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ABSTRACT: In recent years, increased attention has been paid to the study of
four-phonon interactions and diffusion transport in three-dimensional (3D)
thermoelectric materials because they play an essential role in understanding the
thermal transport process. In this work, we study four-phonon scattering and
diffusion transport in two-dimensional (2D) thermoelectric materials using the
paraelectric phase of 2D SnSe as an example. The inherent soft phonon modes are
treated by the self-consistent phonon theory, which considers the temperature-
induced renormalization of the phonons. Based on density functional theory and
the Peierls−Boltzmann transport equation for phonons, we show that the four-
phonon interactions can reduce the thermal conductivity of the 2D SnSe sheet by nearly 40% due to the collapse of soft optical
modes, and the contribution of diffusion transport to the total thermal conductivity accounts for 14% at a high temperature of 800 K
due to the short phonon mean free path approaching the Ioffe−Regel limit, suggesting the two-channel transport in this system. The
results are further confirmed by using the machine learning-assisted molecular dynamics simulations. This work provides a new
insight into the physical mechanisms for thermal transport in 2D systems with strong anharmonic effects.

KEYWORDS: thermal conductivity, thermoelectric materials, machine learning, two-dimensional SnSe, four-phonon scattering,
two-channel transport

1. INTRODUCTION

During the past few decades, extensive theoretical studies
based on the theory of phonon Boltzmann transport equation
(BTE) have been carried out to calculate the thermal
conductivity of materials, and the calculated results are
consistent with the experimental ones to some degree.
However, in recent years, it has been found that for bulk
materials with some peculiar phonon dispersions such as the
flatness of phonon branches,1 a large frequency band gap,2 and
acoustic bunching,3 the BTE calculations including only the
three-phonon scattering process fail to give an accurate
prediction of their thermal conductivity.4−6 A similar problem
has also been found in some other materials where the three-
phonon phase spaces are restricted.7−9 However, the difference
between the theoretical and experimental results can be
eliminated by taking into account the higher order four-
phonon scattering.8 Although great advances in the four-
phonon scattering theory have been made, a comprehensive
understanding of the thermal transport properties for the
materials with ultralow thermal conductivity remains challeng-
ing. First, the temperature effects on the strong anharmonicity
are usually ignored in previous work. Second, for the materials
with ultralow thermal conductivity where phonon mean free
path (MFP) is smaller than the distance between two
neighboring atoms, the BTE theory has been found to
underestimate thermal conductivity as it only considers the
particle-like phonon propagation. Beyond the BTE calculation,

hydrodynamics can describe the phonon Poiseuille flow and
second sound, which was found in suspended graphene and
silicon nanowires.10,11 Besides, to deal with such inaccuracy, a
two-channel transport theory that considers both the wave-like
tunneling of phonons (diffusion transport) and particle-like
propagation (nondiffusion transport) contributions to the
thermal conductivity has been recently developed. It has been
used successfully in studying the thermal transport properties
of the systems with ultralow thermal conductivity.12,13 For
instance, based on this theory, the compound of Cu12Sb4S13
was found to exhibit nearly temperature-independent and
extremely low thermal conductivity, less than 1.0 W/mK,
which is more consistent with the experimental results.14

However, to date, the aforementioned two-channel thermal
transport mechanisms and the effect of temperature on the
anharmonicity with phase transition have not been studied in
2D materials. 2D SnSe, as a typical representative of the next-
generation electronic materials, has attracted world-wide
attention because of its fantastic properties. It exhibits
ferroelectricity,15 which can be considered as the promising
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solution for the disappearance of the ferroelectricity when the
thickness of 3D ferroelectric (FE) materials is reduced.16,17 In
addition, similar to its 3D counterpart, 2D SnSe possesses an
ultralow thermal conductivity of 1 W/mK at 300 K and
exhibits great potential in the application of thermoelectric
field.18−21 Therefore, understanding its thermal transport
properties is of vital importance for the future application as
a thermoelectric or FE material. Although many studies have
been carried out on the thermal conductivity of 2D SnSe, they
all are based on the three-phonon theory, resulting in the
inaccuracy of the calculations,22−25 and none of them consider
the four-phonon scattering as well as the diffusion thermal
transport.
In this work, for the first time, we systematically study the

