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A numerical and experimental study investigated the first and second critical initiation radii of 1,3-butadiene/
oxygen/helium flame initiation. A minimum critical flame radius was measured and compared with a calcu-
lated first critical initiation radius since the first radius is hard to obtain experimentally. Experiments were
conducted in a constant-pressure combustion chamber under pressure up to 1.5 MPa at equivalence ratios of
0.8-1.5 and a temperature of 298 K. The effects of equivalence ratio and pressure on the critical initiation radii
and critical stretch rates were studied. Both critical initiation radii first decrease with increasing equivalence
ratio and then increase. In contrast, with higher pressure, both critical initiation radii reduce. The critical stretch
rates, which correspond to the stretch rates at the critical initiation radii, vary in the opposite direction with
changing pressure and equivalence ratio. A nonlinear model and a detailed model were used for a quick esti-
mation of critical initiation radii and theoretical analysis, respectively. The calculated results obtained using the
two models demonstrated strong agreement with the experimental data. Additionally, the minimum radius and
critical radius were highly linearly related to the flame thickness. The detailed model was used to analyze the
effects of density ratio, Zel’dovich number, and effective Lewis number on critical initiation radii. A sensitivity
analysis revealed that the Zel’dovich number dominates the trends of critical initiation radii. The results also
indicated that the critical initiation radii become more sensitive to the Lewis number at low values of the Lewis
number. Comparisons between the theoretical results of a detailed model and a nonlinear model were conducted.
The nonlinear model was capable of accurately predicting the second critical radius well but only matched the
first critical radius at smaller Markstein numbers. An empirical remedy equation of the first critical radii at large
Markstein number was also presented.

1. Introduction

Successful establishment of self-sustained flame propagation is vital
for reliable high-altitude relighting of jet engines [1] and stable lean
combustion of internal combustion engines [2]. Many advanced ignition
systems, such as plasma ignition [3], laser-induced ignition [4], multi-
channel ignition [5], and pre-chamber ignition [6] systems, have been
widely studied. The primary objective of successful ignition is to ensure
that the amount of deposited energy will be larger than the minimum
ignition energy (MIE) [7], allowing the flame to reach the critical
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initiation radius [8,9]. In other words, the ignition might fail if the flame
reaches below this critical initiation radius. Following ignition, the
flame undergoes multiple unsteady transitions, documented in experi-
mental [10-12] and numerical [8,9] research.

Spherical expanding flames have been widely used to study the
laminar burning velocity. However, only a few studies have focused on
unsteady transitions [8-12]. The minimal radius of a developing
spherical flame is related to the flame thickness in the classic thermal-
diffusion theory [7,13]; however, where mass diffusion was not
considered. A more accurate theory considering the preferential
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diffusion of mass and heat was proposed later by Zel’dovich [14]. In his
work, a diffusion-controlled stationary flame was assumed to exist with
an equilibrium radius, which was considered to be the critical initiation
flame radius. With the assumption of a stationary flame ball, the
convective term was not considered. The real flames must either prop-
agate inwardly and extinguish or outwardly and develop into a planar
flame [15]. Thus, a more accurate model considering the convection
term was reported by Chen and Ju [9] and was used to study the flame
propagation from kernel to planar flame. Chen et al. [8] further indi-
cated the MIE has a cubic relationship with the critical initiation radius.
Kelley et al. [10] compared a minimum radius with a calculated critical
initiation radius and revealed the effects of flame thickness and overall
activation energy on the critical initiation radius. Santner et al. [11]
compared the critical initiation radius of hydrocarbons of different
chemistry and transport property and reported that the chemistry affects
the critical initiation radius but not the transport. The critical initiation
radius of n-decane under a fuel-lean condition was measured by Kim
et al. [12], who found that a transition also exists in the radical pool and
the flame thickness. In addition, this unsteady transition might bring
uncertainty into the laminar burning velocity measurements. Kim [12]
and Chen [16] reported that the local flame thickness varies in the un-
stable transition regime, which can be challenging in determining the
flame front. In addition, Santner’s [11] and Kim’s [12] works used
different definitions of the critical flame radius from that in Chen’s [8]
and Kelley’s [10] studies. In this work, Chen’s [8] and Kelley’s [10]
definition is named the first critical flame radius, while Santner’s [11]
and Kim’s [12] definition is named the second critical flame radius. It
was found that there is a linear relationship between the cubic of min-
imum ignition energy (MIE) and the first critical radius[8]. Besides, the
flame trajectory can be divided into three regimes, ignition, unstable
trajectory, and normal propagation[11]. The second critical initiation
radius can be regarded as the starting point of the normal flame prop-
agation[12], which can be used as the lower limit for accurate laminar
burning velocity extraction. Previous researchers [8-12] have primarily
focused on one of these radii. To better evaluate the effects on the early
ignition period, both definitions are used and compared in this work.
These two radii and flame regimes are described in detail in Section 2.

