
Combustion and Flame 245 (2022) 112336 

Contents lists available at ScienceDirect 

Combustion and Flame 

journal homepage: www.elsevier.com/locate/combustflame 

Analysis on ignition kernel formation in a quiescent mixture: Different 

characteristic time scales and critical heating powers 

Dehai Yu, Xinyi Chen, Zheng Chen 

∗

SKLTCS, CAPT, Department of Mechanics and Engineering Science, College of Engineering, Peking University, Beijing 100871, China 

a r t i c l e i n f o 

Article history: 

Received 25 March 2022 

Revised 11 August 2022 

Accepted 15 August 2022 

Keywords: 

Ignition 

Thermal runaway 

Reaction front 

Characteristic time scale 

Heating power density 

a b s t r a c t 

Flame ignition is one of the most fundamental and ubiquitous problems in the field of combustion. Flame 

ignition in a quiescent flammable mixture consists of two phases: ignition kernel formation and subse- 

quent transition to self-sustained expanding spherical flame. Most of previous studies focused on the 

second phase while little attention was paid to the first phase. In this work, theoretical analysis is con- 

ducted for ignition kernel formation induced by external heating within finite domain and finite duration. 

The ignition kernel formation consists of three stages, i.e., onset of thermal runaway, generation of reac- 

tion front at the center, and arrival of reaction front at the edge of heating domain. The characteristic 

time scales for these three stages are evaluated. Good agreement between theoretical analysis and tran- 

sient simulation has been obtained. The delay times for the generation of reaction front at the center and 

its propagation to the edge of heating domain decrease rapidly with the external heating power density; 

and the delay time for thermal runaway is the primary component in the total time for ignition ker- 

nel formation. Moreover, a minimum power density for external heating below which thermal runaway 

cannot occur is determined. Since chemical reaction is self-sustained by releasing heat, two additional 

threshold values of external heating power densities are determined respectively corresponding to spon- 

taneous generation of reaction front at the center and its subsequent propagation across the edge of 

heating domain. This study provides useful insights into ignition kernel formation occurring in premixed 

flame ignition. 

© 2022 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

In combustion devices, forced ignition is widely adopted to 

uarantee the overall performance and reliability [1–3] . Recently, 

he rising concern on environmental protection has promoted in- 

reasing demand in developing high-efficiency, low-emission com- 

ustion techniques, such as burning exceedingly lean stratified 

uel/air mixtures or mixtures diluted by exhausted gas recircula- 

ion [ 1 , 4 , 5 ]. Under ultra-lean and highly diluted conditions, the

ixtures are less reactive and thereby more difficult to be ignited. 

o ensure reliable ignition under these extreme conditions, it is 

rucial to understand the fundamental mechanisms controlling the 

gnition process. 

Forced ignition refers to the generation of self-sustained flame 

n a combustible mixture by external thermal energy deposition. 

or gaseous mixture subject to point heating source, Vázquez-Espí

nd Liñán [ 6 , 7 ] identified the non-diffusive and thermal-diffusive 
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gnition regimes by comparing the relevant time scales involved 

n the ignition process. The relevant time scales include: (a) the 

coustic time, t a , describing the relaxation to mechanical equilib- 

ium, (b) the heat conduction time, t c , describing relaxation to 

hermal equilibrium, and (c) homogeneous ignition delay time, t ch , 

epresenting reactivity of mixture [ 6 , 7 ]. The non-diffusive ignition 

egime refers to t ch 
∼= 

t a � t c , in which heat release from chemical 

eaction is balanced by expansion. In the thermal-diffusive regime, 

t suggests that t a � t ch 
∼= 

t c , i.e., the heat loss during ignition is 

rimarily due to heat conduction. Usually, the heating duration of 

park discharge is considerably longer than the acoustic time scale 

 4 , 8 ]. This means that forced ignition usually lies in the thermal-

iffusive regime. In such situations, the pressure wave resulting 

rom heat addition can hardly change the local chemical reaction 

ate [7] . Accordingly, the forced ignition occurs under near iso- 

aric condition despite that a pressure wave could be produced at 

he instant of ignition energy deposition [7] . For transient external 

eating in finite spatial dimension, Kassoy [9] conducted a theoret- 

cal study considering the evolution of inert gas in the near field, 

hich was found to be fundamentally affected by the ratio of en- 

rgy deposition relative to the initial internal energy in the heated 
. 
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http://www.ScienceDirect.com
http://www.elsevier.com/locate/combustflame
http://crossmark.crossref.org/dialog/?doi=10.1016/j.combustflame.2022.112336&domain=pdf
mailto:cz@pku.edu.cn
https://doi.org/10.1016/j.combustflame.2022.112336


D. Yu, X. Chen and Z. Chen Combustion and Flame 245 (2022) 112336 

g

E

t

m

t

s

m

d

t

d

fl

b

t

c

o

c

fl

t

n

t

r

s

fl

1

[  

u

l

g

i  

s

n

g

r

b

p

i

1  

r

a  

t

c

a

d

t

B

t

a

R

q

fl

[  

t

t

[  

w

a

m

t

e

i

m

d

f

m

a

h

o

a

s

s

i

s

i

i

w

m

c

s

t

m

a

d

g

e

T

a

t

e

m

i

e

t

a

S

2

e

a

e

o

t

i

o

I

o

d

s

a

e

fi

t

t

f

s  

c

a

b

t

t

[

s

d

b

t

as. However, chemical reaction was not considered by Kassoy [9] . 

fforts still need be devoted to understanding the transient igni- 

ion process. 

In general, the flame initiation process in a quiescent flammable 

ixture consists of two phases: (1) the establishment of an igni- 

ion kernel and (2) the transition of this ignition kernel to self- 

ustained expanding spherical flame which is popularly used to 

easure the laminar burning velocities for different fuels under 

ifferent thermal conditions [10–12] . The second phase requires 

he expanding flame kernel to traverse the critical ignition ra- 

ius, which relies on the diffusional supply of reactant to the 

ame front, and thus is affected by the Lewis number of the com- 

ustible mixture [13] . Existing studies [13–15] have demonstrated 

hat the critical ignition radius and minimum ignition energy in- 

rease rapidly with Lewis number, which manifests the challenge 

f ignition in combustible mixture with large Le . Accordingly, re- 

ent attempts were made to facilitate the process of premixed 

ame initiation by lowering the Lewis number of the reactant mix- 

ure [ 16 , 17 ]. For combustible mixture with sufficiently small Lewis 

umber, flame kernel with short radius could still be found beyond 

he flammability [18] , since the differential diffusion enhances the 

eaction capability at the flame front due to positive stretch. In 

uch situation, the flame may quench at some distance because the 

ame intensity reduces as the flame kernel expands outwards [18] . 

For premixed reactant with Lewis number below unity, i.e., Le ≤
 , the critical ignition radius is identical to the flame ball radius 

 19 , 20 ]. It was proved that the adiabatic flame ball is absolutely

nstable [14] and that a positive displacement in flame radius 

eads to unbounded propagation of the flame front and thereby 

enerates a self-sustained expanding spherical flame. However, 

n mixtures with Le > 1 , the critical ignition radius tends to be

maller than the flame ball radius and larger than the flame thick- 

ess [ 13 , 21 ]. Consequently, the minimum ignition energy (MIE) is 

reatly over-predicted (under-predicted) based on the flame ball 

adius (the flame thickness) for mixtures with large Lewis num- 

ers. 

Over the past a few decades, theoretical studies have been com- 

rehensively conducted to understand the transition from initial 

gnition kernel to self-sustained expanding spherical flame [ 13–

5 , 18 , 21–24 ]. The critical ignition radius can be identified as the

adial distance at which the flame front has the smallest prop- 

gating velocity locally [ 13 , 21 , 25 ]. Chen et al. [13] demonstrated

hat the critical heating power is proportional to the cube of the 

ritical ignition radius. Adopting large-activation-energy asymptotic 

nalysis, Joulin [26] obtained an approximate nonlinear equation 

escribing the temporal variation of flame front close to the sta- 

ionary spherical flame subject to time-dependent heating source. 

uckmaster and Joulin [27] examined the transient propagation of 

he self-extinguishing flame in combustible mixture with Le < 1 

nd clarified that the temporal evolution of flame radius follows 

 ∝ 

√ 

t , where t refers to time. Clavin [18] analyzed the dynamic 

uenching of spherical flame beyond flammability limits of planar 

ames, consistent with observation in micro-gravity experiments 

 19 , 28 ]. In forced ignition by spark discharge, the flame front of

he ignition kernel continues to propagate for a finite distance after 

he heating pulse is withdrawn, which is known as memory effect 

 6 , 21 , 26 ]. In our recent work [ 22 , 29 ], a fully transient formulation

as proposed and the transient effects on critical ignition radius 

nd critical heating power were assessed. It was found that the 

emory effect of flame front propagation reduces the MIE [22] . 

The above studies have provided in-depth understanding on the 

ransition of ignition kernel to self-sustained spherical flame. How- 

ver, these studies did not give a complete description to the flame 

gnition process since the first phase, i.e., the ignition kernel for- 

ation, was not considered and instead a reaction front was intro- 

uced as initial conditions. Phenomenologically, the ignition kernel 
2 
ormation consists of three stages: (1) pure heating of combustible 

ixture before thermal runaway, (2) appearance of reactant front 

t the most reactive position (which is usually the center of the 

eating domain with the highest temperature), and (3) propagation 

f the reaction front towards the edge of heating domain, associ- 

ted with continuous consumption of reactant. Being a highly tran- 

ient process, the ignition kernel setup decisively affects the sub- 

equent flame front propagation. In addition, the spark discharge 

s conventionally modeled by concentrated thermal energy depo- 

ition at the central point with zero dimension, which produces 

nfinitely high temperature [ 15 , 22 , 30 ]. Such singularity infers that 

gnition kernel can be induced by arbitrarily low heating power, 

hich unreasonably overestimates the ignitability of a combustible 

ixture by external heating. 

To obtain a complete theory describing the forced ignition pro- 

ess and to feature the unsteady effects on forced ignition, it is de- 

irable to conduct a theoretical investigation on the transient igni- 

ion kernel formation caused by external heating within finite do- 

ain and finite duration. No such attempt has been made in liter- 

ture, which motivates the present study. This work shall provide 

etailed analysis on three stages, i.e., onset of thermal runaway, 

eneration of reaction front and arrival of the reaction front to the 

dge of heating domain, involved in the ignition kernel formation. 

he emphasis is spent on the different characteristic time scales 

nd critical heating powers involved in the ignition kernel forma- 

ion. 

The paper is organized as follows. In Section 2 , the governing 

quations describing the transient process of ignition kernel for- 

ation are presented. In Section 3 , the individual stages compos- 

ng the ignition kernel formation are examined analytically with 

mphasis on determining their characteristic time scales. Besides, 

he effect of external heating power density on the ignition results 

re discussed in depth. The concluding remarks are presented in 

ection 4 . 

