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Axisymmetric Peeling of Thin
Elastic Films: A Perturbation
Solution
We study the mechanical behavior of a thin elastic film that is affixed to a rigid substrate and
subjected to a transverse force using a shaft with a finite radius. This scenario, also referred
to as axisymmetric peeling, is encountered frequently in conventional blister tests as well as
in our daily lives when removing an adhesive film from a substrate. Our primary objective is
to gain a quantitative understanding of how the shaft’s radius influences the relationships
between force and displacement, as well as between force and delamination areas. These
relationships can serve as a dependable method to determine both the film’s elastic
modulus and the adhesion strength between the film and its substrate. In this work, we
provide a simple perturbation solution to this geometrically nonlinear problem while avoid-
ing any use of ad hoc assumptions that were previously required. As a result, our results are
in excellent agreement with numerical simulations and offer improved accuracy compared
to analytical solutions available in the literature. [DOI: 10.1115/1.4062831]

Keywords: blister tests, adhesion, thin films, thin plates, 2D materials, elasticity, energy
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1 Introduction
Thin films with decreasing thickness have gained immense signif-

icance in a wide range of applications, from microelectromechanical
systems to biomedical devices [1]. The mechanical and surface prop-
erties of thin films, such as Young’s modulus and adhesion, play a
crucial role in determining the reliability and functional performance
of these thin films in various applications [2–4]. However, measuring
these elastic and adhesive properties using conventional methods
such as direct stretching and peeling is generally difficult, particularly
for thin films with nanoscale thicknesses [1]. Instead, an alternative
strategy is to exert a transverse force on the surface of a thin film
to form a blister (also known as the blister test) [5–7]. In this test,
the applied force causes the thin film to deflect out of the plane
and peel axisymmetrically from the substrate [8]. Through experi-
mental tools such as atomic force microscopy and scanning electron
microscopy (SEM), the geometry of the blister, such as its height and
lateral size, can be measured [9]. The interpretation of these measure-
ments can provide quantitative insights into the elastic stiffness and
adhesion strength of the tested film [10–14].
Accurately interpreting experimentally measured data on thin

film blisters can be challenging due to the inherent nonlinearity in
geometry [15,16]. To address this issue, extensive efforts have
been dedicated to developing simple analytical solutions. For
example, a Scherwrin-type solution that can satisfy the nonlinear
governing equation of thin films has been derived. However, it is
restricted to materials with a Poisson’s ratio of 1/3 [12,17]. Williams
analytically solved the nonlinear governing equations by assuming
equal radial and hoop stresses throughout the span of the film [13].

Alternatively, Afferrante et al. made analytical progress by ignoring
the in-plane displacement term [11]. Wan’s solutions assumed a
conical shape for the profile of the blister to remove the nonlinearity
[10]. Similarly, the solution by Dai et al. took a power law for the
shape of the blister [18]. Chandler and Vella solved a related inden-
tation problem (peeling delamination is suppressed) and provided
implicit solutions as well as their explicit forms for small indenter
sizes [19]. More recently, Fang et al. discussed a model that com-
bines the form of the Scherwrin-type solution and numerically
examined prefactors [14]. However, obtaining these models has
required various assumptions that in general constrain the accuracy
of the resulting analytical solution.
In this work, our objective is to develop simple analytical solutions

with improved accuracy for the axisymmetric peeling problem by
avoiding the use of ad hoc assumptions. We begin in Sec. 2 by intro-
ducing the governing equations for the axisymmetric peeling (or
blister test) problem. We also briefly discuss an exact solution (i.e.,
Scherwrin-type solution) that exists when the Poisson’s ratio of the
film is 1/3. In Sec. 3, we use a perturbation method to obtain the solu-
tion for the mechanical response of a thin film with pinned edges,
with an arbitrary (yet allowable) Poisson’s ratio. We then consider
the effect of adhesion (unpinned edges) in Sec. 4 and compare our
solutions to existing theories in Sec. 5.

2 Problem Description
In Fig. 1, we illustrate the axisymmetric peeling problem using a

recent in situ experiment reported in Ref. [14] that measured the
applied force to a thin film and the geometry of an axisymmetrically
peeled blister. To describe this configuration, we consider an elastic
film of thickness t, Young’s modulus E, Poisson’s ratio ν, and
bending stiffness B adhered to a substrate with adhesion energy
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Γ. The film is pulled upwards by a flat-tip shaft in the region of
0⩽r⩽d to produce an axisymmetric blister with delamination
radius a and height h, as shown in Fig. 1(b). We assume that the
physical size of the film is large enough so that its size will not influ-
ence the problem under study. It is important to note that force-
displacement relationships have been well studied when a point
load is applied (d= 0), for example in Refs. [7,17,19,20].
However, the point load is an oversimplified representation that
does not fully reflect the loading conditions encountered in
typical experiments such as that in Fig. 1(a). Particularly, in the
early stage of peeling, the delamination radius is not large enough
relative to the finite size of the loading zone. In addition, the use
of the point load leads to stress singularity at the center (which is
regularized by the finite loading size in practice) and results in non-
trivial errors in the interpretation of experimental data including the
force-displacement relationship (to be discussed later).