lattice thermal conductivity of 2D SnSe by taking into account
the four-phonon scattering, temperature effects on the lattice
anharmonicity, and its diffusion thermal transport. We show
that the four-phonon scattering plays a significant role in the
thermal transport process of 2D SnSe, and the diffusion
phonon transport also makes an important contribution to the
thermal conductivity.

2. RESULTS AND DISCUSSION
2.1. Geometric Structures. The 2D SnSe structure

contains two Sn and two Se atoms in its unit cell and
possesses the symmetry of Pnma at low temperatures.15 Similar
to bulk SnSe, 2D SnSe undergoes a phase transition from FE
phase to paraelectric (PE) phase with the symmetry of
Pnm21.

26 The PE phase is semiconducting with a band gap of
0.91 eV at the PBE level, as shown in Figure S1. The lattice
parameters of the FE phase along the a (armchair) and b
(zigzag) directions are 4.38 and 4.29 Å, respectively. The
corresponding values for the PE phase along the in-plane
directions are both 4.31 Å. The top view of the PE phase is
shown in Figure 1a, and the side views of the two phases are

presented in Figure 1b. One can see that the Sn−Se bonds of
PE phase are parallel to the out-of-plane direction, leading to
zero polarization in this structure, while for the FE phase, the
Sn−Se bonds have an acute angle along the out-of-plane
direction, leading to nonzero polarization in the plane. The
displacement of Sn and Se atoms along the armchair direction
results in a characteristic of double-well potential energy, as
shown in Figure 1b. The thermal conductivity of the FE phase

of 2D SnSe has been calculated without considering the phase
transition.25 However, for the PE phase structures of FE
materials, less theoretical studies have been conducted for the
thermal transport behavior. This is because the PE phase is
only stable at high temperatures and exhibits imaginary modes
under the harmonic approximation, which is the commonly
used method in previous calculations [0 K density functional
theory (DFT)]. It prevents the precise calculation of their
thermal conductivity. Very recently, Villanova et al. calculated
the thermal conductivities for both the PE and FE phases of
2D SnSe using the MD simulations with the help of
temperature-dependent effective potential and found that the
difference in the thermal conductivities between the two
phases was nontrivial.27 However, the MD simulations may
overlook the quantum effects when considering the interatomic
forces between different atoms and cannot describe the
physical process clearly. More importantly, no detailed
mechanisms of phonon transport were provided in their
study, such as the three-phonon vs four-phonon transport and
diffusion transport behaviors.

2.2. Temperature-Dependent Phonon Dispersions.
Here, with the help of self-consistent phonon (SCPH)
theory,28 which considers the temperature effects to renorm-
alize the phonons, the lattice instabilities of 2D SnSe with PE
phase are treated successfully. The fourth-order force constants
needed in the SCPH calculations are obtained by training the
data using the Hiphive package.29,30 The cutoff in the cluster
space is set to 12.5 Å during the SCP calculations, and the
portion of the new parameter vector is set as 0.2 to obtain the
corrected harmonic model. The iteration step is set as 15 to
renew the harmonic frequency under each temperature. The
Monte Carlo rattle method in Hiphive is used to generate the
configurations as training data. The cutoff distances for the
second-, third-, and fourth-order interatomic force constant
calculations are considered, and their convergence tests are
conducted, as shown in Figure S2.
The temperature-dependent phonon dispersion of the PE

phase in the temperature range of 0 to 500 K is shown in
Figure 2a. One can see the imaginary optical branches near the

Γ point at low temperature. These soft imaginary optical
modes are considered as the driving mechanism of
spontaneous symmetry breaking in FE materials, as is the
case in other FE systems, such as the CsPbCl3, CsSnI3, and
SrTiO3, which possess the perovskite structures.31−33 When
the temperature is above the critical temperature Tc of phase
transition, the frequencies of these soft modes become positive,
leading to the structural transition of 2D SnSe from the low
symmetry (FE phase) to the high symmetry (PE phase). By

Figure 1. (a) Top view of the paraelectric phase structure. (b) Side
view of the paraelectric and ferroelectric phases of 2D SnSe. The
yellow and gray spheres are Se and Sn atoms, respectively. The green
curve is the schematic of the W-shape potential well transition
between the two phases. The red dash lines are along the out-of-plane
direction.