. Model and formulation 

In this study, the forced ignition by spark discharge is mod- 

led as thermal energy deposition during a finite time lapse within 

 finite domain. For simplicity, we consider the emergence and 

volution of ignition kernel in a quiescent mixture. Since the size 

f heating domain is comparable with flame thickness, the heat 

ransfer from the heating domain to the ambient reactant is dom- 

nated by heat conduction. The radiation effect tends to be sec- 

ndary exception for situations close to the flammability limit [31] . 

n general, the ignition kernel is very small and so is the volume 

f burned hot gas. Consequently, the radiation effect is not the 

ominant factor for the quenching of the flame kernel. The den- 

ity variation may play a role during ignition process. Employing 

symptotic analysis, Kassoy conducted theoretical studies consid- 

ring spontaneous propagation of reaction wave originated from a 

nite hot spot [32] . By comparing the time scales of acoustic wave 

 a and heat release from reaction t ch , Kassoy [32] demonstrated 

hat the density variation is negligible for t ch /t a � 1 (i.e., no time 

or thermal expansion during instantaneous heating) and is con- 

iderable for t ch /t a ∼ O (1) . It is well known that the spark ignition

onsists of four phases, i.e., the pre-breakdown, breakdown, arc 

nd glow discharge [33] . A spherical shock wave forms during the 

reakdown phase. The overall duration of the thermal energy addi- 

ion in spark ignition (on order of millisecond) is much longer than 

he acoustic time scale (on order of microsecond), i.e., t ch /t a � 1 

33] . As the shock wave moving far away from the igniter, the pres- 

ure difference between the ignition kernel generated by the spark 

ischarge and the cool reactant mixture in the ambience tends to 

e insubstantial. The isobaric condition suggests that the density in 

he ignition kernel due to external heating would be proportional 
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Fig. 1. The schematic for the characteristic time scales involved in the ignition ker- 

nel formation. The red solid line indicates the propagation of reaction front from 

the center to the edge of ignition kernel. 
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o the local temperature, which is identical to the density variation 

cross propagating flame induced by thermal expansion. According 

o Champion et al. [34] , thermal expansion only has quantitative 

nfluence on the MIE and the main features of ignition are still 

ecovered by using the thermal-diffusive model. For mathemati- 

al tractability, we therefore adopt the classical thermal-diffusive 

odel, in which the thermal expansion is not considered and the 

ensity ρ , heat capacity c p , thermal conductivity λ, mass diffusion 

oefficient of deficient reactant D , and heat of reaction q are as- 

umed to be constant. 

In theoretical analysis, it is conventional to consider one-step 

rreversible reaction. According to the Arrhenius law, the reaction 

ate is characterized by the reaction frequency factor B and the ac- 

ivation temperature T a , i.e., 

 = ρBYe −T a /T (1) 

here Y is the mass fraction of the deficient reactant and T is the

emperature of the mixture. 

The governing equations describing the development of ignition 

ernel consist of conservation equations for thermal energy and 

eficient reactant, i.e., 

c p 
∂T 

∂t 
= 

1 

r 2 
∂ 

∂r 

(
r 2 λ

∂T 

∂r 

)
+ �( r, t ) + qω (2) 

∂Y 

∂t 
= 

1 

r 2 
∂ 

∂r 

(
r 2 ρD 

∂Y 

∂r 

)
− ω (3) 

here � represents the rate of thermal energy deposition by spark 

ischarge. The initial and boundary conditions are provided as fol- 

ows: 
 

t = 0 : T = T ∞ 

, Y = 1 

r = 0 : ∂ T /∂ r = 0 , ∂ Y/∂ r = 0 

r → ∞ : T = T ∞ 

, Y = 1 

(4) 

For mathematical convenience, we assume that the exter- 

al heating is imposed within a spherical domain of radius R 0 
nd lasts for a finite duration of t 0 with constant and uniform 

ower density, denoted by Q m 

. The total ignition energy is E ig = 

 πR 3 
0 
t 0 Q m 

/ 3 . Therefore, the rate of thermal energy deposition is

escribed in the following form 

( r, t ) = Q m 

[ H ( r ) − H ( r − R 0 ) ] [ H ( t ) − H ( t − t 0 ) ] (5) 

here H(x ) refers to Heaviside step function, i.e., 

 ( x ) = { 0 , x < 0 

1 , x ≥ 0 

(6) 

We define non-dimensional temperature and coordinates as fol- 

ows 

= 

T − T ∞ 

T ∞ 

, ˜ r = 

r 

R 0 

, ˜ t = 

t 

R 

2 
0 
/α

(7) 

here T ∞ 

refers to the temperature of unburned mixture far from 

he heating domain, and α = λ/ρc p is the thermal diffusivity of the 

ixture. The characteristic time of heat conduction, R 2 
0 
/α, is used 

n the above non-dimensional variables. In terms of those non- 

imensional quantities, the governing equations can be written in 

on-dimensional forms, i.e., 

∂θ

∂ ̃  t 
= 

1 

˜ r 2 
∂ 

∂ ̃  r 

(
˜ r 2 

∂θ

∂ ̃  r 

)
+ 

˜ Q m 

[ H ( ̃ r ) − H ( ̃ r − 1 ) ] 
[
H 

(
˜ t 
)

− H 

(
˜ t − ˜ t 0 

)]
+ 

˜ q ̃  B Y exp 

(
−θa + 1 

θ + 1 

)
(8) 

∂Y 

∂ ̃  t 
= 

1 

Le 

1 

˜ r 2 
∂ 

∂ ̃  r 

(
˜ r 2 

∂Y 

∂ ̃  r 

)
− ˜ B Y exp 

(
−θa + 1 

θ + 1 

)
(9) 
3 
here the additional non-dimensional quantities are defined as 

˜ 
 m 

= 

Q m 

R 2 0 

λT ∞ 

, θa = 

T a − T ∞ 

T ∞ 

, ˜ t 0 = 

t 0 α

R 2 
0 

, ˜ q = 

q 

c p T ∞ 

, ˜ B = 

BR 2 0 

α
, Le = 

α

D 

(10) 

Initially the reactant has constant and uniform temperature in 

he whole field, i.e., θ = 0 . After introducing the external heat- 

ng given by Eq. (5) , the temperature in the heated domain starts 

o increase. Because of symmetry, a plateau exists in profiles of 

oth temperature and reactant mass fraction at the heating do- 

ain around ˜ r = 0 . At distance sufficiently remote from the cen- 

er, i.e., ˜ r � 1 , the mixture can hardly feel the presence of external 

eating and thereby we have θ = 0 and Y = 1 . Therefore, the initial

nd boundary conditions for Eqs. (8) and (9) are 

 

˜ t = 0 : θ = 0 , Y = 1 

˜ r = 0 : ∂ θ/∂ ̃  r = 0 , ∂ Y/∂ ̃  r = 0 

˜ r → ∞ : θ = 0 , Y = 1 

(11) 

The motion of the reaction front reveals the temporal and 

patial variation of the nondimensional temperature and reactant 

ass fraction which are solved from Eqs. (8) and (9) . The propa- 

ation speed of the flame front could be exhibited by fixing the 

bserving reference coordinate at the flame front and reformulat- 

ng the governing equations. The detailed mathematical procedures 

an be found in the theoretical study by Chen and Ju [15] . 

. Analysis on ignition kernel formation 

As mentioned before, the establishment of ignition kernel con- 

ists of three stages: (1) pure heating of combustible mixture be- 

ore thermal runaway, (2) appearance of reaction front due to de- 

letion of reactant at the heating center, and (3) propagation of the 

eaction front to the edge of heating domain. Each stage is associ- 

ted with a time scale, which is schematically shown in Fig. 1 . 

Subject to external heating, the temperature at the heating cen- 

er increases in the course of time. Therefore, thermal runaway is 

nitiated at certain delay time, denoted by ˜ t explosion , as shown in 

ig. 1 . Subsequent to thermal runaway, the consumption of reac- 

ant follows, and the time lapse for depletion of reactant at the 

enter is denoted by ˜ t consumption . The reaction front is characterized 

y the separation of reactant and product. Accordingly, the delay 

ime for reaction front formation at the heating center, denoted by 
˜ 
 f ront , is the sum of those for thermal runaway and reactant de- 

letion, i.e., ˜ t f ront = ̃

 t explosion + ̃

 t consumption . The reaction front propa- 

ates outwardly. The time required for the arrival of reaction front 

t the edge of heating domain is denoted by ˜ t propagation . Therefore, 

he total time lapse for the ignition kernel formation, denoted by 
˜ 
 kernel , is obtained as ˜ t kernel = ̃

 t explosion + ̃

 t consumption + ̃

 t propagation . Note 

hat all the time scales are normalized by the characteristic time 
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Fig. 2. The schematic for different critical heating power densities. The central 

heating is removed at the onset of thermal runaway, i.e., ̃  t 0 = ̃

 t explosion . 
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θ

f heat conduction, R 2 
0 
/α, in which R 0 is the central heating radius 

nd α is the thermal diffusivity of the mixture. 

Due to heat release, chemical reaction is a self-sustained pro- 

ess. Subsequent to thermal runaway, the ignition kernel can de- 

elop spontaneously in the absence of constant external heating. 

n such situations, the ignition energy must be deposited by a sin- 

le pulse with exceedingly short duration. Therefore, the heating 

ower density must be sufficiently high. According to the degree 

f ignition kernel formation, three critical heating power densities 

an be defined, as shown in Fig. 2 . 

The first critical heating power density Q cr,runaway refers to the 

inimum rate of thermal energy deposition below which the ther- 

al runaway can never occur in the combustible in spite of the 

onstant presence of the external source. For ˜ Q m 

< 

˜ Q cr,runaway the 

hermal energy addition by external heating is completely bal- 

nced with conductive heat loss, and thereby chemical reaction 

an hardly be initiated. The second and third critical heating power 

ensities Q cr, f ront and Q cr,kernel , respectively characterize the ap- 

earance of reaction front and the subsequent propagation to the 

dge of heating domain. Those quantities are defined based on the 

ondition that the external heating is withdrawn at the instant of 

hermal runaway. For ˜ Q cr,runaway < 

˜ Q m 

< 

˜ Q cr, f ront , the chemical heat 

elease is slower than conductive heat loss, thus the reaction soon 

erminates after thermal runaway. For ˜ Q cr, f ront < 

˜ Q m 

< 

˜ Q cr,kernel , re- 

ction front appears at the center. However, the propagation time 

f the reaction front tends to be so long that the temperature drop 

onsiderably lowers the local reactivity. Consequently, the reaction 

ront may extinguish before arriving at ˜ r = 1 . For ˜ Q m 

> 

˜ Q cr,kernel , 

he strong pulse substantially increases the temperature in the 

eating domain and thereby induces successful ignition kernel for- 

ation. 

In the following sections, we shall analyze the individual stages 

uring ignition kernel formation with emphasis on evaluating 

he characteristic time scales and determining the critical heating 

ower densities. It should be noted that final flame initiation refers 

o the transition of the established ignition kernel to self-sustained 

xpanding spherical flame, which has been thoroughly underlined 

n existing studies [ 15 , 21 , 22 ]. The ignition kernel formation pro-

ides suitable initial condition for flame initiation and thereby is 

onsidered here. 