Since the outwardly propagating flame is positively stretched, the
flame propagation speed depends on the thermal and massive diffu-
sivity, which can be represented by the Lewis number. For mixtures with
Lewis number, Le > 1.0, flame speed and temperature are decreased. As
for Le < 1.0 mixtures, both flame speed and temperature are increased.
The flame stretch will restrain the flame propagation for Le > 1.0
mixture, while the mixture with Le < 1.0 is the opposite. Kelley et al.
[10] showed that the flame with Le < 1.0 would not extinguish as long as
a flame kernel can exist. However, there is a competition between
ignition energy and stretch for Le > 1.0 mixtures, and the flame might
extinguish. Therefore, a critical initiation radius should exist for Le > 1.0
mixture. Chen et al.[8], Kim et al.[12], and Santner et al.[11] also
showed that at Le smaller than a critical Lewis number, Le < Le*, the
critical initiation radii are dictated by Le. At Le > Le*, this increase of
critical radii with Le is attenuated, and the critical flame size is
controlled by the extinction limit[14]. Thus, the critical initiation radii
of Le > Le* attract huge interest. Current experimental research focuses
only on the fuel-rich or fuel-lean side to ensure that Le > Le*. Thus, a
comparison of the critical initiation radius over a wide range of equiv-
alence ratios is lacking. To the authors’ knowledge, the experimental
and numerical results[8-12] are mainly at atmospheric condition, and
the highest pressure reported is 1.0 MPa[10], which is still lower than
the pressure in an actual engine.

The compound 1,3-butadiene (1,3-C4Hpg) is the only diene in the C4
core mechanism, which is the base of the kinetic mechanisms of long-
chain hydrocarbons. The laminar characteristics of 1,3-C4Hg at pres-
sures above 1.0 MPa are rarely studied and lacking in effective experi-
mentation. The 1,3-C4He laminar flame is typically studied under 0.5
MPa. Recently, Zhou et al. [17] revealed more pathways and provided a
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new mechanism of butadiene, and integrated it into the AramcoMech
3.0. Only Zhao[18] measured the laminar burning velocities at ¢ = 0.8
and 1.4 up to 1.8 MPa. In our previous work [19], the laminar burning
velocity of 1,3-butadiene/12.5 %03/87.5 %He (O2:He = 1:7) up to 1.5
MPa was measured for a further chemical kinetic study. The high-
pressure flame front remains smooth with the replacement of nitrogen
with helium and added dilution. This widely used dilution concentration
is on a volume basis [20-23]. Studying the early flame propagation
under such high pressures will significantly contribute to the under-
standing of successful ignition to self-sustained propagation. In this
work, the critical initiation radius is extracted from the same experi-
ments in our previous work [19]. The Lewis number of C4Hg/O2/He
mixtures is 1.5 < Le < 2.3, which is larger than Le*=1.36 given in Chen
et al.[8]. At the same time, the equivalence ratio of the C4Hg/O2/He
mixture is 0.8 < ¢ < 1.5, covering conditions from fuel-lean to fuel-rich.
Thus, it provides access to study experimental critical initiation radii
over a wide range of equivalence ratios at high pressure.

Chen and Ju [9] presented a theoretical analysis of flame propaga-
tion from the flame kernel to a planar flame. A detailed model (DM) of
the spherical flame was reported with assumptions of quasi-steady
states. The model can describe how physics contributes to flame prop-
agation, but the solution is complicated. With further assumptions and
simplifications, a less complex model was presented by Chen [24],
known as the nonlinear model (NM) of laminar burning velocities
extraction. NM was also reported to match DM the best among the
simplified models for Le > 1.0 mixture[24]. Although neglecting some
physics, the NM is easy and relatively quick to solve, the results of which
will contribute to the application of the combustion model in Compu-
tational Fluid Dynamics (CFD). The critical initiation radii were calcu-
lated using both models, and the results are compared with experiments
in this work. The details of the calculations are discussed in the
following section.

Therefore, the objectives of this work are to (a) measure both critical
initiation radii of a 1,3-butadiene/oxygen/helium flame under pressures
ranging from 0.5 to 1.5 MPa, equivalence ratios ranging from 0.8 to 1.5,
and at a temperature of 298 K, using a constant-pressure combustion
chamber, (b) compare the experimental and theoretical results, (c) carry
out a simple and accurate method for prediction of critical initiation
radii using the NM, and (d) study the effects of the physical factors on
critical initiation radii using the DM.

2. Theoretical models

Under adiabatic conditions, freely propagating spherical flame of U
(flame speed normalized by adiabatic planar flame speed, 52), Tt (tem-
perature normalized by adiabatic temperature increase), and R (flame
radius normalized by adiabatic planar flame thickness) can be obtained
[8,9,25]:

TfR—Ze—UR
[T 2 Vrdr

1 R—Ze—ULe(./fR (A Tr-1 )

QR—Ze—UR — — 2 oH(1-0)ly
= -
Leg [, 12 Ueardr

@

where o, Ze, Leesr, and Q are the thermal density ratio, Zel’dovich
number, effective Lewis number, and normalized ignition energy,
respectively. Eq (1) is the detailed model (DM) used in this work. Ac-
cording to the ideal gas equation of state, the Zel’dovich number can be
given by

 Ea(T,a —T.)

