiversity @
7 mﬁww !

Random model

* P(x<>vy,7) P(x<>y|x)-P(r)
7 =arg max log(——————) = arg max log(
x P(X,y|R) x P(X,y[R)

)

7 6
POLy IR =n-m)" | [ax -na-m°] | ay;
i=1 j=1

match model

Pyiv: — —
Ay dy; (1-n) Jadp (1-17)
log2lx_ d =—log o(-e-1)
1-n (1-n1-26-71)

a
log—IIy
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Peking University

Viterbi

Log-odd

)

Badkicion & Conpiaganal Bioloay

Peking Umiversity

FDWNWNWNWNWNWNWNWNWNWNWNWNWNWWWWWLWLWLW W~ |

2100134520331141012232515

8214530110440342005345215 X

V033413344413113203154315 it

X
8111010101330231524220015 i
Ol cn O <t e (N O < — O < © — — <t o 3 (N — L i

' ' ' ' ' ' ' ' ' ' ' ' ' PR e T T T TR S TR T TR

K13D132120336241013230115 f
L234422343253314312114315 5 44

e L R R L N

' ' ' I e T T T T e e T T T T T R T R TR |

N11?220001340242104234015 _
R2?1241030433233113131015

[—
=
& 2
=]

= =)

_— [+
S e =
s >
n T QO .
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X2XVLSPAD- K
Y2HL - - AESK

S(V,H)+S(L,L)-d-(2-1)e+S(A,A)+S(D,E)-d+S(K,K)
—4+5-10-2+5+2-10+6
=8

R Peking Umiversity T
N A Biokciion o Conyriaional Sialogy ﬁy

In fact, the search and alignment applications
constitute probably the best-known use of HMM
for biological sequence analysis. However, HMM
theory should be emphasized with its much
broader applicability, which goes far beyond that
of sequence alignment.

—— Biological sequence analysis
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2.

Profile HMM

(family) (member)
"" profile
| profile
'; candidate
'3
B
s HMM profile

HMM.

T e . |

4

HUMAN
_HOMAN
EPH_HUMAN
FEE_HUMAN
IFE_HUM&N
_HOMAN
THAN
HUMAN
FET_HUMAIN

_HUMAN 44 0 { L VG IITEFNMT
EPH_HUMAN ‘FEPIMIITEFN
FEE_HUMAN . NIVE TORGFVTIINEL

AN GEPTLVVHELMN
HUMAN g i G
TRE_HUMAN
GFE_HUMAN
HIM AN 0
FE_HUMAN V-1 JLITQLHE
0 ' LYLVTD

ANE
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profile HMM?

( )

(consensus modeling)
match insertion deletion

main
WME3TW-—- - = —— — — METTREWS
TESWVW - - - - —— — KEYSLTWL
TRETLE- - - - LEPSODCEKTWVL
YTKESTILi- - —— —— — — FDEKTSWVEA

TESGHNARDT - - TESGEAETRVA
YTESTAVDT -LIEWVESEE TEWVA
FILAECHNL- -LEFEQODEML WL
WILAERATGLDEDEPNEWVTEWS
WEATAPFHL - -KGEASGY TTWVA
¥TESLWIP- - —-EGEEVEIEPWVA

______ KSEESKTFA
_______ KPTCKEYR . . .

L

Peking Unmiversity &
[ P ——— Y

profile HMM

Eeagin — — End

Figure from Computational methods in molecular biology, Chap. 4, by Anders Krogh.

<> : Insertion Q : Deletion
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(Transition probabilities and emission probabilities)
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ey, (W )=2/35;, aym, =16/18;
e, (Y)=8/35; a1, =1/18;
ey, (F)=3/35; am,p, =1/18.
e, (V)=3/35;

ey, (1)=2/35;

e, (E)=2/35;

e, (R)y=12/35;

1/35.




: Peliing iﬂve&iky ‘@

(significant matches to the profile):

(match)
(profile)

n = argmax P(x, 7 | profile)
T

(likelihood)
P(x,;z* | profile)

significance —
log-odd Viterbi
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Log-odd Viterbi

M -
et (X) Visi(i=D+logam; m;>
M (A
V' (i) = log—2——+ max; Vj'_l(i—1)+10ga|j_1M

X

j’

D -
Visi-D+logap; m;;
o (x0) VjM(i—1)+logan|.,
l; i
V(i) = log ——"+ max ViG-D+loga ;.
Xj

VjD(i—1)+logaDj|j;

M s
v j—1 (1) + log ay j-1Dj>

D ,: .
VP () =max Vi ()+loga;_p;.

D .
\Vj—l(l)"‘ logap; ipj;
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3. HMM

B GENSCAN (Burge 1997)
¥ FGENESH (Solovyev 1997)

» HMMgene (Krogh 1997)

# GENIE (Kulp 1996)

¥ GENMARK (Borodovsky & McIninch 1993)
¥ VEIL (Henderson, Salzberg, & Fasman 1997)
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Start codon

ang i Stop codon
LR, LA, AT eleavage
Translation siie
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. 30kb
. 1kb

. 5 (5’ UTR) 750 bp
. 3 (3°’UTR) 450 bp
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Pos: 2 I z 7 g

2160 416

59

02 04 LI 21 L6 07 06 10 o1 00 oo @
Bits: a0
Peos: 2120 A9 -18-1F-16-15-1412 12 11109 B 7 -6 -5 4 3 2 4 1 23

LCCCen Cc |
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Q0010101010 202020203030.3020303040400091.821030.0 o
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:between codons; 1:after
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Burge, C. & Karlin, S, J.
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GenScan

* WMM (Weight Matrix )
— Poly A;

WAM (Weight Array )
acceptor 2 )

MDD (Maximal Dependence Decomposition)
donor
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4. Markov
HMM
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