.1. Pre-ignition stage 

Before ignition, heat release from chemical reaction tends to be 

egligible. Therefore, the chemical reaction term on the right-hand 

ide of Eqs. (8) and (9) can be neglected. Noticing that the heat 

elease from the chemical reaction and thermal energy deposition 

y external source can vary independently in Eq. (8) , we did not 
4 
uppress the chemical reaction during the whole period of exter- 

al heating. As seen in the following sections, the reaction heat 

elease in association with external heating exhibit dominant im- 

acts upon the occurrence of reaction front at the heating center 

nd its subsequent propagation within the heating domain. The so- 

ution for Y subject to the above initial and boundary conditions is 

rivial, i.e., Y = 1 in the whole space. The energy equation can be 

implified to 

∂θ

∂ ̃  t 
= 

1 

˜ r 2 
∂ 

∂ ̃  r 

(
˜ r 2 

∂θ

∂ ̃  r 

)
+ 

˜ Q m 

[ H ( ̃ r ) − H ( ̃ r − 1 ) ] 
[
H 

(
˜ t 
)

− H 

(
˜ t − ˜ t 0 

)]
(12) 

hich is a linear inhomogeneous partial differential equation of 

arabolic type. With the help of Green’s function, 

 

(
˜ r , ξ , ̃  t 

)
= 

ξ

2 ̃

 r 
√ 

π ˜ t 

{
exp 

[
− ( ̃ r − ξ ) 

2 

4 ̃

 t 

]
− exp 

[
− ( ̃ r + ξ ) 

2 

4 ̃

 t 

]}
(13) 

he general solution of Eq. (12) is obtained: (
˜ r , ̃  t 

)
= 

˜ Q m ∫ ˜ t 0 ∫ ∞ 

0 [ H ( ̃ r ) − H ( ̃ r − 1 ) ] 
[
H 

(
˜ t 
)

− H 

(
˜ t − ˜ t 0 

)]
G 
(

˜ r , ξ , ̃  t − τ
)
d ξd τ

(14) 

Substituting Eq. (13) into Eq. (14) yields the explicit expression 

or θ . Since the integrand has an abrupt change at ˜ t = ̃

 t 0 and ˜ r = 1 ,

he spatial-temporal-integration is conducted in separate regimes 

nd the transient variation of temperature profiles is in the follow- 

ng form: 

For ˜ t < ̃

 t 0 and ˜ r < 1 : 

= 

˜ Q m 

12 ̃

 r 

{ 

6 ̃

 r − 2 ̃

 r 3 + 2 

√ 

˜ t /π
[
( ̃ r − 2 ) ( ̃ r + 1 ) + 4 ̃

 t 
]

exp 

[
− ( ̃ r + 1 ) 

2 

4 ̃

 t 

]
− 2 

√ 

˜ t /π
[
( ̃ r − 1 ) ( ̃ r + 2 ) + 4 ̃

 t 
]

exp 

[
− ( ̃ r − 1 ) 

2 

4 ̃

 t 

]
−

[
( ̃ r − 1 ) 

2 
( ̃ r + 2 ) + 6 ̃

 r ̃ t 
]
erf 

(
˜ r − 1 

2 

√ 

˜ t 

)

+ 

[
( ̃ r − 2 ) ( ̃ r + 1 ) 

2 + 6 ̃

 r ̃ t 
]
erf 

(
˜ r + 1 

2 

√ 

˜ t 

)}
(15) 

For ˜ t < ̃

 t 0 and ˜ r > 1 : 

= 

˜ Q m 

12 ̃

 r 

{
4 + 2 

√ 

˜ t /π
[
( ̃ r − 2 ) ( ̃ r + 1 ) + 4 ̃

 t 
]

exp 

[
− ( ̃ r + 1 ) 

2 

4 ̃

 t 

]

−2 

√ 

˜ t /π
[
( ̃ r − 1 ) ( ̃ r + 2 ) + 4 ̃

 t 
]

exp 

[
− ( ̃ r − 1 ) 

2 

4 ̃

 t 

]

−
[
( ̃ r − 1 ) 

2 
( ̃ r + 2 ) + 6 ̃

 r ̃ t 
]
erf 

(
˜ r − 1 

2 

√ 

˜ t 

)

+ 

[
( ̃ r − 2 ) ( ̃ r + 1 ) 

2 + 6 ̃

 r ̃ t 
]
erf 

(
˜ r + 1 

2 

√ 

˜ t 

)}
(16) 

For ˜ t > ̃

 t 0 : 

= 

˜ Q m 

12 ̃ r 

{
2 
√ 

˜ t /π
[
( ̃ r − 2 ) ( ̃ r + 1 ) + 4 ̃ t 

]
exp 

[
− ( ̃ r + 1 ) 

2 

4 ̃ t 

]

−2 
√ 

˜ t /π
[
( ̃ r − 1 ) ( ̃ r + 2 ) + 4 ̃ t 

]
exp 

[
− ( ̃ r − 1 ) 

2 

4 ̃ t 

]

−
[
( ̃ r − 1 ) 

2 
( ̃ r + 2 ) + 6 ̃ r ̃ t 

]
erf 

(
˜ r − 1 

2 
√ 

˜ t 

)

+ 

[
( ̃ r − 2 ) ( ̃ r + 1 ) 

2 + 6 ̃ r ̃ t 
]
erf 

(
˜ r + 1 

2 
√ 

˜ t 

)

+2 

√ (
˜ t − ˜ t 0 

)
/π exp 

[ 

− ( ̃ r − 1 ) 
2 

4 
(

˜ t − ˜ t 0 
)
] [

( ̃ r − 1 ) ( ̃ r + 2 ) + 4 
(

˜ t − ˜ t 0 
)]
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Fig. 3. The temporal evolution of non-dimensional temperature distribution during 

(solid lines for ̃  t / ̃ t 0 ≤ 1 ) and after (dashed lines for ̃  t / ̃ t 0 > 1 ) external heating within 

˜ r ≤ 1 . The non-dimensional heating power density and heating duration are ˜ Q m = 

10 and ̃  t 0 = 5 , respectively. Chemical reaction is absent in the whole process. 
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Fig. 4. The transient variation of central temperature at various heating schemes 

characterized by ˜ Q m and ˜ t 0 . Solid lines: same ˜ t 0 = 5 but different ˜ Q m = 

4 , 10 and 20 ; dashed lines: same ˜ Q m = 10 but different ̃  t 0 = 1 , 2 and 5 . 
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−2 

√ (
˜ t − ˜ t 0 

)
/π exp 

[ 

− ( ̃ r + 1 ) 
2 

4 
(

˜ t − ˜ t 0 
)
] [

( ̃ r − 2 ) ( ̃ r + 1 ) + 4 
(

˜ t − ˜ t 0 
)]

+ 

[
( ̃ r − 1 ) 

2 
( ̃ r + 2 ) + 6 ̃ r 

(
˜ t − ˜ t 0 

)]
erf 

( 

˜ r − 1 

2 
√ 

˜ t − ˜ t 0 

) 

−
[
( ̃ r − 2 ) ( ̃ r + 1 ) 

2 + 6 ̃ r 
(

˜ t − ˜ t 0 
)]

erf 

( 

˜ r + 1 

2 
√ 

˜ t − ˜ t 0 

) } 

(17) 

Given parameters for external heating, i.e., ˜ Q m 

and 

˜ t 0 , the tem- 

oral variation of non-dimensional temperature profile before ther- 

al runaway can be described by Eqs. (15) –(17) . 

Figure 3 plots the variation of non-dimensional temperature 

istribution caused by the constant and uniform heating within 

he spherical domain of unit normalized radius. The temperature 

t the center, denoted by θcenter , is the highest. During the heating 

eriod, i.e., ˜ t / ̃ t 0 ≤ 1 , θcenter is shown to grow rapidly, and the high 

emperature regime spreads beyond ˜ r > 1 , indicating that the ther- 

al energy is continuously transferred to the surrounding mixture 

ia heat conduction. Subsequent to the end of external heating, i.e., 
˜ 
 ≥ ˜ t 0 , θcenter falls significantly and becomes comparable with the 

mbient temperature at ˜ t / ̃ t 0 = 2 . 0 (note that the time is normal-

zed by the characteristic time of heat conduction, R 2 
0 
/α). After ex- 

ernal heating, the large temperature gradient concentrated in the 

eating domain with ˜ r < 1 is almost simultaneously eliminated by 

eat conduction, resulting in the rapid fall of central temperature 

s shown in Fig. 3 . 

According to Eq. (1) , the reaction rate rises exponentially with 

emperature. Therefore, ignition occurs first at ˜ r = 0 , where the 

emperature is the highest. The transient variation of central tem- 

erature can be obtained by setting ˜ r = 0 in Eqs. (15) and (17) ,

hich yields 

For ˜ t < ̃

 t 0 

center = 

˜ Q m 

2 

[ 
1 − 2 

√ 

˜ t /π exp 

(
−1 / 4 ̃

 t 
)

−
(
1 − 2 ̃

 t 
)
erf 

(
1 / 2 

√ 

˜ t 

)] 
(18) 

For ˜ t > ̃

 t 0 

center = 

˜ Q m 

2 

{
2 

√ (
˜ t − ˜ t 0 

)
/π exp 

[
−1 / 4 

(
˜ t − ˜ t 0 

)]
− 2 

√ 

˜ t /π exp 
(
−1 / 4 ̃ t 

)
+ 

[
1 − 2 

(
˜ t − ˜ t 0 

)]
erf 

(
1 / 2 

√ 

˜ t − ˜ t 0 

)
−

(
1 − 2 ̃ t 

)
erf 

(
1 / 2 

√ 

˜ t 

)} 
(19) 
5 
The transient variation of central temperature at various heat- 

ng schemes are shown in Fig. 4 . At the initial instant of external 

eating with 

˜ t � 1 , Eq. (18) can be expanded in series of ˜ t close to
˜ 
 = 0 , and it is simplified to 

center ≈ ˜ Q m ̃

 t (20) 

hich indicates that the central temperature grows almost linearly 

ith time, and that its increase rate is equal to the heating power 

ensity. 

Approaching the end of heating stage, the central temperature 

ends to be saturated, whose magnitude, denoted by θcenter, 0 , can 

e evaluated by setting ˜ t = ̃

 t 0 in Eq. (18) , i.e., 

center, 0 = 

1 

2 

˜ Q m 

[ 

1 − 2 

√ 

˜ t 0 
π

exp 

(
− 1 

4 ̃

 t 0 

)
+ 

(
2 ̃

 t 0 − 1 

)
erf 

( 

1 

2 

√ 

˜ t 0 

) ] 

(21) 

Given heating duration, ˜ t 0 , Eq. (21) indicates that saturated 

entral temperature is linearly proportional to the heating power 

ensity, ˜ Q m 

. Fixing ˜ Q m 

, the central temperature keeps growing 

ith heating duration because of continuous thermal energy in- 

ut. For sufficiently long heating duration, the central tempera- 

ure is bounded from above, which can be estimated by expand- 

ng Eq. (21) in series of ˜ t 0 as ˜ t 0 → ∞ , yielding θcenter, 0 → 

˜ Q m 

/ 2 . It

an be understood as the dynamic balance between thermal en- 

rgy addition from external heating and conductive heat loss. 