Z
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where Ry is the ideal gas constant, T, and T,q are the initial and adia-
batic flame temperatures (K). The overall activation energy Ea can be
expressed as given in [26]:
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where p, and Sy are the density (g/cm®) and laminar burning velocity
(cm/s) of unburned gas, respectively. According to Bechtold et al.[27],
the effective Lewis number is presented as

LEE -1+ (LED - 1)9/
14/

Ley =1+ “@

where.” =1 + Ze (®-1). Leg and Lep are the Lewis numbers of excess and
deficient reactants, respectively.

There are two critical initiation radii discussed in this work, namely
the first and second critical initiation radii, r.; and r., (mm). Hence, the
normalized first and second critical initiation radii can be obtained from
R.1 =r1¢1/6 and R = rc2/6. The flame thickness § (mm) is determined by
using the gradient definition based on the temperature profile [28]:
5= Tad - Tu (5)

© max(Z

where the max(dT/dx) is the maximum temperature gradient. The re-
sults were calculated using Eq. (1). Fig. 1 shows the normalized flame
speed as a function of R and the Karlovitz number for Le = 1.5, 6 = 0.15,
Ze =10, and Q ranging from O to 10. Fig. 1 shows the flame trajectory in
detail and can also be found in [8,9,25]. It can be seen that the left
branches of Q = 0.05 and 0.1 are very close to the Y-axis. This also
means the flame will fail to propagate at a small radius with such a small
Q. The Karlovitz number Ka can be expressed as Ka = 2U/oR here since
the propagating speed is 1/¢ times the laminar flame speed SO [25],
where ¢ = pp/py is the ratio of burned to unburned gas densities. Ac-
cording to Kim[12] and Santner [11], the propagation of a spherical
flame can be divided into three regimes. In Regime I, both U and Ka
quickly decline after ignition because the ignition energy effects
decrease with increasing radius. In Regime II, the effects of ignition
energy fade since the flame surface has reached a larger radius. Both U
and Ka increase with flame propagation. In Regime III, both U and R
increase. However, the rate of increase of U is slower than R, leading to a
decreasing Ka. Therefore, U continues to rise while Ka starts to decrease.
The diversion from Regime II to Regime III is easy to resolve in Fig. 1(b)
since it is the turning point. Of note, Regime I will disappear with a small
Q, while Regime II will be skipped with a large Q.

The first critical initiation radius, R¢;, is defined as the smallest
radius of which a solution exists [8], as shown in Fig. 1(a). It represents
the flame radius above which the flame can successfully propagate[8].

12
Le=15 =——Q=0.00 —Q=0.5
—01r ——Q=005 ——Q=1.0
=0.15
10 em10.0 —— Q=010 ——Q=5.0
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Thus, it is important to understand the controlling length scale (the first
critical initiation radius) of spherical flame initiation. The variable R¢;
hardly changes when Regime I does not exist. Chen[8] also reported that
R remains nearly constant with increasing Q under this condition. It
should be mentioned that R.; is obtained under quasi-steady assump-
tions and, therefore, is difficult to be directly measured experimentally.
In addition, no real flame propagates exactly like the curves. Thus, re-
searchers[10-12] developed other methods to examine R;.

Kelly et al.[10] used a minimum critical flame radius Rpyn, which is
the flame radius at the minimum critical flame speed. Rp;, is also the
turning point from Regime I to Regime II. Both Ry, and R.; are at the
start of Regime II, which means they are the beginning of the unstable
flame transition. R, is the flame radius above which a flame kernel can
lead to a successful ignition. Rpi, is the point with the slowest flame
speed. This means Ry, is the point where the flame is most likely to
extinguish, which is also crucial for a successful ignition. With the
minimum ignition energy (MIE), the minimum critical flame radius Ry,
equals R¢;. In this case, Ry, was applied to estimated Rq1[10] experi-
mentally. Ry is an experimental method to obtain Re;.

Kim [12] and Santner [11] studied the flame transition from un-
steady propagation to steady propagation, namely, the normalized
second critical initiation radius R, in this work. Thus, R, is defined as
the separating point of Regime II and Regime III. Fig. 1(b) shows Rz is
independent of Q when Regime II exists. When Q is large enough to skip
Regime I, R will no longer exist, as shown by the curves Q = 5 and 10.
R¢2 and R are the start and end of the unstable flame transition. Both
R and Ry can represent the transition period. In addition, it will be
shown later that both R and R.; can be independent of ignition energy.
Besides, Kim [12] and Santner [11] agreed that the critical radius should
be independent of Q. Studying the relationship between R¢; and Rc» can
help to obtain R.; using measured Rcp.

Rec1, Reo, and Rpip as functions of Q are extracted and plotted in Fig. 2.
The dashed lines represent the value of R.; and Rz at Q = 0, respec-
tively. When Q is smaller than 0.1, both R.; and R, keep constant and
equal their value at Q = 0. When Q increases and is smaller than 1, Ry
still keeps constant. However, R.; doesn’t exist, and Ry, appears and
increases with Q. When Q keeps increasing to large enough to skip
Regime II, R¢y also vanishes, and R, keeps increasing. Thus, both R.;
and R, can be calculated with the DM by setting Q = 0 in Eq. (1).