Figure 2. (a) Renormalized phonon dispersion of the PE phase of 2D
SnSe at finite temperature. (b,c) Partial DOS of the PE phase at 50
and 500 K, respectively.
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increasing the temperature gradually, it is found that the
unstable optical modes can be eliminated at 80 K, where the
FE to PE phase transition occurs. Because the FE phase can
exist only at the temperature below 80 K, we focus on studying
the thermal transport of the PE phase of 2D SnSe because this
phase can exist in a wide temperature range. We note that our
calculated Tc value is smaller than that experimentally
obtained34 because 2D SnSe usually has interactions with the
substrate in the experiment, while the structure used for our
calculations is in the free-standing state. From Figure 2a, one
can see that the frequencies of acoustic branches are hardening
with the temperature, and a slight increase is observed in some
optical branches, which can affect the thermal conductivity
effectively by increasing the phonon group velocities. Figure
2b,c shows the partial density of states (PDOS) of the Se and
Sn atoms at the low temperature (50 K) and high temperature
(500 K), respectively. In the low frequency region (0−2 THz),
the PDOS of the Sn atoms has a red shift trend, leading to the
increased phonon group velocities. In the high frequency
region (2−5 THz), the temperature effects are mainly
contributed by the Se atoms.
2.3. Thermal Transport Properties. The materials with

low thermal conductivities usually exhibit large anharmonicity,
which can be directly reflected by the scattering rates. The
importance of four-phonon scatterings has been demonstrated
in some bulk materials with high thermal conductivity.3,7,35

Only a very recent work reported the four-phonon scatterings
in the monolayer MoO3, which exhibits an ultralow thermal
conductivity.36 Here, we also consider the three- and four-
phonon interactions in the 2D SnSe sheet. A q-point mesh of
20 × 20 × 1 is used for the calculation, which is equivalent to
the supercells employed in the following MD simulations. The
thickness is set as 9.5 Å. The detailed information can be found
in Section 4 in the Supporting Information. The Dirac delta
function is regularized by the Gaussian function.37 The width
parameter for the scattering processes is obtained by setting
the scalebroad to 1.0 and fixed to 0.01 rad/ps for the four-
phonon scattering process. The convergence of the scalebroad
and the width parameter are presented in Figure S3.
Figure 3a,b shows the calculated scattering rates considering

the three- and four-phonon interactions separately at the
temperatures of 300 and 500 K, respectively. The four-phonon
scattering rates are quite strong and comparable to those of
three-phonon scattering processes whether at low or high
temperatures. Besides, at 500 K, the occupation of four-
phonon scattering rates becomes more important as compared
to that of 300 K. More specifically, at 300 K, the four-phonon
scattering rates are slightly smaller than those of three-phonon
scattering rates in the frequency range of 0−3 THz. When the
temperature reaches 500 K, the four-phonon scattering rates
nearly get overlapped with and even become larger than the
three-phonon scattering rates. It is also found that the
scattering rates for both three- and four-phonon interactions
increase with temperature, which indicates a lower thermal
conductivity at higher temperatures.
To validate the BTE results, we also calculate the scattering

rates by using MD simulations from another perspective. The
interatomic potentials describing the atomic forces on the Sn
and Se atoms are trained with the deep neural network using
the DeepMD package.38,39 The detailed information can be
obtained in Section 6 in the Supporting Information. To verify
the accuracy of the DeepMD potential, we compare the
calculated forces on each atom by using DFT and DeepMD