Figure 4 shows that the central temperature falls after switch- 

ng off the external heating source. The rate can be evaluated by 

xpanding Eq. (19) in series of ˜ t close to ˜ t = ̃

 t 0 and retaining the 

eading and first-order terms, i.e., 

center ≈ θcenter, 0 + 

˜ Q m 

[ 

−1 − 1 √ 

π ˜ t 0 

exp 

(
− 1 

4 ̃ t 0 

)
+ erf 

( 

1 

2 
√ 

˜ t 0 

) ] (
˜ t − ˜ t 0 

)
(22) 

The above equation indicates that the temperature decrease 

ate is also proportional to the heating power density, i.e., 

 θcenter /d ̃ t ≈ ˜ Q m 

. This is reasonable since higher heating power 

ensity creates larger temperature gradient at the center of heating 

omain and thus leads to stronger conductive heat loss. 
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.2. Thermal runaway at the heating center 

The normalized temperature is described by Eqs. (15) –(17) . 

ince the rate of chemical reaction increases exponentially with 

emperature according to Eq. (1) , the temperature rise caused by 

xternal heating can initiate thermal runaway with an appropriate 

ime lapse, denoted by ˜ t explosion . The thermal runaway first occurs 

t the center, ˜ r = 0 , where the highest temperature appears (see 

ig. 3 ). The central temperature grows according to Eqs. (18) and 

19) . The reactivity at the center exhibits historical effect and must 

e taken into account to evaluate the time delay of thermal run- 

way. In terms of suitably defined reaction progress variable, an 

stimation of ˜ t explosion can be determined by the Livengood-Wu in- 

egral [35–37] : 

 = ∫ ˜ t explosion 

0 

1 

˜ t ch 

dt′ (23) 

here the chemical reaction time scale ˜ t ch is the ignition delay 

ime for a homogeneous system with initial temperature equal to 

center . 

The autoignition first occurs in an infinitesimal spherical do- 

ain of radius ˜ r runaway close to the heating center, which is ex- 

eedingly smaller than the heating domain, i.e., ˜ r runaway � 1 . The 

verall heat loss from the autoignition domain is characterized by 

he temperature gradient at the outer edge. Due to symmetry, this 

emperature gradient exhibits to be vanishingly small, and accord- 

ngly we may assume that the thermal runaway there takes place 

diabatically. The ignition process in an adiabatic homogeneous 

ystem can be described by transient variation of temperature re- 

ulting from heat accumulation. In terms of the scaled tempera- 

ure, defined by ˆ θ = ( θ + 1 ) / ̃  q where ˜ q is the normalized heat of 

eaction defined in Eq. (9) , the energy equation can be written as 

d ̂  θ

d ̃ t 
= 

˜ B e − ˆ θa / ̂ θ (24) 

Before thermal runaway occurs, the reactant consumption tends 

o be negligible, suggesting minor effects of mass diffusion. There- 

ore, the mass fraction Y does not appear explicitly in the reaction 

ate term in Eq. (24) . 

To investigate the temperature rise that characterizes the pro- 

ess of thermal runaway, it is conventional to define a small quan- 

ity in terms of activation temperature [38] : 

= 

ˆ θ2 / ̂  θa � 1 (25) 

The scaled temperature ˆ θ is then expanded as asymptotic series 

n terms of ε, giving 

ˆ = 

ˆ θcenter + εχ (26) 

here ˆ θcenter is the initial temperature of the homogeneous system, 

nd εχ represents temperature rise due to chemical reaction. Sub- 

tituting the expansion (26) into Eq. (24) , one obtains the equation 

or temperature perturbation χ

dχ

d ̃ t 
= 

˜ B e − ˆ θa / ̂ θcenter 

ε
e χ (27) 

The solution of Eq. (27) subject to initial condition χ = 0 at ˜ t = 

 is 

= − ln 

(
1 − ˜ t ̃  B e − ˆ θa / ̂ θcenter /ε

)
(28) 

Eq. (28) indicates that as ˜ t → εe 
ˆ θa / ̂ θcenter / ̃  B , χ becomes infinitely 

arge, suggesting the occurrence of thermal runaway. Therefore, 

he ignition delay time is ˜ t ch = εe 
ˆ θa / ̂ θcenter / ̃  B . In terms of non- 

imensional temperature θ , it can be written as 

˜ 
 ch = 

( 1 + θcenter ) 
2 
e ( 1+ θa ) / ( 1+ θcenter ) 

( 1 + θa ) ̃  q ̃  B 

(29) 
6 
Substituting the transient variation of central temperature given 

y Eqs. (18) and (19) into Eq. (29) , the variation of ˜ t ch with time

an be determined. Evaluating the integral on the right-hand side 

f (23), the delay time for thermal runaway, ˜ t explosion can be evalu- 

ted. 

Due to complicated dependence of θcenter upon 

˜ t , the explicit 

xpression for ˜ t explosion cannot be obtained. Nevertheless, at large 

eating power density, the central temperature rises exceedingly 

apidly, which, according to Eqs. (29) and (23) , leads to significant 

eduction of delay time of thermal runaway. In such situations, 

e may suppose that the delay time of thermal runaway would 

e much shorter than the heating duration, i.e., ˜ t explosion � ˜ t 0 . Ac- 

ording to Eq. (20) , the central temperature grows almost linearly 

ith the time at the initial stage. This enables us to evaluate the 

ivengood-Wu integral analytically. Consequently, an explicit form 

or ˜ t explosion is obtained: 

˜ 
 explosion = 

1 + θa 

˜ Q m 

ln 

(
˜ B ̃

 q / ̃  Q m 

) (30) 

In most situations, we have ˜ B ̃  q � ˜ Q m 

. Therefore Eq. (30) indi- 

ates that ˜ t explosion increases when ˜ Q m 

decreases. 

At relatively low heating power density, thermal runaway tends 

o take place at the end of heating duration, when the central 

emperature approaches to the saturated value. Because of rapid 

all of central temperature subsequent to the end of heating dura- 

ion, thermal runaway can hardly appear for ˜ t > ̃

 t 0 . Consequently, 

e can define the critical condition for thermal runaway by equat- 

ng ˜ t explosion to the heating duration ˜ t 0 , i.e., thermal runaway occurs 

t the very instant of removing the external heating source and 

˜ 
 explosion = ̃

 t 0 . Substituting Eq. (29) into Eq. (23) yields the follow- 

ng expression for the critical condition: 

 

˜ t 0 
0 

e −( 1+ θa ) / ( 1+ θcenter ) 

( 1 + θcenter ) 
2 

d ̃ t ′ = 

1 

( 1 + θa ) ̃  q ̃  B 

(31) 

here the central temperature θcenter is given by Eq. (18) . 

q. (31) determines the critical heating power density, denoted by 
˜ 
 cr , for given heating duration 

˜ t 0 . 

To calculate ˜ t explosion , the parameters related to one-step chem- 

stry model, i.e., the activation temperature θa , heat of reaction ˜ q , 

nd reaction frequency factor ˜ B , must be specified. We choose the 

toichiometric CH 4 /air mixture as the representative reactant. The 

alues of B = 9 . 5 × 10 8 s −1 and T a = 25 , 0 0 0K are obtained by fit-

ing the homogeneous ignition delay time calculated from simula- 

ion using detailed chemistry based on Eq. (29) . The heat of reac- 

ion ˜ q is equivalent to the non-dimensional adiabatic flame tem- 

erature because of energy conservation, i.e., q = ρc p ( T ad − T ∞ 

) , 

hich divided by ρc p T ∞ 

gives ˜ q = θad . To evaluate the thermal and 

ransport properties, such as density ρ , heat capacity c p , and ther- 

al conductivity λ, which change with temperature, it requires 

 reference temperature, denoted by T re f . The reference tempera- 

ure can be suitably defined as the “average” temperature during 

he thermal runaway process. Usually, the temperature at the in- 

tant of thermal runaway is comparable with the adiabatic flame 

emperature. For convenience in calculation, we set T re f = 1800 K. 

ased on test calculation, we find that varying T re f can hardly al- 

er the general features of various theoretically predicted results 

hough quantitative change exists. 

Figure 5 shows that delay time for thermal runaway decreases 

onotonically with the heating power density. Setting ˜ t explosion 

qual to ˜ t 0 , the corresponding ˜ Q m 

read in abscissa of Fig. 5 de- 

ermines the critical heating power density, ˜ Q cr , below which ther- 

al runaway cannot be observed in the reactant. Figure 5 shows 

hat at large heating power density with 

˜ Q m 

> 40 , Eq. (30) accu- 

ately predicts ˜ t explosion . This indicates that heating duration can 

e made arbitrarily short at sufficiently high heating power den- 
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Fig. 5. Change of time for thermal runaway, ̃  t explosion , and the corresponding central 

temperature at that instant with external heating power density ˜ Q m . The dash-dot 

line represents the ̃  t explosion based on Eq. (30) . 

Fig. 6. Change of critical ignition energy with heating power density. The dash-dot 

line represents the ˜ E explosion based on Eq. (33) . 
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ity. This ideal phenomenon may not take place in actual ignition 

roblem because exceedingly high 

˜ Q m 

induces strong thermal ex- 

ansion and generates a shock wave. In addition to heat conduc- 

ion, the heat loss caused by thermal expansion is significant and 

hereby leads to a longer delay time for thermal runaway. In par- 

icular, there exists a lower bound for ˜ Q cr which corresponds to 
˜ 
 0 → ∞ , i.e., thermal runaway never occurs. This minimum critical 

eating power density for thermal runaway, denoted by ˜ Q cr,runaway , 

an be evaluated implicitly by setting ˜ t 0 in Eq. (31) to be infinity 

nd is depicted in Fig. 5 . 

Knowing the delay time for thermal runaway, the total ther- 

al energy deposition in this process can be evaluated. In non- 

imensional form, we have 

˜ 
 explosion = 

˜ Q m ̃

 t explosion (32) 

here ˜ E explosion = E explosion / ( 4 πR 3 
0 
ρc p T ∞ 

/ 3 ) . At given heating power 

ensity ˜ Q m 

, we may consider ˜ E explosion as the critical ignition en- 

rgy, below which thermal runaway cannot occur. Figure 6 shows 

hat the ˜ E explosion varies nonmonotonically with ˜ Q m 

. As ˜ Q m 

ap- 

roaches to ˜ Q cr,runaway , as indicated by the blue dashed line in 

ig. 6 , the critical ignition energy increases abruptly, indicating that 

gnition becomes extremely difficult. 
7

At relatively large ˜ Q m 

, the critical ignition energy tends to in- 

rease with heating power density. Since analytical expression for 
˜ 
 explosion is available in Eq. (30) , the critical ignition energy can be 

ritten explicitly in terms of heating power density, i.e., 

˜ 
 explosion = 

( 1 + θa ) 

ln 

(
˜ B θad / ̃  Q m 

) (33) 

Eq. (33) shows ˜ E explosion increases slightly with ˜ Q m 

. The results 

ased on Eq. (33) is plotted in Fig. 6 and there is around 10% over-

rediction for ˜ Q m 

> 50 . 