In practice, the spherical flame with a small radius must be initiated
at the beginning by an ignition source. Therefore, we also need to set Q

1.2
e (Q=0.0 ——Q=0.5
[ = Q=0.05—Q=1.0
1.0 —Q=0.1 ——Q=5
Q=10

Regime Il
Le=1.5

(b)

Fig. 1. Normalized flame speed as functions of (a) normalized radius and (b) Karlovitz number with different ignition energy. [8,9,25].
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Fig. 2. R¢1, Reo, and Rpin with different ignition energy.

> 0 so that an ignition kernel can develop from the center. In this case, a
real flame trajectory can be calculated, and Rp, can be obtained. In
Fig. 2, increasing Q strongly affects Rpi,. To ensure Rpj, can be
measured under all conditions and avoid the effects of varying ignition
energy, Q was set to constant (Q = 2) to calculate Ryp.

The numerical model (NM) was first presented by Frankel and
Sivashinsky [29], and Chen [24] also studied this model for extracting
laminar flame speed. This NM was deduced from the DM and aligned
well with the original model, especially at Lewis numbers>1.0. The NM
can be expressed as

_dry _

L,
S, = = 2=
P ar

0 b
So(1 - , (6)

where Sy, and Ly, are the flame propagation speed and Markstein length of
burned gas, respectively. The flame propagation speed can be obtained
by Sp = drf /dt, where 1y is the flame radius, and t is the time after
ignition. Ly, is usually extracted from the raw experimental data. In this
work, the Ly, values of 1,3-C4Hg are cited from previous work [30]. The
results calculated with Eq. (6) are plotted in Fig. 3. It shows the S} as
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functions of ryand flame stretch k = 2S,/r1. Regime I is nonexistent since
no source term is included in the NM. If integrating Equation (6) with
time, we can obtain

T 72Lb
S0 =r— 0420, In[ 222
bf = 7p 1y +2bydn ) —=2L,

)
where rfo is the radius at t = 0. Fig. 3(a) shows that the flame only has
meaningful solutions when rfo > 2Ly, which means the flame requires a
minimum initial flame kernel for flame propagation. Thus, the first
critical initiation radius using the NM can be defined as r;; = 2Lp. The
second critical radius is defined as the turning point between Regime II
and Regime III, where the stretch effects change from increasing to
decreasing with flame propagation, as shown in Fig. 3(a). By introducing
the NM into the definition of stretch, k can be expressed as

2dif 2, L
kfagffs,,(l —22

b
Ty

(8)
Ty

At the second critical initiation radius, dk/dryshould equal zero since
rea is the peak of the flame trajectory curve, which can be presented as
dk 289

—=—

drf B ¥y (9)

(4o —17) =0

It can be found that r.y = 4Ly,. Both critical initiation radii from the
NM can be estimated using the calculated or measured Markstein length.
If the critical initiation radii from the NM are normalized by flame
thickness, R.; = 2 Ma and R.; = 4 Ma from the NM, where Ma = L/5 is
the Markstertin number.

Since NM was simplified from DM, it can also be written in a
normalized format [24]

10

-5 G- an

Fig. 4 shows the results of NM and DM using the same normalized
physical variables. In Fig. 4 (a), NM fails to capture the early C-shape of
DM. This leads to a smaller R.; of NM than that of DM, with a slight
difference of 0.9. It should be mentioned that the normalized flame
radius is discussed here. When R increases and the flame ball size gets
larger, the difference vanishes, and NM matches DM well, with a

1.2

0_
Sb—1 m/s

Regime Il

rcz
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150 200 250
k (s

" 1 1
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(b)

Fig. 3. Propagation speed as functions of (a) flame radius and (b) flame stretch using the NM model.
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Fig. 4. Propagation speed as functions of (a) flame radius and (b) flame stretch using the DM and NM model.

difference of R¢y smaller than 0.05. In Fig. 4 (b), the difference between
DM and NM is slight. However, the R.; of NM and DM appear to be
located at a different Ka. The results indicate that NM and DM have great
agreement on Rco.

It will be proved in Section 3 that the NM predicted Ry matches the
experiments well. In addition, the relationship between DM predicted
Rc1 and Ry will be revealed in Section 5. With the excellent agreement
of R¢y between the NM and DM model, we will present a simple and
efficient method to obtain the right R.; (DM) as a function of the
experimental/calculated Ma.

The USC-MECH II model [31] was used in the numerical simulation,
and this model collected a detailed 1,3-butadiene chemical Kkinetic
mechanism reported by Laskin et al. [32]. The adiabatic flame tem-
perature was calculated using the equilibrium_gas project in CHEMKIN
PRO [33]. The laminar burning velocity was extracted from Lu [19]. The
density of the premixed mixture was obtained using GasEq [34]. Results
from the DM and NM were calculated using the Engineering Equation
Solver (EES) [35].