potential. Based on the second-, third-, and fourth-order force
constants, the phonon group velocity and scattering rates
based on BTE method at 300 K are calculated and compared
as shown in Figure S4. After verifying the accuracy of DeepMD
potential, the calculated scattering rates via MD simulations are
shown in Figure 3c,d, which are extracted from the MD
trajectories for 1 ns and 400 ps simulations at 300 and 500 K,
respectively, using the spectral energy density (SED) methods
as implemented in the Dynaphopy package.40 The size of the
supercell during the simulation is set to 20 × 20 × 1, and the
temperature-dependent second-order force constants are used
to calculate the scattering rates in our SED calculations. We
choose a simulation time of 400 ps for temperature at 500 K,
which is enough to extract the phonon lifetime due to the
stronger phonon scattering at a higher temperature. One can
see that the obtained total scattering rates including both
three- and four-phonon interactions are consistent with the
results of the MD simulations, showing the validity of our
calculated three- and four-phonon scattering rates. The
advantage of the BTE calculations is that one can see the
contributions of the two parts clearly.
Because most previous calculations of the thermal

conductivities only consider the three-phonon scattering
processes, it is of importance to identify the characteristic of
those materials, where the four-phonon scatterings may play
important roles. It is well-known that the phonon properties
and thermal conductivity are mainly determined by the
anharmonicity of the structure, which can also be depicted
by the potential energy profile. The most widely used method
to calculate the potential energy is by adding volume-
dependent vibrational free energy, while it is not applicable
to the materials with unstable phonon modes. Another
approach is to guess the unstable directions by using the
phonon eigenvectors obtained with DFT calculations. Here, by
using the frozen phonon-perturbed theory,41 the total energies
for the soft optical mode at Γ point are calculated. A
displacement is imposed on each atom in the primitive cell as
follows

u e q( ) ( )η η ν= · Γ (1)

Figure 3. Phonon scattering rate of 2D SnSe considering three- and
four-phonon interactions separately at temperature of (a) 300 K and
(b) 500 K. Scattering rate obtained from BTE calculations
considering both three- and four-phonon interactions and from MD
simulations at temperature of (c) 300 K and (d) 500 K.
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where η is the scaling factor and e is the chosen soft mode
eigenvector obtained from the phonon calculations. According
to the Laudau theory and the adiabatic approximation,42 the
electronic system changes instantaneously after new ionic
positions are reached. The anharmonic energy as a function of
displacement can be expressed by

U U
u

q
u

O u( )
4

( )
24

( )0

2 4

4
6η ν= + ℏω + Φ +Γ (2)

where U is the total anharmonic energy, U0 is the anharmonic
energy at the equilibrium state, u is the displacement, ω is the
frequency of phonon mode q at the Γ point, v is the mode
label, Φ4 is the anharmonic energy to the fourth order, and O
represents the higher order of anharmonic energy.
We choose the phonon dispersion of the structure at 300 K

as an example. The results are shown in Figure 4. Two phonon
modes near the Γ point, labeled as “A” and “B” in Figure 4a,
are chosen to calculate the potential energy. As seen in Figure
4b, the potential energy profile of the acoustic mode A (ZA
with frequency 0.065 THz) shows a perfect parabolic
characteristic. In contrast, as clearly seen from Figure 4c,d,
the energy profiles of the mode B fit very well with fourth-
order model, exhibiting a signature of strong four-phonon
scatterings for atoms moving in both armchair and zigzag
directions. The mode B is actually a soft optical mode, which
exhibits negative frequency at low temperatures. When the
temperature is above the Tc, the frequencies of these soft
optical phonon modes become positive, leading to the phonon
collapse. The strong anharmonicity and the fourth-order
potential curves of the soft optical mode are a general
characteristic in the FE materials. In addition, it is noted that
the mode B is at the frequency of 1 THz, showing that four-
phonon scattering can be important around this frequency
region. This is consistent with the calculated scattering rates
shown in Figure 3, where the four-phonon scattering rates can
reach the highest value around 1 THz. The strong anharmonic
effects existing in the FE materials with soft optical modes are