The nonmonotonic variation of critical ignition energy suggests 

hat there exists an optimized heating power density, which cor- 

esponds to the lowest ˜ E explosion during the thermal runaway pro- 

ess. Since both ignition energy and heating power density pre- 

ented in Fig. 6 are in non-dimensional form, the optimized heat- 

ng power density, around 

˜ Q m 

= 70 , can be generalized to various 

gnition systems. 

.3. Flame kernel emergence 

According to Vázquez-Espí and Liñán [7] , intensive chemical re- 

ction subsequent to thermal runaway occurs within a small re- 

ion in the central heating domain, which is known as the Frank- 

amenetskii region (abbreviated for FK region hereinafter). The 

emperature drop within the FK region is of order O (ε) , where 

is evaluated by Eq. (25) in terms of the central temperature at 

he instant of thermal runaway, denoted by θexplosion , i.e., θexplosion = 

center ( ̃ t explosion ) . 

The temperature at the edge of FK region, denoted by θF K , 

eviates slightly from θexplosion at the center of heating domain, 

.e., θF K = ( 1 − ε) θexplosion . Accordingly, the radius of the FK re- 

ion, ˜ r F K , can be determined by θ ( ̃ r F K ) = θF K . Figure 3 indicates 

hat the temperature at the edge of heating domain, denoted by 

edge = θ ( ̃ r = 1 ) , tends to be considerably lower than θcenter . This 

ndicates that the radius of Frank-Kamenetskii region satisfies that 

˜  F K � 1 . Therefore, we have the following approximation for θF K at 

he instant of thermal runaway: 

F K = θexplosion + 

1 

2 

(
∂ 2 θ

∂ ̃  r 2 

)
˜ r =0 

˜ r 2 F K (34) 

Solving Eq. (34) for ˜ r F K and using θF K = ( 1 − ε) θexplosion and 

q. (25) for ε, we obtain 

˜ 
 F K = 

√ √ √ √ 

2 θexplosion 

(
θexplosion + 1 

)2 

( θa + 1 ) ̃  q 
(
−∂ 2 θ/∂ ̃  r 2 

)
˜ r =0 

(35) 

here the second order derivative is derived from Eq. (15) , i.e., 

(
∂ 2 θ

∂ ̃ r 2 

)
˜ r =0 

= 

˜ Q m 

6 

[ 

1 + 

1 √ 

π ˜ t explosion 

exp 

(
− 1 

4 ̃ t explosion 

)
− erf 

( 

1 

2 
√ 

˜ t explosion 

) ] 

(36) 

Since thermal runaway initiates intensive chemical reaction, the 

eactant consumption becomes considerable, which is associated 

ith additional heat release at the center. According to Vázquez- 

spí and Liñán [7] , an order of O (ε) temperature drop leads to an

rder of O (1) reduction in chemical reaction rate. Therefore, the 

hemical reaction outside the FK region is insignificant. During the 

onsumption of reactant in the FK region, the thermal energy bud- 

et involves external heating, chemical heat release, and conduc- 

ive heat loss to the surroundings. Therefore, the governing equa- 

ions are of general form given by Eqs. (8) and (9) , for which ana-

ytical solutions cannot be obtained. 

The appearance of reaction front is characterized by complete 

onsumption of reactant, which generates an interface separating 
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he burnt and unburnt regions. Since the temperature within the 

K region is not uniform, the chemical reaction rate varies from 

he center to the edge of FK region. Here we are interested in eval-

ating the time scale for reactant depletion at the center, where 

he chemical reaction is most vigorous. We may tackle the problem 

rom a practical perspective. Integrating the governing Eqs. (8) and 

9) yields 

d ̄θ

d ̃ t 
= 

4 π ˜ r 2 F K 

˜ V F K 

(
∂θ

∂ ̃  r 

)
˜ r = ̃ r FK 

+ 

˜ Q m 

+ 

4 π ˜ q ̃  B 

˜ V F K 

∫ ˜ r FK 

0 
Y exp 

(
−θa + 1 

θ + 1 

)
˜ r 2 d ̃r

(37) 

d ̄Y 

d ̃ t 
= 

1 

Le 

4 π ˜ r 2 F K 

˜ V F K 

(
∂Y 

∂ ̃  r 

)
˜ r = ̃ r FK 

− 4 π ˜ B 

˜ V F K 

∫ ˜ r FK 

0 
Y exp 

(
−θa + 1 

θ + 1 

)
˜ r 2 d ̃ r 

(38) 

here ˜ V F K = 4 π ˜ r 3 
F K 

/ 3 is the volume of the FK region. The average

emperature and mass fraction of reactant in the FK region are de- 

ned by 

¯ = 

4 π

˜ V F K 

∫ ˜ r FK 

0 
θ ˜ r 2 d ̃ r , Ȳ = 

4 π

˜ V F K 

∫ ˜ r FK 

0 
Y ̃  r 2 d ̃ r (39) 

After integration, Eqs. (8) and (9) are converted to ordinary dif- 

erential Eqs. (37) and (38) for average temperature and mass frac- 

ion of reactant. The terms on the right-hand sides of Eqs. (37) and 

38) could be evaluated if the profiles of temperature and reactant 

ass fraction in the FK region are known. Since the FK-region is 

mall, ˜ r F K � 1 , we can assume that the temperature profile inside 

he FK region is 

= θcenter − ( θcenter − θF K ) 
˜ r 2 

˜ r 2 
F K 

(40) 

It is the simplest mathematical form of temperature profile that 

atisfies the symmetry condition at the center, i.e., ( d θ/d ̃ r ) ˜ r =0 = 0 , 

nd θcenter = θF K at the edge of the FK region. It is noted that, the

center appearing in Eq. (40) differs from that in Eq. (18) because of 

dditional heat release from chemical reaction and thus remains to 

e determined by solving Eq. (37) . However, the temperature at the 

dge of FK region, θF K , due to negligible chemical reaction, can be 

etermined via Eq. (15) at ˜ r = ̃  r F K , and thereby can be considered 

s known function of time. From Eq. (40) we have 

∂θ

∂ ̃  r 

)
˜ r = ̃ r FK 

= −2 ( θcenter − θF K ) 

˜ r F K 
(41) 

To evaluate the integrals of chemical reaction in Eqs. (37) and 

38) , we also need the profile of reactant mass fraction in the FK 

egion. At the center, the gradient of Y must be zero due to sym-

etry. Outside the FK region, the consumption of reactant is neg- 

igible, i.e., Y ( ˜ r > ̃  r F K ) = 1 . Because of comparably high tempera- 

ure, the subsequent chemical reaction rate is substantially facil- 

tated. Accordingly, the consumption rate of reactant at the cen- 

er of the FK region is significantly faster than the supply rate by 

iffusion from the surrounding. It demonstrates that the chemical 

eaction at the heating center dominates the generation of reac- 

ion front, which can hardly be affected by mass diffusion. There- 

ore, it introduces an additional condition that the gradient of re- 

ctant mass fraction should vanish at the edge of the FK region, 

.e., ( ∂ Y/∂ ̃  r ) ˜ r = ̃ r F K 
= 0 . In analogy to temperature profile given by 

q. (40) , the mass fraction distribution can be constituted based 

n the conditions given above. The simplest mathematical form ap- 

ears to be a cubic function of ˜ r , given by 

 = Y center + 3 ( 1 − Y center ) 
˜ r 2 

˜ r 2 
− 2 ( 1 − Y center ) 

˜ r 3 

˜ r 3 
(42) 
F K F K 

8

here Y center refers to the reactant mass fraction at the center of 

he FK region, which falls in the course of time due to chemical 

eaction. 

With help of the above constituted temperature and mass frac- 

ion profiles in the FK region, given by Eqs. (40) and (42) , respec-

ively, the last term on the right-hand side of Eq. (37) becomes 

4 π ˜ q ̃ B 

˜ V F K 
∫ ˜ r F K 

0 
Y exp 

(
− θa + 1 

θ + 1 

)
˜ r 2 d ̃ r = ˜ q ̃ B exp 

(
− θa + 1 

θcenter + 1 

)
F ( θcenter , Y center ) 

(43) 

here 

 ( θ, Y ) = − 3 ( 1 + θ ) 
2 

2 ( θa + 1 ) ( θ − θF K ) 
exp 

[
− ( θa + 1 ) ( θ − θF K ) 

( 1 + θ ) 
2 

]

+ 

3 c 
√ 

π( 1 + θ ) 
3 

4 ( θa + 1 ) 
3 / 2 

( θ − θF K ) 
3 / 2 

erf 

[ √ 

( θa + 1 ) ( θ − θF K ) 

1 + θ

] 

− 3 ( 1 − Y ) ( 1 + θ ) 
4 

4 ( θa + 1 ) 
2 
( θ − θF K ) 

2 
exp 

[
− ( θa + 1 ) ( θ − θF K ) 

( 1 + θ ) 
2 

]

+ 

27 ( 1 − Y ) 
√ 

π( 1 + θ ) 
5 

8 ( θa + 1 ) 
5 / 2 

( θ − θF K ) 
5 / 2 

erf 

[ √ 

( θa + 1 ) ( θ − θF K ) 

1 + θ

] 

− 6 ( 1 − Y ) ( 1 + θ ) 
6 

( θa + 1 ) 
3 
( θ − θF K ) 

3 

{
1 − exp 

[
− ( θa + 1 ) ( θ − θF K ) 

( 1 + θ ) 
2 

]}
(44) 

Substituting Eqs. (40) and (42) into Eq. (39) yields the average 

emperature and mass fraction in the FK region: 

¯ = 

1 

5 

( 2 θcenter + 3 θF K ) , Ȳ = 

1 

5 

( 4 + Y center ) (45) 

Since chemical reaction rate at the edge of the FK region is 

ignificantly lower than that at the center, we may assume that 

he rate of change in θF K is negligible compared to that of θcenter . 

herefore, we have 

d ̄θ

d ̃ t 
≈ 2 

5 

dθcenter 

d ̃ t 
, 

d ̄Y 

d ̃ t 
≈ 1 

5 

dY center 

d ̃ t 
(46) 

Substituting Eqs. (41) , (43) , and (46) into Eqs. (37) and (38) , we

btain the following ordinary differential equations that describe 

he variation of central temperature and reactant mass fraction 

uring the stage of reaction front setup: 

dθcenter 

d ̃ t 
= − 15 ( θcenter − θF K ) 

˜ r 2 
F K 

+ 

5 

2 
˜ Q m + 

5 

2 
˜ q ̃ B exp 

(
− θa + 1 

θcenter + 1 

)
F ( θcenter , Y center

(47) 

dY center 

d ̃ t 
= −5 ̃

 B exp 

(
− θa + 1 

θcenter + 1 

)
F ( θcenter , Y center ) (48) 

Since the function F ( θ, Y ) given by Eq. (44) is nonlinear, 

qs. (47) and (48) must be solved numerically. 