3. Experimental methods
The experiments were conducted in a constant-pressure combustion
chamber, as shown in Fig. 5. The apparatus had a dual-chamber struc-

ture designed for high-pressure experiments. Eight one-way valves were
placed between the combustion and buffering chambers, and they were

_D Computer

Ignition System

=

Camera

One-way
Valve

opened after ignition to keep the pressure of the two chambers balanced.
Each chamber had a pressure transmitter for independent pressure
measurements, and the pressure changes in both chambers were mini-
mal. Two quartz windows were placed on both ends of the combustion
chamber to provide optical access, allowing a high-speed camera to
record images during flame propagation. A pair of tungsten electrodes
were centrally placed in the combustion chamber, and a pair of brass
rods crossed the entire buffering chamber connecting the tungsten
electrodes and ignition system.

The premixed gas was prepared in a 70 L mixing tank using the
partial pressure method, as Xiouris et al. [36] recommended. Applying a
mixing tank reduced variations in the equivalence ratio since the ex-
periments of the same equivalence ratio used the same mixture. Addi-
tionally, the system error was minimized by introducing more individual
components into the tank rather than the combustion chamber, which is
an established method. The total pressure in the tank was roughly-one
order of magnitude higher than that of the partial pressure of the fuel;
thus, two pressure transmitters of different ranges were installed on the
mixing tank to improve the accuracy. During the mixture preparation,
the tank was first evacuated to vacuum, and then the components filled
the tank in the following order: 1,3-butadiene, oxygen, and helium. The
purity of each of the components was above 99.5 %. After eight hours,
the mixture was assumed to have reached a uniform distribution. The
experiments had reliable repeatability for laminar flame speeds [19],
which proved the uniform mixing in the tank. The reliability of the

}Av‘ }X{ Pressure Transmitter

Constant Pressure Combustion Vessel

Slit

« : 6 Light

X Electrodes

Combustien SQ Vacuum Pump‘ Air
Chamber Fuel
- Valve e
Buffering  Temperaturel—>< LN_ Oxygen
Chamber Sensor Mixing Tank—><— Helium

Fig. 5. The constant-pressure combustion chamber.
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experimental apparatus has also been validated in [19].

The experiments were conducted at equivalence ratios of 0.8-1.5,
initial pressures of 0.5-1.5 MPa, and an initial temperature of 298 K. The
combustion chamber was filled with the mixture at the experimental
pressure, and the buffering chamber was filled with nitrogen at the same
pressure. Then, the mixture was ignited by a single-pulse spark gener-
ated between the electrodes. Meanwhile, the camera recorded the flame
images at a speed of 8000 frames per second. The remaining burned gas
was replaced after exhaustion to reduce the uncertainty of the equiva-
lence ratio. The combustion chamber was vacuumed after combustion.
Then, small amounts of the mixture were added and vacuumed again,
and this replacement was repeated two to three times.

The flame radius r¢ as a function of time was extracted from the flame
pictures with a Matlab program developed by Xi’an Jiaotong University
[37]. The raw flame radius was determined using a circle-fitting algo-
rithm. The raw flame radius as a function of time was smoothed using a
Savitzky-Golay filter [38]. The laminar burning velocities [19] and
Markstein lengths [30] were reported in our previous work. The goal of
this work is to discuss the critical initiation radius of flame initiation
under elevated pressure.

In this work, R¢; and Ry represent normalized first and second
initiation radii with no unit, while r.,; and re represent measured
initiation radii with the unit of mm. Two critical initiation radii are
discussed in this work, namely the first and second critical initiation
radii, r.; and re. However, r¢; is challenging to measure from experi-
ments because r;; is defined when Q = 0 in this work, which cannot be
achieved experimentally. Thus, the minimum critical flame radius ry;,
was measured for comparison with the calculated r;. The black points in
Fig. 6 represent the measured flame propagation speeds. The minimum
critical flame radius from the experiments is defined as the turning point
between ignition kernel propagation (Regime I) and the unsteady flame
transition (Regime II), where the flame had the lowest flame speed in
this work. The flame is most likely to extinguish at rp;,, which means the
flame also needs to exceed ry,, for a successful ignition. The stretch rate
at I'min is defined as the minimum stretch rate kyi,. The definition of the
second critical initiation radius is the separating point of the Regime II
and normal flame propagation (Regime III), where k changes from
increasing to decreasing, as also defined in [11,12]. The stretch rate of
reo is defined as the second critical stretch rate kco. A single-pulse spark
was used to minimize the effects of ignition energy. The output voltage
and electrode gaps were the same in all experimental conditions.
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Measured flame radii between 9 and 22 mm [19,30] were applied for
data extraction to avoid the effects of ignition energy and cylinder
confinement, as shown in the yellow stars in Fig. 6. This range is widely
used for the measurement of laminar flame speed. The nonlinear fitting
with measured L, and S{ aligns well with the r7-Sp trajectory. There is a
small difference in Regime II with the k-S, trajectory. This difference
could be due to two reasons: (i) the NM is a simplified model and cannot
100 % match the experimental trajectory; (ii) the data range of 9-22 mm
might lead to a marginal underestimation of L. This can lead to the
prediction by the NM to be four times the measured Ly, smaller than the
experimental r.y. The experimental r,,;; may also be larger than the NM-
predicted r¢;. This work aims to provide a method for quickly estimating
rc; and rep. Even though the NM-predicted values of r.; and r, are
smaller than the measured results, the comparison of the NM predictions
and experimental results is still valid.

