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Penta-graphene (PG), as a novel carbon allotrope, has attracted considerable attention because of its

unique atomic structure and outstanding intrinsic properties. Here, we systematically investigate the

effect of layer numbers on the lattice thermal conductivity of the stacked PG structures by solving

exactly the linearized phonon Boltzmann transport equation combined with first-principles calcula-

tions. We find that the lattice thermal conductivity of the stacked PG is insensitive to the number of

layers, which is in sharp contrast to that of graphene. Such a layer-independent thermal conductivity

is attributed to the buckled structure of PG which breaks the two-dimensional selection rule of three-

phonon scattering and the weak van der Waals interlayer interactions that hardly have any effect on

the lattice thermal conductivity. This mechanism can be generalized to other van der Waals layered

materials with buckled or puckled structures, which may also show the layer-independent lattice ther-

mal conductivity. Published by AIP Publishing. https://doi.org/10.1063/1.4996054

Since the successful synthesis of graphene,1 extensive

research interest has been triggered in exploring novel

carbon-based nanomaterials because of their fantastic proper-

ties2–5 and great potential in technological applications.6–9

Recently, a new carbon allotrope named penta-graphene (PG)

was proposed.10 Its unique atomic configuration and excep-

tional properties, such as an intrinsic quasi-direct bandgap,

negative Poisson’s ratio, and ultrahigh ideal strength, have not

only motivated the study of other pentagon-based two-dimen-

sional (2D) structures,11–17 enriching the family of uiltrathin

2D materials, but also led to the further investigation of the

potential applications of PG in nanoelectronics,18,19 optical

devices,20 Li/Na-ion batteries,21 and catalysts.22

Thermal conductivity is an important physical parameter

used to assess the heat dissipation ability of materials.

Usually, materials with high thermal conductivity are desir-

able in electronic applications for better performance and

longer lifetimes of devices.23 In this aspect, PG with a rela-

tively high lattice thermal conductivity jlat of 645 W/mK24

is attractive, as it could be used as a thermal management

material for cooling electronic devices. Meanwhile, it has

been demonstrated that some external factors such as chemi-

cal functionalization and tensile strain have a significant

influence on the jlat of PG. For instance, the jlat increases

notably (76%) via hydrogenation due to the weak bonding

anharmonicity in the hydrogenated PG,25 while it monotoni-

cally decreases when stretched.26 In addition, it has been

reported that vertically stacking 2D sheets via van der Waals

interactions is another possible way to tune thermal conduc-

tivity, and the number of the stacked layers play a role in

tuning the lattice thermal conductivity in some cases. The

in-plane jlat can show complicated behaviours in layer

dependence for 2D materials with different compositions or in

different environments.27,28 For example, the in-plane jlat of

mutilayer graphene and hexagonal boron nitride (h-BN)

decreases significantly as compared to that of their monolayer

counterpart, mainly due to the breaking of the 2D selection

rule of three-phonon scattering.29–31 However, for supported

mutilayer graphene, the jlat is found to increase rapidly with

the layer thickness, reaching about 90% of that of bulk graph-

ite at six layers.32 While for multilayer phosphorene, the in-

plane jlat is insensitive to the number of layers, because the

behavior of out-of-plane phonon modes is hindered due to

their puckered structures.33 In addition, the influence of the

MoS2 layer thickness on its in-plane jlat is still under debate

with the consideration of the quite different results obtained

by previous studies.34–36 These findings motivate us to explore

the lattice thermal conductivity of the stacked PG structures

that are unreported so far. We wondered how the thermal

transport changes with the layer numbers. In this paper, we

systematically study the effect of the layer numbers on the lat-

tice thermal conductivity of the stacked PG structures.