Figure 7 shows the transient variation of temperature and reac- 

ant mass fraction at the center of the FK region after the thermal 

unaway occurs. The delay time for thermal runaway, according 

o Eq. (23) , is ˜ t explosion = 0 . 4 . As chemical reaction is initiated for
˜ 
 > ̃

 t explosion , the reactant is converted into product, leading to the 

rop of ˜ Y center . The growth of θcenter results from the competition 

mong chemical heat generation, external heating and conductive 

eat loss to the surroundings. 

The setup of reaction front is characterized by the complete 

onsumption of reactant, which tends to be infinitely long because 

f the long tail exponential decay of Y cent er . For practical consid- 

ration, the end of reactant consumption can be measured by a 

hreshold value of mass fraction, denoted by Y end , which is set to 

e 0.1. Based on the evolution of Y center obtained numerically from 
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Fig. 7. Transient variation of temperature and reactant mass fraction at the center 

of the FK region during the establishment of reactant front. The non-dimensional 

heating power density is ˜ Q m = 27 and heating duration is ̃  t 0 = 5 . 
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Fig. 8. The transient variation of temperature profile in the FK region. The non- 

dimensional heating power density is ˜ Q m = 27 and heating duration is ̃  t 0 = 5 . 

Fig. 9. The transient variation of reactant mass fraction in the FK region. The non- 

dimensional heating power density is ˜ Q m = 27 and heating duration is ̃  t 0 = 5 . 
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qs. (47) and (48) , we can determine the delay time for the deple-

ion of reactant at the center ˜ t consumption by 

 cent er 

(∼
t cons umpt ion 

)
= 0 . 1 (49) 

Accordingly, the temperature at the reaction front, denoted by 

f ront , is calculated by 

f ront = θcenter 

(
˜ t consumption 

)
(50) 

Knowing ˜ t explosion and ˜ t consumption given by Eqs. (30) and (49) , re- 

pectively, the time lapse for establishing the reaction front at the 

enter of heating domain is accordingly determined as their sum, 

.e., ˜ t f ront = ̃

 t explosion + ̃

 t consumption , as depicted in Fig. 1 . 

For the representative situation of ˜ Q m 

= 27 and 

˜ t 0 = 5 , 

ig. 7 shows that ˜ t f ront = 0 . 49 , which is slightly longer than
˜ 
 explosion = 0 . 40 . This indicates that ˜ t consumption / ̃ t f ront � 1 , i.e., the 

tage of reactant consumption occurs more readily than the ther- 

al runaway at the center of heating domain. Such short dura- 

ion can be attributed to the self-accelerating behavior of chemi- 

al reaction with temperature growth. It also verifies our previous 

ssumptions that the diffusion of reactant from the surroundings 

nd transient variation of temperature at the edge of FK region are 

oth negligible during the reactant consumption at the center of 

eating domain. 

Approaching ˜ t f ront , the growth rate of θcenter rapidly falls. Phe- 

omenologically, there exists a saturated value for θcenter , which 

an be understood from two aspects. On one hand, the reduc- 

ion of reactant mass fraction lowers the reaction rate and chem- 

cal heat release rate. On the other hand, the increase of central 

emperature enhances the heat loss rate by thermal conduction, 

hich is represented by the first term on the right-hand side of 

q. (47) and is linearly proportional to θcenter . 

Figure 8 shows the change of temperature profile in the FK 

egion at different instants. The initial temperature is uniformly 

qual to that in the environment. Before thermal runaway, the 

emperature profiles are determined by the analytical solution (15) 

nd are indicated by the blue lines in Fig. 8 . The period is evenly

ivided with equal time � = 0 . 2 ̃ t explosion . Since the heating power 

ensity is uniform, the temperature profile in the FK region tends 

o be flat. Slight temperature gradient arises because of geomet- 

ic symmetry at the center. At the onset of thermal runaway, the 

eat release and reactant consumption by reaction must be taken 

nto account, and therefore analytical solutions for (8) and (9) be- 

ome unavailable. Instead, the temporal variation of the tempera- 
9 
ure and reactant mass fraction in the FK region can be solved from 

qs. (37) and (38) , which are obtained by integrating Eqs. (8) and 

9) with knowledge of given temperature and mass fraction pro- 

les in the FK region. During the stage of reactant consumption, 

.e., ˜ t > ̃

 t explosion , the temporal variation of temperature and reactant 

ass fraction at the heating center θcenter ( ̃ t ) and Y center ( ̃ t ) are de-

ermined by Eqs. (47) and (48) , respectively. In addition, the nondi- 

ensional temperature at the edge of FK region θF K ( ̃ t ) can be ob- 

ained by evaluating Eq. (15) at ˜ r = ̃  r F K . Substituting the solutions 

or θcenter and Y center and θF K into the constituted relations (40) 

nd (42), the temperature and mass fraction profiles within the 

K region during the establishment of flame front are determined, 

hich are plotted as red solid lines in Fig. 8 and black solid lines

n Fig. 9 , respectively. 

It is seen that θcenter tends to grow more rapidly that θF K be- 

ause of additional heat release provided by chemical reaction. 

onsequently, the temperature gradient in the FK region becomes 

ncreasingly noticeable, which increases the conductive heat loss to 

he surroundings and leads to the saturation of the central temper- 

ture. 

Figure 9 shows the transient variation of reactant mass fraction 

n the FK region after thermal runaway is initiated, i.e., ˜ t = ̃

 t explosion . 

he profile of Y falls concavely as Y center reduces, and magnitude of 
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Fig. 10. Change of the time lapse for the setup of reaction front, ˜ t f ront , and the 

central temperature at that instant, θ f ront , with external heating power density, ˜ Q m . 

The solid lines correspond to situations in which the external heating always exists 

during the formation of reaction front, i.e., ˜ t 0 > ̃

 t f ront . The dash-dotted lines repre- 

sent the particular situations that the external heating is removed at the onset of 

thermal runaway, i.e., ̃  t 0 = ̃

 t explosion . 
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Y/d ̃ r in average reaches O (1) when the reaction front is almost 

etup. This indicates that the gradient of reactant mass fraction in 

he FK region tends to be substantially smaller than that of tem- 

erature during the reaction front formation. The supply of fresh 

eactant by diffusion tends to be insignificant during the reaction 

ront formation at the center of heating domain. The drop of Y center 

s primarily due to chemical reaction, which is consistent with the 

athematical form of Eq. (38) . By consistency we mean that the 

haracteristic time scale for flame front generation at the center 

f heating domain is much shorter than the diffusion time scale, 

hich is proportional to the conduction time scale by a factor of 

/Le. Therefore, it verifies the assumption of neglecting the diffu- 

ion term in Eq. (38) . The consistent results for profiles of tempera- 

ure and reactant mass fraction in the FK region implies the plausi- 

ility of the constituted profiles for θ and Y , given by Eqs. (40) and

42) , respectively. 

Nevertheless, the appearance of conduction term in 

q. (37) shall be understood from an alternative perspective. 

he combining effect of external heating and chemical heat re- 

ease results in considerable growth of temperature at the center. 

he comparably large temperature gradient greatly intensifies the 

eat loss from the FK region. Therefore, the conductive term must 

e retained in the energy Eq. (37) . 

Figure 10 shows that ˜ t f ront decreases with 

˜ Q m 

, indicating that 

he reaction front can be more readily established for stronger ex- 

ernal heating. This can be understood as follows. As shown in 

ig. 5 , for larger ˜ Q m 

, the delay time for thermal runaway, ˜ t explosion 

ecomes shorter, and the central temperature at the instant of 

hermal runaway tends to be higher. The growth of θexplosion facil- 

tates chemical reaction and accordingly shortens the subsequent 

onsumption time of reactant at the center. Since reactant can be 

ore readily converted to product, the thermal energy accumula- 

ion close to the center of heating domain is facilitated, yielding a 

igher temperature of the reaction front. 

Since θexplosion grows with 

˜ Q m 

, the chemical reaction subsequent 

o thermal runaway is a self-sustained process when the heat- 

ng power density becomes sufficiently high, i.e., the reactant at 

he center can still be depleted without external heating. How- 

ver, in such situations, the conductive heat loss must be balanced 

y chemical heat release. It results in a lower accumulation rate 
10 
f thermal energy, which corresponds to a longer ˜ t f ront and lower 

f ront , as indicated by the dash-dot lines in Fig. 10 . 

In addition to ˜ Q cr,explosion that characterizes the minimum heat- 

ng power for thermal runaway, there exists one more threshold 

eating power density, denoted by ˜ Q cr, f ront , below which the re- 

ction front cannot be formed without continued external heat- 

ng after thermal runaway at the center. It could be understood 

hat for situations with 

˜ Q m 

< 

˜ Q cr, f ront , the central temperature at 
˜ 
 = ̃

 t explosion is too low to induce sufficient chemical heat release to 

alance with the conductive heat loss. The chemical reaction ini- 

iated by thermal runaway is immediately terminated due to the 

emoval of heating source at ˜ t = ̃

 t explosion . For ˜ t f ront , the difference 

etween the solid and dash-dot lines in Fig. 10 falls rapidly as in- 

reasing the heating power density. 

.4. Propagation of the reaction front 

Depletion of reactant at the center creates a reaction front 

here, which propagates outwardly. Due to thermal energy ad- 

ition, the reactant mixture within the heating domain is close 

o the state of autoignition, which provides substantial assistance 

o the propagation of the flame front. Accordingly, the moving 

peed of the flame front within the heating domain is considerably 

reater than the conventional spherical flame expanding in rela- 

ively cool environment. The results in Fig. 7 shows that the con- 

umption time of reactant due to chemical reaction is significantly 

horter than the diffusion time scale, i.e., ˜ t consumption � 1 . This in- 

icates that the apparent motion of the reaction front from the 

enter to the edge of heating domain should be considered as se- 

uential setup of reaction front in the radial direction. The propa- 

ating speed of the reaction front is denoted by u f ront , whose non- 

imensional form can be written as ˜ u f ront = u f ront R 0 /α. Accord- 

ngly, based on the gradient theory by Zel’dovich [39] , the prop- 

gation speed of flame front from the center to the edge of the 

eating domain is correlated to the spatial variation of ignition de- 

ay time, which exhibits in the following form 

˜ 
 f ront = 

(
∂ ̃  t f ront 

∂ ̃  r 

)−1 

(51) 

Considering ˜ u f ront as a function of ˜ r , the time lapse for the 

eaction front’s arrival at edge of heating domain, denoted by 
˜ 
 propagation , can be evaluated as 

˜ 
 propagation = ∫ 1 0 

1 

˜ u f ront 

d ̃ r ′ (52) 

Substituting Eq. (51) into the integral on the right side and us- 

ng chain rule of derivative, we have 

˜ 
 propagation = ∫ 1 0 

∂ ̃  t f ront 

∂θ

(
dθ

d ̃ r ′ 

)
˜ t f ront 

d ̃ r ′ (53) 

The actual process of reaction front propagation is very compli- 

ated. Because of nonuniformity of temperature profile inside the 

eating domain, the time scale measuring the establishment of re- 

ctant front ˜ t f ront changes with radial distance from the center. 