This study considers the uncertainty associated with our experi-
mental design, which may originate from three primary sources:
experimental apparatus, experimental procedures, and data processing.
Regarding instrumentation, the frame rate and resolution of the cameras
used can affect the identification of the early flame kernel boundary.
Despite using a mixing tank, there may still be a slight effect on the
actual equivalence ratio of the premixed gas during experimental pro-
cedures. Additionally, measurement errors can arise from various types
of sensors used in the experiments. The final source of error may come
from the data processing stage, where we used a Matlab program to
extract the flame boundary and filtered the initial data to eliminate noise
and outliers, which may introduce measurement errors. Overall, we
have employed a random uncertainty characterization to assess the
uncertainty in our experimental results.

The random uncertainties of ryi, and r¢2 can be expressed as follows:

5:tM—l.95.SR(,/\/A7[ 12)

where M = 3 represents the number of times each experimental condi-
tion was tested; Sg,, is the standard deviation of R¢; or Rep, and ty—1.95 =
3.182 is the student’s value at the freedom degree of M—1 and a con-
fidence interval of 95 %. The detail of the uncertainty method is avail-
able in Moffat’s work [39]. The random uncertainty was 10-25 % and
10-15 % for rmin, and rcp, respectively. Since k is calculated with ry,
random uncertainties of ky,i, and k¢y can be obtained from uncertainties
of r'min and rea.
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Fig. 6. Flame propagation speed as a function of (a) flame radius and (b) stretch rate.
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4. Experimental results

Fig. 7 shows the first critical initiation radius and critical stretch rate
as functions of the equivalence ratio. The solid symbols in Fig. 7(a)
represent experimental rp;,, while lines represent calculated r.; using
the NM. The calculations exhibit a similar trend as the experiments,
while the calculated values are lower than the experimental results. This
is because the NM model underestimates the results, as illustrated in
Fig. 6. Under pressure of 1.5 MPa and near-stoichiometric conditions, r¢;
is too small to be accurately measured. Both experimental ry;, and
calculated r¢; for all pressures first decrease with equivalence ratio and
then increase, reaching minima near ¢ = 1.1 and 1.2. In addition, both r
values decrease with pressure at a given equivalence ratio. Fig. 7(a)
shows that kpiy, for all pressures first increases with the equivalence ratio
and then decreases, unlike ry,;,. With rising pressure, kni, generally has
a larger value, indicating that the flame at rp;, suffers stronger stretch
under higher pressure.

Fig. 8 shows the second critical initiation radius and critical stretch
rate of different pressures as functions of equivalence ratio. Solid lines
and points represent the calculated and experimental results, respec-
tively. The calculated r¢p using the NM exhibits a similar trend as the
experimental rq but is lower across the range of equivalence ratios. As
discussed earlier, NM underpredicts r.2, and this work’s disparity is
roughly 0.5-2 mm. Both experimental and calculated r¢, first decreases
with equivalence ratio and then increases for all pressures, reaching a
minimum value near ¢ = 1.1, consistent with r¢;. At a given equivalence
ratio, both experimental and calculated r., decrease when initial pres-
sure increases. The k¢y values rise initially with equivalence ratio and
then decline, consistent with kp,. In addition, k.o has a consistent
variation trend with pressure, increasing with the initial pressure for all
equivalence ratios. It can be seen that both k.; and kpi, vary in the
opposite direction compared to rcp and ry;p.

Although having different physical definitions, both r.; and rea
receive the same pressure and equivalence ratio effects, as do kyj, and
keo. Therefore, the NM captures the trends of both experimental rp,;, and
ez but underestimates the values. The strong agreement indicates the
feasibility of a quick estimate for r¢; and r., with measured Ly. Details on
how pressure and equivalence ratio affect critical initiation radii are
discussed using the DM in the following section.

5. Theoretical analysis

To further investigate how the critical radius is affected by varying
pressures and equivalence ratios, the calculated flame thickness (Eq. (5),
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Zel’dovich number (Eq. (2), effective Lewis number (Eq. (4), and density
ratio (6 = pp/py) are shown in Fig. 9. With increasing equivalence ratio,
8, Ze, and ¢ all first decrease and then increase, while Le.¢ monotonically
decreases. With rising pressure, Leesr and ¢ remain constant. However, &
lowers with higher pressure, while Ze behaves on the contrary.