2.1 Theoretical Settings. We begin with a simple scenario in
which the inner and outer edges of the blister at r= d and r= a,
respectively, are fixed. The objective is to examine the mechanical
response of a film that is pulled up by a finite disc firmly bonded to
the film, i.e., there is no slip in 0⩽r⩽d. We consider highly bendable
or ultra-thin films such that the applied pulling force is balanced by
the nonlinear tension of the film, following the membrane limit of
the Föppl–von Kármán equations [4]. This only requires that the
blister is sufficiently large (h2≫B/Et). In this regard, the
out-of-plane equilibrium equation is given by

−
1
r

d
dr

dφ
dr

dw
dr

( )
=
Fδ r − d( )

2πd
(1)

where the Dirac function δ is used to represent the upward line force
exerted on the circle at r= d and φ is the Airy stress function. The
in-plane equilibrium equation is automatically satisfied by linking
in-plane stress resultants to the Airy stress function through

Nr =
1
r

dφ
dr

, Nθ =
d2φ
dr2

In addition, a compatibility equation is required to ensure a single-
valued, continuous displacement field, i.e.,

1
Et

∇2
r∇

2
rφ = −

1
r

d
dr

1
2

dw
dr

( )2
[ ]

(2)

where ∇2
r f =

d2f
dr2

+
1
r

df
dr
. This nonlinear problem is to be solved

with no-slip boundary conditions at the inner and outer edges of
the blister.

2.2 Nondimensionalization. Since the blister radius is fixed at
this moment and the in-plane stiffness Et is invariant, it is natural to
introduce the following nondimensionalization:

ρ =
r

a
, W =

w

a
, Φ =

φ

Eta2
, F =

F

Eta
, H =

h

a
, η =

d

a
(3)

The dimensionless form of Eqs. (1) and (2) reads

−Φ′W ′ =
F
2π

(4)

and

ρ
d
dρ

ρ
d
dρ

ρΦ′( )[ ]
= −

1
2
W ′2 (5)

At the inner edge (ρ= η), we prescribe the blister height and have
the no-slip condition

W η
( )

= H and Φ′′ η
( )

−
ν

η
Φ′ η
( )

= 0 (6)

We also use Φ η
( )

= 0 here since the specific value of the stress
function is not important (only its derivative is of importance). At
the outer edge (ρ= 1), we have zero deflection condition and
again the no-slip condition

W 1( ) = 0 and Φ′′ 1( ) − νΦ′ 1( ) = 0 (7)

Equations (4) and (5) subject to boundary conditions (6) and (7)
complete the problem discussed in this section.

2.3 Schwerin-Type Solution for ν= 1/3. As discussed in
Refs. [4,12], the classic Schwerin solution for a point load (η= 0)
[21] can be obtained by searching a solution in the form W=
W(0)(1− ρo) and Φ = pρq. It was found that o= 2/3 and q= 4/3
can satisfy governing Eqs. (4) and (5) but the no-slip condition is
satisfied only when ν= 1/3 [4]. Along this line, a Schwerin-type
solution for the case of finite η has also been obtained in Ref. [17]:

W =W0 1 − ρ
2
3

( )
and Φ =

3
16

W0
2ρ

4
3 (8)

where

W0 = H/ 1 − η2/3
( )

according to the boundary condition (6). Plugging this solution into
Eq. (4) immediately gives rise to a cubic force-displacement

Fig. 1 Axisymmetric peeling of thin elastic films: (a) a series of in situ SEM images showing
the peeling-off process of a ∼100-nm-thick graphene from a gold substrate by a metal disk of
radius d that is pulled away vertically by a micro-probe (courtesy of Fang et al. [14]) and
(b) schematic illustration of the axisymmetric peeling problem and notions used in this
work. The primary focus is on the relationship between the peeling force F and delamination
radius a as well as between the peeling force and the peeling height h.
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relationship [17]

α(η, ν = 1/3) = F/H3 =
π

3
1 − η2/3
( )−3

(9)

Note again that this relationship applies exclusively to thin films
with ν= 1/3 that happen to satisfy the no-slip boundary condition
at both the inner and outer edges of the blister. We then move on
to seek a solution that is valid for Poisson’s ratios of any allowable
value.