owever, the arrival of reaction front rapidly rises the local tem- 

erature and thereby significantly facilitates the chemical reaction 

earby. This indicates that the term ( ∂ ̃  t f ront /∂θ ) cannot be suitably 

valuated based on the local temperature. Instead, we may assume 

hat ( ∂ ̃  t f ront /∂θ ) changes slightly with radial distance and can be 

alculated at the heating center for convenience. Accordingly, the 

xpression for ˜ t propagation is simplified to 

˜ 
 propagation ≈

(
∂ ̃  t f ront 

∂θ

)
˜ r =0 

∫ 1 0 

(
dθ

d ̃ r ′ 

)
˜ t = ̃ t f ront 

d ̃ r ′ (54) 



D. Yu, X. Chen and Z. Chen Combustion and Flame 245 (2022) 112336 

u

t

k

c

a

a

h

f(

t

g

s

t

θ(
w

i

h

o

t

d

s

fl

t

o

e

O  

c

a

i

g

t

t

s

t

θ

w

E

(

t(

l

e

t

w

t

θ
i

3

b

n

s

n  

s

s

t

c

f  

t

b

c

t

i

v

l

l

fi

fl

m

h

t

a

w

i

fi

b

f

i

o

t

l

t

a

s

a

i

r

i

a

s

t

w

t

d

Considering the fact that ˜ t f ront = ̃

 t explosion + ̃

 t consumption , the eval- 

ation of ( ∂ ̃  t f ront /∂θ ) 
˜ r =0 

requires an explicit expression between 

˜ 
 consumption and θ , which cannot be obtained. Nevertheless, we ac- 

nowledge that the reaction front setup is controlled by chemi- 

al reaction rate. As temperature increases, both thermal runaway 

nd reactant consumption become more readily to take place. In 

ddition, it usually has ˜ t consumption � ˜ t explosion because of relatively 

igher temperature led by external heating. Therefore, we have the 

ollowing approximate relationship 

∂ ̃  t f ront 

∂θ

)
˜ r =0 

≈
(

∂ ̃  t explosion 

∂θ

)
˜ r =0 

(55) 

Since ˜ t explosion is determined by the Livengood-Wu integral, the 

emperature dependence of the characteristic reaction time ˜ t ch , 

iven by Eq. (29) , is not directly affected by the integration. We 

uppose that the dependence of ˜ t explosion and hence ˜ t f ront according 

o Eq. (55) can be assessed by the derivative of ˜ t ch with respect to 

. Therefore, from practical perspective, we have 

∂ ̃  t f ront 

∂θ

)
˜ r =0 

≈ −θa − 1 − 2 θ f ront 

˜ B ̃

 q ( 1 + θa ) 
e ( 1+ θa ) / ( 1+ θ f ront ) (56) 

here the non-dimensional temperature at the reaction front θ f ront 

s calculated by Eq. (50) . 

During reaction front propagation, reactant within the central 

eating domain is continuously consumed. Rigorous determination 

f temperature profile in the central heating domain may simul- 

aneously involve external heating, chemical heat release and con- 

uctive heat loss to the ambient. Therefore, an analytical expres- 

ion for temperature gradient appears to be impossible. 

Due to abrupt withdrawal of external heating source, the heat 

ux by thermal conduction significantly lowers the temperature at 

he edge of the heating domain, denoted by θedge . In the absence 

f chemical reaction, the temperature drop from the center to the 

dge of heat domain is substantial, i.e., ( θcenter − θedge ) /θcenter ∼
 (1) , as shown in Fig. 3 . Accordingly, we may assume that the

hemical reaction at ˜ r = 1 hardly occurs before the arrival of re- 

ction front. 

In analogy to Eq. (40) , the profile of temperature in the heat- 

ng domain can be approximately constituted in the form of an al- 

ebraic function, which should satisfy that it has zero gradient at 

he center due to symmetry and that it is smooth at the edge of 

he heating domain. Given those conditions, the simplest expres- 

ion that describes the profile of θ at ˜ t = ̃

 t f ront can be written in 

he following form 

= 

[(
∂θ

∂ ̃ r 

)
˜ r =1 

− 2 
(
θedge − θ f ront 

)]
˜ r 3 + 

[
3 
(
θedge − θ f ront 

)
−

(
∂θ

∂ ̃ r 

)
˜ r =1 

]
˜ r 2 + θ f ront 

(57) 

here ( ∂ θ/∂ ̃  r ) ˜ r =1 can be determined by taking derivative of 

q. (15) with respect to ˜ r and then evaluating at ˜ t = ̃

 t f ront , i.e., 

∂θ

∂ ̃ r 

)
˜ r =1 

= 

˜ Q m 

3 

{ √ 

˜ t f ront 

π

[
2 ̃ t f ront − 3 + 

(
1 − 2 ̃ t f ront 

)
exp 

(
− 1 

˜ t f ront 

)]

+ erf 

( 

1 √ 

˜ t f ront 

) 

− 1 

} 

(58) 

Using the constituted temperature profile, given by Eq. (57) , the 

emperature gradient can be determined, giving 

dθ

d ̃ r 

)
˜ t = ̃ t f ront 

= 

˜ r 

[(
∂θ

∂ ̃  r 

)
˜ r =1 

( 3 ̃

 r − 2 ) − 6 

(
θedge − θ f ront 

)
( ̃ r − 1 ) 

]
(59) 
h

11 
Substituting Eqs. (56) and (59) into Eq. (54) yields the time 

apse for the reaction front propagating from the center to the 

dge of heating domain: 

˜ 
 propagation ≈

θ f ront − θedge 

˜ B ̃

 q 
e ( 1+ θa ) / ( 1+ θ f ront ) (60) 

here we have used the fact that the temperature at the reac- 

ion front is considerably higher than the ambient temperature, i.e., 

f ront � 1 , while it is much less than the activation temperature, 

.e., θ f ront /θa � 1 . 

.5. Formation of the ignition kernel 

The arrival of reaction front to the edge of heating domain can 

e considered as the formation of ignition kernel. Outside the ig- 

ition kernel, the reaction front moves into the fresh reactant. This 

ituation identically resembles the initial condition of ignition ker- 

el adopted in existing theoretical studies [ 13 , 21 , 22 ], which con-

idered the development of the ignition kernel and transition to 

elf-sustained spherical flame. 

As shown in Fig. 1 , the formation of ignition kernel consists of 

hree sequential stages, i.e., thermal runaway that initiates chemi- 

al reaction at ˜ r = 0 , depletion of reactant that generates a reaction 

ront at ˜ r = 0 , and the propagation of the reaction front from ˜ r = 0

o ˜ r = 1 . The total time lapse of ignition kernel formation, denoted 

y ˜ t kernel , is the summation of delay times for each individual pro- 

ess, i.e., 

˜ 
 kernel = 

˜ t explosion + ̃

 t consumption + ̃

 t propagation (61) 

The time for thermal runaway ˜ t explosion is evaluated by integrat- 

ng Eq. (23) numerically, which rigorously considers the transient 

ariation of central temperature due to external heating. By ana- 

yzing the temporal variation of Y center based on the numerical so- 

ution of Eq. (48) , the flame front generation time ˜ t f ront is speci- 

ed as the instant when Y center becomes less than 0.1. The time for 

ame kernel formation 

˜ t kernel is calculated from the Eq. (60) , which 

easures the time lapse for the flame front propagating from the 

eating center to the edge of heating domain driven by local reac- 

ivity gradient. 

In addition to stoichiometric CH 4 /air mixture, we considered 

n additional situation with smaller equivalence ratio, i.e., φ = 0 . 6 

ith lower chemical reaction rate, in order to solidify the theoret- 

cal model in describing the ignition kernel formation process. By 

tting the variation of homogeneous ignition delay time with com- 

ustible mixture’s temperature, we specify the reaction frequency 

actor to be B = 7 . 2 × 10 8 s −1 and activation temperature remain- 

ng to be T a = 25 , 0 0 0 K. 

Figure 11 shows that the variations of ˜ t f ront and 

˜ t kernel are anal- 

gous to that of ˜ t explosion . The theoretically predicted characteris- 

ic time scales corresponding to φ = 0 . 6 are indicated by dashed 

ines, lying slightly above their solid counterparts representing 

he stoichiometric situation, which can be attributed to the rel- 

tively lower reaction rate. At relatively low heating power den- 

ity, ˜ t explosion , ˜ t f ront and ˜ t kernel all increase rapidly. This is because 

t lower ˜ Q m 

, the effect of conductive heat loss becomes increas- 

ngly stronger, which significantly lowers the local reaction rate. At 

elative large ˜ Q m 

, the gaps between solid lines in Fig. 11 become 

ncreasingly narrow, which indicates that ˜ t consumption and 

˜ t propagation 

re very short so that the thermal runaway process plays a deci- 

ive role in the formation of ignition kernel. It can be understood 

hat the increase in 

˜ Q m 

produces high temperature in the center, 

hich facilitates the chemical reaction there and thereby reduces 
˜ 
 consumption . Similar arguments apply to ˜ t propagation . Nevertheless, the 

ecay of ˜ t explosion at the rate of 1 / ̃  Q m 

needs revision at sufficiently 

igh heating power density, which leads to shock formation and 
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Fig. 11. Change of different characteristic time scales with heating power density. 

The solids ( φ = 1 . 0 ) and dashed ( φ = 0 . 6 ) lines represent results predicted by the- 

ory and the symbols correspond to results from simulation. 
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hermal expansion in actual ignition process. Both effects may re- 

uce the chemical reaction rate due to temperature fall and thus 

ake ˜ t explosion , ˜ t f ront and ˜ t kernel become longer. 

To validate the theoretical results, we conduct detailed simula- 

ion using the in-house code A-SURF [ 13 , 40 ] to examine the tran-

ient ignition process in a stoichiometric CH 4 /air mixture. The mix- 

ure is ignited by uniform heating within finite duration of t 0 = 

 . 2 ms and finite spherical domain in the radius of R 0 = 0 . 2 mm.

he computational domain is 0 ≤ r ≤ 50 cm. Zero gradients 

f temperature and mass fractions are enforced at both bound- 

ries, r = 0 and 50 cm. The homogeneous mixture is initially 

tatic with a temperature of T = 300 K and uniformly distributed 

ver the computational domain. The pressure is 1 atm. A-SURF 

olves the conservation equations (including species, momentum 

nd energy conservation equations) for one-dimensional, adiabatic, 

ulti-component, reactive flow with the finite volume method. 

he CHEMKIN and TRANSPORT packages [41] are incorporated into 

-SURF to calculate the reaction rates as well as thermodynamic 

nd mixture-averaged transport properties. The detailed chemistry, 

RI-Mech 3.0 [42] is used in simulation. A-SURF has been success- 

ully used in previous studies on ignition and flame propagation. 

he details on governing equations and numerical schemes can be 

ound in Chen et al. [ 13 , 40 ] and thereby are not repeated here. 