Kelley et al.[10] reported that the rp;y is linearly related to the flame
thickness. To validate this linear relationship, a linear fitting was per-
formed to study the relatedness between the experimental results and
flame thickness, as shown in Fig. 10. R? represents the degree of cor-
relation between critical radii and flame thickness. It can be seen that R?
of rmin and re2 are 0.71 and 0.83, respectively. In addition, it can also be
found that more than half of experimental data are in the area of 95 %
confidence interval. These results indicate that both ry;, and reo are
highly linear related to flame thickness, which is statistically significant.
Fig. 9(a) shows that flame thickness is sensitive to pressure and equiv-
alence ratio. To isolate the effects of pressure and equivalence ratio on
the flame thickness, ryin, and reo need to be normalized by flame
thickness to obtain the non-dimensional critical radii Ry;; and R¢o.

The experimental and theoretical R.;, Rmin, and R, as functions of
equivalence ratio are compared in Fig. 11. The results from measure-
ments were extracted directly from experiments and thus considered
experimental results in Fig. 11. The calculated results using the DM
predictions are considered theoretical solutions since the solution uses
the calculated physical parameters. The measured Ry is represented
using solid scatters, while the DM predictions are represented by lines
and different pressures distinguished by color. The theoretical results
exhibit a similar trend to the experimental results; however, the exper-
imental results are roughly-three to five times higher in value than the
DM predictions.

Similar discrepancies in measurements and predictions have also
been reported in other research [27,40] on Markstein length, owing to
the definition of flame thickness. Different flame thickness representa-
tions, such as diffusive thickness, thermal thickness, reaction thickness,
and global thickness, have unique definitions, and the values can be in
different orders of magnitude. The thermal thickness used in this work is
most practical for numerical combustion [28]. Using thermal thickness
can ensure the normalized experimental results are on the same order of
magnitude as theoretical results.

Fig. 11(a) shows that both experimental and theoretical Ry, initially
decrease with equivalence ratio and then slightly increase. The theo-
retical R, is larger than the theoretical Ryin; however, the effects of
equivalence ratio and pressure on both results are similar. Therefore, the
experimental R, can be used to qualitatively study the behavior of R1,
which is difficult to obtain experimentally. In addition, the theoretical
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Fig. 7. First critical initiation radius and critical stretch rate of different pressure as functions of equivalence ratio—(a) first critical initiation radius, (b) first critical

stretch rate.
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Fig. 9. (a) Flame thickness, (b) Zel’dovich number, (c) effective Lewis number, and (d) thermal density ratio at different equivalence ratios and pressures.

R¢1 and Ry, increase slightly with pressure, and the results of different
pressures are nearly equal. The experimental Ry, of 0.5 MPa is lower
than that of other pressures; however, the experimental Ry, of 1.0 and

1.5 MPa are close. The measured R; of different pressures overlap.
Fig. 11(b) shows the R, results from the measurements and DM have a
similar trend, with R first decreasing with equivalence ratio and then
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Fig. 11. Comparison of (a) Rcl and (b) Re2 from experiments and calculations using DM. The experimental results are on the left-Y axis, while results using DM are
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slightly increasing. The theoretical R.» also increases slightly with
pressure. The effects of pressure and equivalence ratio are similar on Ry,
Rinin, and R2. Since Le.g and o are hardly affected by pressure, as shown
in Fig. 9, the change in Ze causes a slight increase in the theoretical R.j,
Ruin, and Rz with pressure. However, the effect of the equivalence ratio
is a multi-factor coupling result. Thus, a single-factor analysis needs to
be conducted under different conditions.

To further investigate the independent effects of Le.s;, o, and Ze at
different equivalence ratios, a local derivative-based sensitivity analysis
was conducted. The sensitivity analysis was performed at ¢ = 0.8, 1.1,
and 1.5, where the ¢ and Ze were at the two ends and the minima. The
sensitivity coefficient Sy is presented as

_ 0R(‘1.C2

S ox s

(13)
Where x is a variable Lec;, Ze, or o; therefore, the sensitivity coefficients
are Speeff, Sze, and Sg, respectively. The sensitivity coefficients are shown
in Fig. 12. The absolute values of the coefficient represent the sensitive

intensity of the dependent variable. Positive coefficients indicate the
critical radii increase with the variable, and the negative values indicate
a decrease. Positive Sieef and Sz, and negative S, indicate that flame
ignites more easily when the flame has lower activated energy (e.g., near
stoichiometric or mixed with active fuel), stronger thermal diffusivity (e.
g., hydrocarbon of fuel-rich condition, hydrogen of fuel-lean condition,
and higher initial temperature). The Speeff and Sz, of R.; and R, are
almost equal, despite the S; of R.; being larger than that of Rc. This
conclusion indicates that the diffusivity and activated energy have
similar effects on R.; and R, while R,; is more sensitive to the density
ratio. In addition, S, and Sz, decrease with increasing equivalence ratio,
and Sy significantly increases, indicating the critical radii are less sen-
sitive to Ze and ¢ but more sensitive to Le.sr. However, the range of o
variation is one-tenth of that of Le,gy and even 1 % of that of Ze. Thus, the
variation of ¢ can contribute little to the change of critical radii in this
work. Under the lean condition, Le and Ze both decrease as the equiv-
alence ratio increases, which contributes to the reduction of the
normalized critical radii. Under the rich condition, despite the critical
radii being more sensitive to Le.s, the rapid increase of Ze leads to a
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Fig. 12. Sensitivity coefficients of effective Lewis number, Zel’dovich number, and thermal density ratio on (a) R.; and (b) Rz.

slight increase in the equivalence ratio.