In semiconductors, heat is carried primarily by phonons

and the intrinsic lattice thermal conductivity jlat is domi-

nated by phonon-phonon interactions resulting from the

anharmonicity of interatomic potential around and above

room temperature.30,37 The microscopic description of jlat as

the sum of contributions over all the phonon modes k (q, j)
with the wave vector q and branch index j is derived from

the phonon Boltzmann transport equation (BTE)38 given as

jab
lat ¼

1

2pð Þ2 ndð Þ
X

k

@f

@T
�hxkð Þ2�a

k�
b
k sk; (1)

where n is the number of uniformly spaced q points in the

Brillouin zone, f is the Bose distribution function, xk is thea)E-mail: qianwang2@pku.edu.cn
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frequency of a phonon mode k (q, j), �a
k(�b

k ) is the component

of the phonon velocity along the thermal transport direction

a (b), sk is the phonon lifetime of each phonon mode, and d
is the interlayer distance, which is set as 3.704 Å for 1- and

1-layered penta-graphene while 7.408 Å for 2-layered

penta-graphene. The layer number N of PG is limited to 1, 2,

and1 (corresponding to the period system), which are good

enough for the conclusion.

The phonon lifetime sk is determined using an iterative

approach, as implemented in the ShengBTE package,39 which

solves exactly the linearized phonon Boltzmann transport

equation (BTE). This method has been widely used to calcu-

late the jlat of various materials, showing satisfactory accu-

racy and predictive power.40–42 For the inputs to the BTE,

a series of harmonic and anharmonic interatomic force

constants (IFCs) are required, which are obtained from first-

principles calculations within the framework of density func-

tional theory (DFT) as implemented in the Vienna Ab initio
Simulation Package (VASP).43 To accurately describe the dis-

persion force and obtain the interlayer distance, the structures

of the N-layered PG are optimized using optB88-vdW func-

tional.44,45 The kinetic energy cutoff of the plane waves with

a value of 500 eV and the cutoff radius up to the 14th nearest

neighbors are selected for all the systems studied here. The

8� 8 � 1 (6� 6 � 1 and 6� 6 � 3) and 5� 5 � 1 (4� 4 � 1

and 4� 4 � 4) supercells of 1-layered (2- and1-layered) PG

are constructed and used to calculate the harmonic and anhar-

monic IFCs, respectively. In addition, the isotopic impurity

scattering and boundary scattering at the diffusive limits

(L!1) are also included in our calculations.

Although multilayer 2D materials can be constructed by

stacking their monolayers, the stacking alignment is difficult

to be controlled in real fabrication processes, especially for

the multilayer structures fabricated by using direct transfer

technology.46 Here, we consider several possible stacking pat-

terns of the 2-layered PG according to the stacking misalign-

ment (SM) rule.19,47,48 First, we perform calculations by

varying the SM from 0 (ideal 2-layered AA-stacking) to 1/2 a
(AB-stacking) with an interval of 1/8 a, where a¼ 3.64 Å is

the optimized lattice constants of the monolayer PG. Unlike

graphene, which favors the AB-stacking, our total-energy cal-

culations based on the optB88-vdW functional indicate that

the AA-stacking penta-graphene is the most energetically

favorable structure, as shown in Fig. 1(a). Then, we take the

other two stacking patterns into account, which possess high

symmetry and are built based on the AA-stacking, as shown

in Figs. 1(b) and 1(c), respectively. The AA1/4-stacking can

be viewed as shifting the top layer of the AA-stacking by

(
ffiffiffi
2
p

=2) a along the diagonal direction. While for the AA0-
stacking, the top and bottom layers are mirror images of each