demonstrated by the calculations of four-phonon scattering
rate in this work.
Based on the stabilized phonon dispersions and scattering

rates, we then calculate the lattice thermal conductivity of 2D
SnSe with the PE phase. The results of the thermal
conductivity at different levels of phonon transport mecha-
nisms are shown in Figure 5a. By only considering the three-

phonon scattering process, the lattice thermal conductivities of
2D SnSe are 3.47, 2.96, 2.42, 2.22, and 2.06 W/mK at the
temperatures of 150, 200, 300, 400, and 500 K, respectively. It
is found that the thermal conductivities decrease as the
temperature increases, which results from the higher scattering
rates at higher temperatures, as seen in Figure 3. When taking
four-phonon scattering into consideration, the corresponding
thermal conductivities are reduced to 2.35, 1.89, 1.43, 1.25,
and 1.08 W/mK, showing the significant effect (negative) of
the four-phonon scattering. Especially, the thermal conductiv-
ity at 300 K is decreased by as large as 40% when the four-
phonon interactions are considered. The scattering process
including four-phonon interactions can allow for more phonon
scattering channels, which is forbidden under the condition of
three-phonon scattering, leading to a large reduction in the
total thermal conductivity.

Figure 4. (a) Phonon dispersion of 2D SnSe at 300 K calculated by the SCPH theory. Potential curve of the vibrational modes in 2D SnSe (b) for
mode A along the armchair direction and (c)/(d) for mode B along the armchair/zigzag direction.

Figure 5. (a) Lattice thermal conductivity of 2D SnSe calculated at
different levels of phonon transport mechanisms. (b) Comparison of
the thermal conductivity between the DFT-based BTE method and
the machine learning potential-based classical GK-EMD simulations.
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On the other hand, when the phonon MFP reaches the
length on the order of interatomic distances, known as the
Ioffe−Regel limit,43 the thermal transport will show the
diffusion behavior, a common phenomenon in the disordered
materials.44,45 Hanus et al. also defined the off-diagonal
component of the heat-flux operator as a diffusion channel
for the thermal transport.46 Then, the total thermal
conductivity of a crystal reads

tot ph diffκ κ κ= + (3)

or

k T VN
q q

q q

q N q N q q N q N q
q q q q

q q

1 ( ) ( )
2

( ) ( )

( ) ( ) ( ( ) 1) ( ) ( ) ( ( ) 1)
4( ( ) ( ) ) ( ( ) ( ) )

( ( ) ( ) )

q
p

2

B
2

c s s

s s
s,s s,s

s s s s s s

s s
2

s s
2

s s

∑ ∑κ κ
ω ω

υ υ

ω ω
ω ω

= + ℏ +

× ̅ ̅ + + ̅ ̅ +
− + Γ + Γ

× Γ + Γ

αβ αβ α β

≠ ′

′
′ ′

′ ′ ′

′ ′

′ (4)

where κp
αβ is the Peierls contribution to the conductivity, ℏ, kB,

T, V, and Nc are the reduced Plank constant, Boltzmann
constant, the absolute temperature, the unit cell volume, and
number of phonon wave vectors, respectively. υ(q)s, s′ and
Γ(q)s are the phonon group velocity and phonon line-width
indexed by wave vector q with the branch s, respectively. The
N̅(q)s is the equilibrium Bose−Einstein distribution. Eq 4 is
derived from the Wigner phase-space formulation of quantum
mechanics, which elucidates how the interplay between
disorder, anharmonicity, and the quantum Bose−Einstein
statistics of atomic vibrations determines thermal conductivity.
However, the phenomenon of the diffusion transport in 2D