To compare the NM and DM predictions, calculated data from the
present and Chen’s work[8] are shown in Fig. 13. It should be mentioned
that R¢; from Chen’s work[8] is directly extracted from his work, and Rz
is calculated with the parameters given in his research. Although with
different Le, Ze, and o, both R.; and R, of present work and Chen’s work
are very close. Results of varying pressure are also close, which means
the relationship is independent of pressure but highly related to Ma. DM
predictions are represented with points, and the NM predictions are
represented by the dash lines, Rco = 4 Ma and R.; = 2 Ma. It can be seen
that both DM predicted R.; and Ry increase with Ma linearly. DM
predicted R.o matches the NM line well, which indicates NM can obtain
R¢2 with Ma simply and accurately. When Ma is small (Ma < 2.5), the
NM line is close to DM predicted R.;. However, NM is significantly
smaller than DM with large Ma (Ma > 3). This indicates that NM can
predict R.; well at small Ma but is improper under large Ma. It can also
be found that there is a linear relationship between R.; and R¢s. Thus, it
is possible to predict R.; with Ry at large Ma.

Fig. 14 shows R as a function of Rcp, and the linear correlation
fitting is also plotted. Notably, Chen’s work[8] is included here to
further substantiate the current findings and to enrich the database. It
can be found that the present work matches Chen’s well, and the data
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Fig. 13. R.; and R, as functions of Ma.
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overlaps. In Fig. 14, it can be seen that R? of R¢1 to Res is 0.98. Besides,
the 95 % confidence interval is narrow. The results indicate that Rc1 is
highly linear related to R¢, in both the present and Chen’s work. The
correlation function is given by:

R, = 1.02R,; —3.62 =~ 4Ma — 3.62 (14
The calculated results and the correlation line have an excellent agree-
ment. It should be noticed that the limitation of Equation (14) should be
Leess > Le*. Since the slope factor is almost unity, R.; can also be
approximately written with Ma. Thus, with accurate flame thickness, it
is possible to obtain both r.; and ., with L,/Ma directly.

6. Conclusion

In this work, a constant-pressure combustion chamber was used to
measure a high-pressure spherical expanding flame. The trajectory of
the high-pressure 1,3-butadiene/oxygen/helium flame was recorded
using a high-speed camera. The critical initiation radii were initially
measured from the lean-to-rich condition under elevated pressure. Two
definitions of critical initiation radii, r.; and r., were experimentally
and theoretically studied. The flame can be divided into three regimes:
ignition (Regime I), unsteady transforming (Regime II), and steady
propagation (Regime III). In this work, r.; is defined as the minimal
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radius during the flame propagation, while r., is defined as the demar-
cation point of the unsteady transforming and steady propagation re-
gimes. Since r; is difficult to measure experimentally, the minimum
critical radius rp;, was measured instead to evaluate r ;. A simplified
nonlinear model (NM) and a detailed model (DM) were applied, and the
results were compared with the experiments.

The simplified NM provided a quick method to estimate r.; and r.;
with the measured Markstein length, that is r.;; = 2L}, and r.2 = 4Lp. The
predicted r¢; and r.; with the NM exhibited similar trends of 7y, and rc2,
respectively, but were smaller in value. Both the experimental and NM-
calculated results show that r.;, Tmin, and rep first decrease with
increasing equivalence ratio and then grow. With higher pressures, r,
T'min, and ., were smaller. To remove the effects of flame thickness, the
flame thickness normalized critical initiation radii R.; and R ., were also
studied.

The DM provided theoretical results to study the effects of Lees, Ze,
and o. Both the theoretical and experimental results showed that Rq,
Ruin, and Rco are similarly affected by the factors. The theoretical Ry
and R.; exhibited the same trend with varying conditions; thus, it is
possible to use experimental rpy, (Or Rpin) to study re; (or Rep) in future
work. The increase of Ze with pressure leads to slight increases in R.; and
Rc2. A local derivative-based sensitivity analysis revealed that R.; and
R.s increase with Ze and Ley but decrease with rising 6. When the
equivalence ratio increases from lean to rich, R.; and R, are sensitive to
Leggr. The effects of o are limited, owing to its small varying range of ¢. In
this work, the rapid increase of Ze led to increases in R.; and R,z under
the fuel-rich condition.

A comparison between NM and DM theoretical predictions was also
conducted. Other researchers’ data was included to substantiate the
findings and to enrich the database. The results show that NM can
predict DM R, well (Rc2 = 4 Ma) while only matching the DM R.; at
small Ma. The linear relationship between R.; and R 2 was revealed. An
empirical remedy equation of R.; and Ma was presented, providing a
method to predict R.; at large Ma.
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