other. However, the stacking order still prefers the AA-

stacking with the lowest total energy. Therefore, we only

focus on the structure with the AA-stacking arrangement in

the following discussions. For the 2-layered PG, the opti-

mized lattice constants are a¼ b¼ 3.643 Å. At the equilib-

rium distance between the two layers, we calculate the

binding energy (Eb) per carbon atom, which is defined as

Eb ¼ ðE2-layer � 2EsingleÞ=M, where E2-layer is the total energy

of the optimized 2-layered PG, Esingle is the total energy of the

isolated PG sheet, and M¼ 12 is the number of carbon atoms

in a unit cell of the 2-layered PG. The calculated binding

energy of the 2-layered PG is 34 meV/atom with an optimized

distance of 2.486 Å, which has the same order of magnitude

as that of other van der Waals (vdW) bilayer systems such

as bilayer graphene (Eb ¼ 50 meV/atom),49 the vdW hetero-

structure formed by graphene and phosphorene (Eb ¼ 60 meV/

atom),49 and MoS2 and graphene heterobilayers (Eb ¼ 58

meV/atom).50

Since the phonon spectrum carries the important infor-

mation on the vibrational states, we then turn our attention to

study the lattice dynamics of the N-layered PG. Our focus is

on the low frequency part of the phonon spectrum

(<16 THz), because in this region, the phonon dispersions of

the 2- and 1-layered PG are different from that of the PG

monolayer. In addition, the C-X direction (the in-plane direc-

tion) is chosen as the typical high symmetry path, as the con-

tribution to thermal conductivity along this direction weakly

depends on the phonon dispersion along other directions. We

can see that the N-layered PG all have three acoustic

branches including the in-plane linear transverse acoustic

mode (TA1), longitudinal acoustic mode (LA1), and the out-

of-plane flexural acoustic mode (ZA1), as shown in Fig. 2.

While for the 2-layered PG, the weak interlayer coupling

produces another three low-lying optical phonon branches

for each acoustic branch (TA1, LA1, and ZA1), which are

labeled as TA2, LA2, and ZA2 [see Fig. 2(b)], respectively.

We find that the TA2 and LA2 branches deviate from the

TA1 and LA1 just in the region around the C point, whereas

the flexural mode ZA2 deviates significantly from the ZA1

FIG. 1. Top and side views of the optimized structures of the 2-layered PG

with different stacking patterns: (a) AA-stacking, (b) AA1/4-stacking, and (c)

AA0-stacking. The top and bottom layers are in gray and blue, respectively. The

corresponding total energy and optimized interlayer distance are also given.

FIG. 2. Phonon spectrum of the acoustic and low-lying optical branches

along the C-X high symmetry line for (a) 1-layered, (b) 2-layered, and (c)

1-layered PG.
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mode throughout the Brillouin zone. However, such a dis-

crepancy of the ZA mode in the 2-layered PG is smaller than

that of 2-layered graphene: at the C point, the split of the ZA

mode is about 2.5 THz in 2-layered penta-graphene, while

increases to 9 THz in 2-layered graphene.30 Such features

indicate that the interlayer coupling of penta-graphene is

even weaker than that of graphene, thus offering opportuni-

ties for penta-graphene to have a layer-independent jlat.
Besides, we note that the ZAi modes of 1-layered PG do

not look like a continuum, which is quite different from that

of graphene because of the different stacking patterns

between PG (AA) and graphene (AB).

In order to examine the effect of layer numbers on the

lattice thermal conductivity, we perform first-principles cal-

culations on the in-plane lattice thermal conductivity jlat of

the N-layered PG (N¼ 1,2, 1) as a function of temperature,

using both the solution of the linearized BTE and single-

mode relaxation time approximation (RTA).51 The results

are given in Fig. 3(a), which shows that the calculated jlat

under the RTA (jRTA) is much smaller than that obtained by

using the solution of the linearized BTE (jBTE). The reason

is that, within the RTA solution, the Normal scattering pro-

cess is incorrectly treated as an independent resistive process

on the same footing as the Umklapp scattering process;

hence, the jRTA always exhibits smaller magnitude as com-

pared to the jBTE, especially in the materials with the strong

Normal scattering process, as the cases in some other carbon

allotropes.30,52,53 In addition, the jRTA gradually approaches

to the jBTE as the temperature increases because more high

frequency branches are excited and involved in the Umklapp

scattering processes, which dominates at high temperature.

By using the solution of the linearized phonon BTE, the in-

plane jlat of PG is found to be almost independent of the

number of the PG layers especially at high temperature.

The calculated jlat of 592 W/mK for the 2-layered PG is

slightly larger than that of the monolayer (533 W/mK) and

1-layered (525 W/mK) PG at 300 K. The calculated per-

centage of change is 11.2% and 11.4%, respectively, when N
increases from 1 to 2 and from 2 to 1 at 300 K for PG.