3 A Perturbation Solution
3.1 General Theory for ν≠ 1/3 and η≠ 0. Moving on to arbi-

trary Poisson’s ratio, it is natural to look for a small perturbation to
the Schwerin-type solution (8) [12]. However, due to the finite inner
radius of the suspended film studied here, directly obtaining the
coefficients of the perturbation terms poses a challenge. Therefore,
we opt for a variable substitution and then solve the perturbation
terms, instead of relying on a complex matching process according
to boundary conditions and power law relationships. Specifically,
we utilize

ψ ζ( ) = ρΦ′ ρ
( )

, ζ = ρ2 (10)

to rewrite Eqs. (4) and (5) as

−ψWζ =
F
4π

(11)

and

ψζζ = −
1
2
Wζ

2 (12)

where the subscript ζ represents the derivative of the variable with
respect to ζ. We then consider the perturbation term to the
Schwerin-type solution (8)

W =W + W̃ and ψ = �ψ + ψ̃ (13)

with |W̃ | ≪ W and |ψ̃ | ≪ ψ . Plugging Eq. (13) into Eqs. (11) and
(12) and neglecting high-order terms we obtain a pair of simple per-
turbed governing equations

ψ̃Wζ + W̃ζψ = 0 and ψ̃ ζζ +WζW̃ζ = 0 (14)

Further combining Eqs. (8) and (14) yields an Euler equation for ψ̃

ζ2ψ̃ ζζ −
4
9
ψ̃ = 0 (15)

Equation (15) can be directly solved with the no-slip boundary con-
ditions at the inner and outer edges—which now become

2ζψ̃ζ − 1 + ν( )ψ̃ + ΔνW0
2ζ2/3

[ ]
ζ=η2,1= 0 (16)

where

Δν =
1 − 3ν
12

(17)

is the small parameter associated with this perturbation method that
ranges from −0.04 to 0.33 for −1⩽ ν⩽ 0.5. We will show shortly
that the error of neglecting the high-order terms to obtain Eq. (14)
is of the order of Δν2.
Finally, we proceed to solve perturbation terms ψ̃ and W̃

ψ̃ ρ
( )

= C1ρ
8/3 + C2ρ

−2/3 and

W̃ ρ
( )

=W0
4
3
C1 ρ2 − 1

( )
− 2C2 ρ−4/3 − 1

( )[ ] (18)

and obtain the membrane deflection and complete stress function as

W ρ
( )

=W0 1 − ρ2/3 +
4
3
C1 ρ2 − 1

( )
− 2C2 ρ−4/3 − 1

( )[ ]
(19)

and

Φ′(ρ) =
1
4
W0

2ρ1/3 + C1ρ
5/3 + C2ρ

−5/3 (20)

respectively, where C1, C2 are integration constants yet to be deter-
mined by specific boundary conditions. Though this perturbation
method can be used for various cases including both no-slip and
no-shear boundary conditions, at this moment we stick to the
no-slip boundary condition (16) and find

C1 = −
D2 η

( )
(5/3 − ν)D4 η

( )Δν and C2 =
η2D1 η

( )
(5/3 + ν)D4 η

( )Δν (21)

where Dn(η)= 1+ η2/3+ η4/3+ · · ·+ η2n/3. We also provide in
Table 2 in Appendix B the asymptotic series of the constants C1

and C2 when the size of the loading zone η is small as well (in
the late stage of the peeling).
It is clear from Eq. (21) that as ν approaches 1/3 and Δν tends

toward zero, Eqs. (19) and (20) return to the Schwerin-type solution
(8) that is exact for ν= 1/3. We note that Eq. (21) also indicates that
our current solution is correct to the order ofΔν and the drop of qua-
dratic terms in Eq. (14) corresponds to an error of O(Δν2) (which is
within 1% for positive Poisson’s ratio), justifying our assumption of
a small perturbation. This level of error can also be shown by the
comparison of our solution with numerical results in Table 1.
It is also worth noting that W0 in these expressions is an interme-

diate parameter, rather than the height of the blister. The blister
height can be evaluated by H=W(ρ= η), leading to

H = A(η, ν)W0 (22)

where

A(η, ν)= 1− η2/3
( )

+
4D2 η

( )
1− η2
( )

(5− 3ν)D4 η
( ) +

6η2D1 η
( )

1− η−4/3
( )

(5+ 3ν)D4 η
( )[ ]

Δν

(23)

Therefore, for a given ν, η, and prescribed H, one can first solve for
the parameter W0 based on Eq. (22) and the constants C1 and C2

based on Eq. (21) and then obtain the shape and stress distribution
in the film based on Eqs. (19) and (20) as well as the force required
to make this blister based on Eq. (4).