In simulation, the delay time for thermal runaway ˜ t explosion is 

efined as the instant when the heat release rate due to chem- 

cal reaction becomes positive at the center of heating domain. 

he consumption time of reactant ˜ t consumption is measured when 

he reaction rate reaches the highest value at the center of heat- 

ng domain, which implies the appearance of reaction front there. 

he propagation time of the reaction front ˜ t propagation is determined 

s the instant when the highest reaction rate occurs at r = R 0 = 

 . 2 mm . 

Four situations with increasing thermal energy deposition, de- 

oted by E heating , i.e., E heating = 0.15, 0.175, 0.35 and 0.6 mJ are in-

estigated and different time scales depicted in Fig. 1 are extrap- 

lated. Converting relevant quantities into non-dimensional form 

ccording to Eq. (7) , ˜ t explosion extrapolated from numerical simula- 

ion is plotted in Fig. 11 . It is seen that for both equivalence ratios

= 1 . 0 and φ = 0 . 6 , the values of ˜ t explosion from simulation agree

ell with theoretical prediction. The quantitative discrepancy may 

e attributed to that the simplified one-step global reaction model 

ay not be as accurate as the detailed chemical reaction mecha- 

ism adopted in simulation. Besides, variation of reference temper- 

ture may change the magnitudes of various thermal and transport 

roperties, which also contributes to the difference between theo- 

etical prediction and numerical simulation. 
12 
Figure 12 shows that the ratios ˜ t f ront / ̃ t explosion and ˜ t kernel / ̃ t explosion 

oth decrease with 

˜ Q m 

. In wide range of heating power density, the 

heoretically predicted 

˜ t f ront / ̃ t explosion agrees well with that from 

imulation. At relatively high 

˜ Q m 

, the theoretical prediction slightly 

nderestimates the time scale for ignition kernel formation. Be- 

ause of complexity during the reaction front propagation, there 

re different mechanisms leading to such discrepancy. In addition 

o the simplified one-step global reaction model, the estimation of 

˜  f ront based on the reactivity gradient theory may introduce uncer- 

ainty in subsequent calculation of ˜ t propagation , which shall be dis- 

ussed as follows. The term ∂ ̃  t f ront /∂θ interprets the sensitivity of 

eaction rate with temperature change and it is actually a func- 

ion of radial coordinate. However, the symmetric condition at the 

enter facilitates thermal energy accumulation there, which makes 

he reaction front develop more readily. Taking ∂ ̃  t f ront /∂θ out of 

he integration in Eq. (53) hypothesizes that the reaction front for- 

ation at every radial distance within the heating domain follows 

he identical procedure as that at the center. Accordingly, such ap- 

roximation overestimates the local reaction rate and thus leads to 

maller value of ∂ ̃  t f ront /∂θ . Therefore, it yields a larger propaga- 

ion speed of reaction front and thereby shorter propagation time. 

ote that we also consider a fuel-lean CH 4 /air mixture with the 

quivalence ratio of 0.6, and good agreement between theory and 

imulation is also achieved. 

The time scale analysis suggests that the process of ignition 

ernel formation is primarily affected by the rate of thermal en- 

rgy deposition from the external source and the enhanced chem- 

cal reaction within the heating domain. The characteristic time 

cales for individual stages of ignition kernel formation are found 

o be considerably shorter than the either the conduction or the 

iffusion time scales. Accordingly, the differential diffusion effect 

n the reactant mixture measured by the Lewis number tends to 

how minor impacts before the ignition kernel is fully established. 

ewis number is an important parameter in determining the igni- 

ion characteristics, such as critical ignition radius and minimum 

gnition energy. Those parameters are relevant to the evolution of 

he established ignition kernel (second phase of ignition) rather 

han the formation of ignition (first phase of ignition). The present 

ork focuses on the ignition kernel formation. 

Providing the onset of thermal runaway, the reaction front 

t the center might be established without external heating, see 

ig. 10 . However, it needs longer time to consume the reactant and 

esults in a lower temperature of the reaction front. Figure 13 com- 
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Fig. 13. Change of delay time for ignition kernel formation with heating power 

density. The solid line corresponds to situations in which the thermal energy is con- 

stantly delivered during the process of ignition kernel formation, i.e., ̃  t 0 > ̃

 t kernel . The 

dash-dotted line represents the particular situations in which the external heating 

is removed at the onset of thermal runaway, i.e., ̃  t 0 = ̃

 t explosion . 
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ares the characteristic times for ignition kernel formation sup- 

orted by constant heating (solid line) and heating pulse removed 

t ˜ t = ̃

 t explosion (dash-dot line). According to Eq. (60) , the delay 

ime for the spontaneous propagation of reaction front from ˜ r = 0 

o ˜ r = 1 would be increased due to reduction of θ f ront , as indi- 

ated by the dash-dotted line in Fig. 13 . The characteristic time 

or thermal conduction at the edge of heating domain is R 2 
0 
/α, 

hich is equal to unity after non-dimensionalization. Removing 

xternal heating at the onset of thermal runaway at the center, 

he temperature at ˜ r = 1 falls in the course of time. Denoting the 

hange of θedge due to thermal conduction by �θedge , we have 

θedge /θedge ∼ 1 − e −�t during a time interval �t . According to the 

iscussion in defining the FK region, we may hypothesize that a 

emperature fall of order O (ε) , leading to an order O (1) reduction

n local reactivity, creates a strong barrier for the passage of the 

eaction front across the edge of the original heating domain. The 

ime lapse corresponding to such temperature drop can be evalu- 

ted by �t ∼ ln [ 1 / ( ( 1 − ε) ) ] . Providing that the reaction front can 

e established at the center, the propagation time of the reaction 

ront should be shorter than �t from ˜ r = 0 to ˜ r = 1 , otherwise, the

trong barrier at ˜ r = 1 may results in flame extinction due to tem- 

erature drop. The condition 

˜ t propagation < ln [ 1 / ( 1 − ε) ] intr oduces 

estriction on the ignition kernel formation without support from 

xternal heating after onset of thermal runaway. It defines an ad- 

itional minimum heating power density, denoted by ˜ Q 

cr,kernel 
, be- 

ow which the heat release from chemical reaction cannot balance 

ith the conductive heat loss, and the reaction front may extin- 

uish during its propagation in the absence of external heating. Re- 

arding the temperature of the propagating reaction front identical 

o θ f ront , Eq. (60) tends to underestimate the propagation time of 

eaction front. This indicates that the resulting ˜ Q cr, kernel , indicated 

y the green dashed line in Fig. 13 , could be a conservative evalu-

tion. The actual threshold heating power density that ensures the 

pontaneous formation of ignition kernel without external heating 

fter thermal runaway, may still be higher. 

. Concluding remarks 

In this work, theoretical analysis is conducted for the de- 

elopment of ignition kernel in a quiescent flammable mixture 

ubjected to external heating of finite duration in finite domain. 

ifferent characteristic time scales (see Fig. 1 ) and critical heat- 
13 
ng powers (see Fig. 2 ) involved in the ignition kernel formation 

re investigated in-detail. Since the analytical treatments are con- 

ucted in terms of non-dimensional quantities, the derived results 

re generally applicable various external heating schemes, repre- 

ented by duration t 0 , domain size R 0 , and power density Q m 

, and

eactants, characterized by activation temperature T a , combustion 

eat release q , reaction frequency factor B , thermal diffusivity α
nd initial temperature T ∞ 

. 

Because of drastic change in temperature and mass fraction of 

eactant, the ignition kernel formation is essentially a transient 

rocess, and it consists of three stages: (1) appearance of thermal 

unaway, (2) onset of reaction front at the center, and (3) propa- 

ation of the reaction front to the edge of heating domain. These 

hree stages are associated with characteristic time scales, denoted 

y ˜ t explosion , ˜ t consumption , and ˜ t propagation , respectively. Figure 1 gives 

 schematic description to various stages during ignition kernel 

ormation in terms of characteristic time scales. ˜ t explosion is evalu- 

ted by the Livengood-Wu integral with knowledge of the transient 

ariation of θcenter , which can be obtained in analytical expression 

n the absence of chemical reaction. Subsequent to thermal run- 

way, chemical reaction is concentrated in the Frank-Kamenetskii 

egion. Integrating the governing equations over the FK region 

ives a pair of nonlinear ordinary differential equations for θcenter 

nd Y center , whose solution helps to determine the characteristic 

ime scale for reactant depletion at the center, ˜ t consumption . Sup- 

orted by external heating, the propagating speed of reaction front 

rom ˜ r = 0 to ˜ r = 1 is dominated by local reactivity. The character- 

stic time ˜ t propagation is then evaluated by integrating the reactivity 

radient over the heating domain according to the gradient theory 

f Zel’dovich. 

The theoretical results are verified by transient simulations 

onsidering detailed chemistry and transport. The theoretically 

redicted time scales agree well with those from simulation. 

t high heating power densities, the magnitudes of ˜ t consumption 

nd 

˜ t propagation shrinks rapidly because of high reaction rate, and 

˜ 
 explosion tends to the primary component in the total time delay for 

gnition kernel formation, i.e., ˜ t kernel ∼ ˜ t explosion . In the situation of 

˜ 
 m 

→ ∞ , the Livengood-Wu integral can be evaluated analytically 

ecause of the asymptotic linear dependence of θcenter upon 

˜ t . This 

ndicates that ˜ t explosion falls with increasing ˜ Q m 

at a rate slightly 

lower than 1 / ̃  Q m 

, which results in nonmonotonic variation of crit- 

cal ignition energy with heating power density. 

In contrast to thermal energy deposition at a point of zero di- 

ension, which leads to the unphysical phenomenon of infinitely 

igh temperature, external heating in finite domain can interpret 

he fact that thermal runaway never takes place at situations of 

ufficiently low heating power density. The ˜ Q cr,runaway is implicitly 

etermined by setting ˜ t explosion → ∞ in the Livengood-Wu integral. 

hanks to heat release from chemical reaction by consuming re- 

ctant, the reaction front and its propagation could occur in self- 

ustained manner by removing the external heating after the on- 

et of thermal runaway at the center. For pulses that are switched 

ff at the occurrence of thermal runaway, we can define two ad- 

itional threshold values of heating power densities, ˜ Q cr, f ront and 

˜ 
 cr,kernel , which correspond to the spontaneous creation of reaction 

ront and its passage across ˜ r = 1 , respectively. 

It is noted that the present analysis describes the develop- 

ent of ignition kernel in a quiescent environment with sim- 

lified one-step global chemistry and using the thermal-diffusive 

odel assuming constant density. These are the limitations of the 

resent model. In future studies, it would be interesting to con- 

ider the flow of reactant caused by thermal expansion and sim- 

lified thermally sensitive intermediate kinetics (e.g., [24] ). Be- 

ides, the compressibility of the combustible mixture is not con- 

idered in the present study. It would provide further insights on 
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he characteristics of ignition when the effects of shock formation 

9] are included in future works. Furthermore, the uniform flow of 

he flammable mixture (e.g., [43–46] )and repetitively pulsed dis- 

harge (e.g., [47–50] ) introduce different characteristic time scales 

or forced ignition of premixed flames, and need be explored in 

uture studies. 
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