While the corresponding percentage for graphene29,30 is

28.9% and 11.5%. Obviously, PG shows a weaker interlayer

dependence of jlat as compared to graphene. The possible

reasons are the refection symmetry exists in the monolayer

graphene along the in-plane direction, leading to a 2D selec-

tion rule of three-phonon scattering processes, which means

that only even numbers of out-of-plane modes can be

involved in the three-phonon scattering processes. Thus,

sixty percent of scattering processes are forbidden in the

monolayer graphene. However, the reflection symmetry is

not preserved in the 2-layered graphene because of the inter-

layer coupling. So, the jlat of the 2-layered graphene is sig-

nificantly reduced to about 20% of that of the monolayer

graphene30,54 due to breaking the 2D selection rule. In addi-

tion, the reduction of jlat slows down with increasing the

layers, and the jlat converges to the value of graphite when

increased to about five layers.30 In this case, the weak

and short ranged interlayer interaction rather than breaking

selection rule is responsible for the reduction of jlat.
30

Accordingly, if the intrinsic structure of materials is not

purely planar like PG, then the 2D selection rule held in

monolayer graphene cannot be applied to them due to the

lack of reflection symmetry. Furthermore, we have men-

tioned that the interlayer interaction between the PG layers is

even weaker than that of graphene, thus hardly affecting its

jlat. Consequently, the effect of the layer numbers is subtle

in these buckled structures. In addition, under the RTA solu-

tion, the jlat of 1-layered PG is comparable to that of the

2-layered PG, while smaller than that of the PG monolayer

in the whole temperature range, indicating that the Normal

scattering process weakens with adding the layers.

To figure out the main heat carriers in the N-layered PG,

the normalized cumulative jlat as a function of frequency is

calculated. The results are plotted in Fig. 3(b), which shows

that jlat of the N-layered PG is dominantly contributed by the

phonons with frequencies lower than 16 THz, indicating that

the acoustic and low-lying optical phonon branches carry the

majority of the heat, similar to that of graphene. Therefore,

we focus on the low frequency branches (<16 THz) in the

later discussions.

To confirm that the jlat of the N-layered PG is layer-

independent, we further calculate the other two essential fac-

tors including the frequency-dependent phonon velocity Vg

and the three-phonon scattering rate, which are critical for

deciding the jlat. The calculated results are given in Figs.

4(a) and 4(b). From the Vg-x relationship, one can see that

the Vg is almost degenerate for the N-layered PG structures,

making the jlat more possible to be layer-independent. On

the other hand, the three-phonon scattering rate, which domi-

nates the intrinsic jlat around and above room temperature,

varies with the number of layers N in the range of high fre-

quencies, where the PG monolayer possesses a slightly larger

three-phonon scattering rate than that of 2- and 1-layered

PG. However, it should be mentioned that these high fre-

quency branches have relatively small contributions to the

jlat and thus cannot lead to a variation of jlat. Actually, these

high-frequency branches mainly participate in the Normal

scattering process, providing important scattering channels

for the low-frequency branches, from which a large fraction

of resistive Umklapp scattering derives.42 To get the details,

the Normal scattering rate for higher frequency branches

(>16 THz) is calculated and plotted in Fig. 4(c). The results

show that the Normal scattering rate of the PG monolayer is

larger than that of the 2- and1-layered PG, which also gives

a reasonable explanation to the results obtained under RTA

with the order of jlat (N¼ 1) < jlat (N¼ 2) ¼jlat (N ¼ 1).

Furthermore, we also compare the relative contributions of

FIG. 3. (a) Variation of the lattice thermal conductivity jlat at different tem-

peratures calculated using both the solution of linearized BTE and RTA. (b)

Normalized cumulative jlat as a function of frequency for N-layered penta-

graphene. The low-frequency range (<16 THz) is marked in orange.
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the acoustic and the low-lying phonon branches to the jlat in

the N-layered PG, as shown in Fig. 4(d). The ZAi (i¼ 1, 2,

1) mode is much more sensitive to the variation of tempera-

tures than the LAi and TAi modes, because the ZAi mode is

in the lowest frequency range, and thus can be excited first at

the given temperature. At 300 K, The contributions of the

ZAi mode to jlat decrease from 62.3% to 45.5% and 27.6%

with the layer number N increasing from 1 to 2 and1, respec-

tively. On the contrary, the contributions of the LAi or TAi

mode to jlat are slightly increased with adding the number of

layers, as a consequence of the weak interlayer coupling.