materials remains unexplored. We first calculate the MFP of
the 2D SnSe, and the results are shown in Figure S5. The
nearest neighboring atom in 2D SnSe is about 3 Å, considering
the finite displacement of the atoms during the heat transfer.
We note that a large portion of the MFPs is smaller than the
atomic distances, indicating a nontrivial diffusion transport
behavior. We then calculate the contribution to thermal
conductivity from the diffusion channel; the diffusion thermal
conductivities of 2D SnSe are 0.105, 0.105, 0.109, 0.116, and
0.117 W/mK at the temperatures of 150, 200, 300, 400, and
500 K, respectively. The results are shown in Figure 5a. It is
found that the diffusion transport is not very sensitive to the
temperature. However, because the nondiffusion thermal
conductivity decreases with the temperature, the contribution
of the diffusion transport becomes more important as the
temperature increases. To see the occupation of diffusion
transport at higher temperatures, the thermal conductivities
from the diffusion and nondiffusion channel are calculated to
be 0.13 and 0.82 W/mK at 800 K, respectively. We also plot
the spectral lattice thermal conductivity of the diffusion
transport with respect to phonon frequency up to 800 K, as
shown in Figure S6, which shows the feature of diffusion
transport more clearly, as demonstrated in previous work.14,47

It is exciting to observe that the diffusion thermal conductivity
can be as large as 15% of the nondiffusion thermal
conductivity, which is usually neglected in other work in the
2D systems. The eventual thermal conductivity of 2D SnSe,
including the three- and four-phonon scattering processes and
diffusion transport, is 1.43 W/mK at 300 K, which shows a
large difference from the original value of 2.42 W/mK by only
considering the three-phonon scattering processes.

For comparison, we also perform classical Green−Kubo
equilibrium molecular dynamics (GK-EMD) simulations to
calculate the thermal conductivity. The results are shown in
Figure 5b, where all orders of phonon scattering processes are
included. Moreover, the size convergence of GK-EMD
simulations is also checked. The calculated thermal con-
ductivities using GK-EMD simulation with the 20 × 20 × 1
supercell are 2.94, 2.49, 1.70, 1.41, and 1.14 W/mK at the
temperatures of 150, 200, 300, 400, and 500 K, respectively.
These are consistent with the results of the BTE method
combined with the diffusion model, indicating that the
hydrodynamic transport, as mentioned before, would not be
important in the 2D SnSe with PE phase. However, these
values are slightly higher than BTE results, particularly at low
temperatures. The deviation of the results of the two methods
may arise from the ignorance of the quantum effects in the
phonon scattering in classical MD simulations. We notice the
thermal conductivity of the 2D single-crystalline SnSe here is
extremely low, that is, ∼1.5 W/mK at room temperature;
therefore, it can be anticipated that the grain boundaries
existing in the experiment can further decrease the thermal
conductivity, like in other 2D materials.48−50

3. CONCLUSIONS

In summary, the lattice thermal transport of 2D PE SnSe is
investigated and compared by using two different approaches:
phonon BTE combined with first-principles calculations and
the classical GK-EMD simulation with interatomic potential
trained by the high fidelity deep neural network, where the
anharmonic interactions up to the fourth order is considered in
BTE calculations. Our results show that (1) the thermal
transport of the 2D SnSe in the PE phase can only be correctly
examined by the SCPH theory because pure harmonic
calculation based on 0 K DFT would yield unrealistic
imaginary phonon frequencies due to the inherent soft phonon
modes, and the abnormal phonon hardening effect is observed
at elevated temperatures; (2) four-phonon scattering is found
to contribute significantly to the overall thermal transport in
2D PE SnSe (over 40% reduction to three-phonon process at
room temperature); (3) the diffusion thermal transport in 2D
SnSe with the PE phase is also nontrivial, leading to the two-
channel thermal transport mechanism. We further conclude
that the four-phonon scattering and diffusion transport should
be considered in 2D materials that can exhibit the fourth-order
energy profile with an MFP below the Ioffe−Regel limit. We
believe that our work will inspire the exploration of a new
phenomenon in the thermal transport of 2D materials and
provide the basics for their future applications.
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