The three phonon phase space P3 contains the scattering

events that satisfy energy and momentum conservation condi-

tions and thus can be used to assess quantitatively the number

of scattering channels.39,55 The phase space available for the

three phonon process including both the N and U processes is

defined as P3 ¼ 2
3X Pþ3 þ 1

2
P�3

� �
; where P6

3 ¼
P

j

Ð
d~qD6

j ~qð Þ

and D6
j ~qð Þ ¼

P
j0j00
Ð

d~qd xj ~qð Þ6xj0 ~q
0� �
� xj00 ~q6~q00

�h
�GÞ�:

Here, D6
j ~qð Þ corresponds to absorption (þ) and emission pro-

cesses (�), respectively. The available P3 slightly changes

from 1.38� 10�3 to 1.33� 10�3, and 1.32� 10�3 eV�1 for

the l-, 2-, and1-layered PG, respectively, as displayed in Fig.

5(a). This feature also confirms that jlat is insensitive to the

layer-number of the stacked PG structures. Meanwhile, we

also examine the room-temperature cumulative jlat as a func-

tion of maximum mean free path allowed, i.e., the value of

jlat when only phonons with a mean free path below a certain

threshold are taken into account, as shown in Fig. 5(b). The

results reveal that the N-layered PG possesses an extremely

broad phonon mean free path spectrum ranging from a few

nanometers to microns, showing the uneven contributions to

jlat from different phonon branches.

What is more, although the PG shows weak interlayer

dependence of jlat on the stacking thickness, we note that

the 2-layered PG shows a slightly larger jlat than that of

1- and 1-layered PG. The underlying reasons are (1) we

have shown that the 1-layered PG possesses a slightly larger

three-phonon scattering rate and three-phonon phase space

P3 than that of 2- and1-layered PG, leading to the relation-

ship of jlat (N¼ 1)< jlat (N¼ 2)� jlat (N ¼ 1); (2) For 2-

and 1-layered PG, we calculated their boundary scattering

rates, as displayed in Fig. S1 in the supplementary material.

One can see that, in the colored regions, the boundary scat-

tering rates increase from N¼ 2 to N ¼ 1, and thus, there

should have jlat (N¼ 2)> jlat (N¼1). Therefore, these two

factors (weaker phonon boundary scattering rates36 and the

reduced three-phonon phase space P3) result in the slight

increase in jlat of 2-layered PG. Actually, the oscillating

behavior displayed in PG has also been found in other 2D

systems. For example, the multilayer phosphorene,33 MoS2

(Ref. 34), and h-BN12 also exhibit oscillating behaviors

between the jlat and N (N¼ 1, 2, 3…), as displayed in Fig.

S2 in the supplementary material.

In summary, we have investigated the dependence of the

in-plane lattice thermal conductivity jlat on the layer number

of the stacked PG by solving exactly the linearized phonon

Boltzmann transport equation combined with the state-of-

the-art first-principles calculations. Different from the case

of graphene, the jlat of PG is insensitive to the variation of

FIG. 4. Variation of the (a) group

velocity Vg, (b) three-phonon scatter-

ing rates, and (c) Normal scattering

rates with frequency. The high-

frequency range (>16 THz) is marked

in purple. (d) Contributions of the

acoustic and the low-lying optical

branches to jlat as a function of tem-

perature for the N-layered PG.

FIG. 5. (a) Frequency-dependent three-phonon phase space P3 and (b)

cumulative jlat as a function of the mean free path for the N-layered PG.
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the number of layers. The main reason is that the buckled

pentagonal structure of PG lacks the reflection symmetry,

and thus, the 2D selection rule of three-phonon scattering

valid for the planar structures such as graphene is no longer

applicable. The further analysis of the three-phonon scatter-

ing rates, three-phonon phase space, phonon velocity, and

phonon mean free path confirms our conclusions. The insen-

sitivity of the in-plane lattice thermal conductivity to the

stacking thickness offers an advantage over graphene,

namely, no need to precisely control the stacking thickness

of PG for its thermal performance.

See supplementary material for more information about

the phonon boundary scattering rates for PG and the similar

oscillating behaviors between jlat and N for other 2D materials.
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