3.2 Results and Discussion

3.2.1 Shape and Stress Distribution. We first examine this per-
turbation solution developed above by investigating the deflection
of the thin film and the distribution of the Airy stress function in
Fig. 2. These two quantities provide complete information about
a blister. For verification purposes, we also numerically solve
Eqs. (4) and (5) subject to (6) and (7) using regular boundary
value problem solver such as bvp4c in MATLAB. We then
compare numerical results (open markers in Fig. 2) with our analyt-
ical solution (dashed curves in Fig. 2).
Notably, for a given η= d/a, we can use the elementary geometry

to approximate that the in-plane strain, ε, scales as h2/a2. Besides,
given that the work done by the applied pulling force is converted
into the strain energy stored in the film, we can readily have

ε ∼ h2/a2, Fh ∼ Etε2 × a2 ⇒ F ∼ W3 ∼ Φ′3/2 (24)

Therefore, we present the plots ofW/F 1/3 andΦ′/F 2/3 as functions
of ρ in Fig. 2 to eliminate the dependence of numerical results on the
specific value of F used in the computation. Interestingly, after such
rescaling, the Schwerin-type solution expressed in Eq. (8) exhibits a
master curve with a shape that is independent of η for both deflection
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and Airy stress function (see solid curves in Fig. 2). However,
numerical results demonstrate a clear deviation from the Schwerin-
type solution as well as a subtle dependence on η. Therefore, we
rely on our perturbation solution given in Eqs. (19) and (20) which,
despite their acceptable lengthiness, show excellent agreement with
the numerical results (see dashed curves and markers in Fig. 2).

3.2.2 Relationship Between Force and Displacement. Focus-
ing on the deflection and stress state of a thin film at each position
is often unnecessary. Instead, the force-displacement curve provides
a more direct measurement of the film’s overall response. In this
context, we demonstrate, using Eq. (24) and the perturbation solution,
that the cubic force-displacement relationship can be expressed as

F =
π

3
H

A

( )3

(25)

and its dimensional form is

F = α(η, ν)Eth3/a2 (26)

where A=A(η, ν) is defined in Eq. (23) and the coefficient α can be
expressed as

α=
π

3
1−η2/3
( )

+
4D2 η

( )
1−η2
( )

(5−3ν)D4 η
( ) +

6η2D1 η
( )

1−η−4/3
( )

(5+3ν)D4 η
( )[ ]

Δν

{ }−3

(27)

For experiments in which η is small, we provide an asymptotic
expansion of the coefficient α in Eq. (A1) in Appendix A.
Figure 3 illustrates the relationship between the coefficient α and

the ratio of the inner to the outer edge size, η. In Fig. 3(a), we
observe that the numerical results match well with the solution
obtained before and after perturbation when ν= 1/3, as expected.
Furthermore, Fig. 3(b) shows the coefficient for ν= 0 and ν= 0.5,
which correspond to the two limiting cases of non-negative Pois-
son’s ratios. Our perturbation solution given in Eq. (27) exhibits
excellent agreement with numerical results over a wide range of
η (0⩽η⩽0.4) shown in Fig. 3(b)) while the original Schwerin-type
solution (red dashed curve) shows clear deviations.

4 Adhesion Effect
In the preceding section, we derived an analytical solution for the

mechanical response of a thin film with fixed boundaries. However,
in practical peeling experiments, the outer delamination radius is
not predetermined or chosen arbitrarily. Instead, it is determined
by the properties of interfacial adhesion and the applied peeling
force. Hence, this section aims to investigate the criteria for inter-
face delamination and the force-displacement response, taking
into account adhesion, in greater detail.

4.1 A Delamination Condition. The variational principle pro-
vides a direct way to understand how the delamination radius is
selected [22,23]. Consider the total energy of the system

Π = Uelastic + Uexternal + πΓ a2 − d2
( )

(28)

where Uelastic represents the strain energy stored in the suspended
part of the film, Uexternal represents the potential energy of external
forces (which disappears during a displacement-control analysis),
and πΓ a2 − d2

( )
represents surface energy term due to adhesion.

A variational analysis δΠ= 0 with δd≠ 0 can give the equilibrium
Eqs. (1) and (2), together with a particular delamination boundary
condition [22] similar to Kendall’s 1D peeling angle [24]

Nr 1 − cos θr( ) − Γ +
1
2
Nrεr = 0 (29)

where Nr, θr, and εr are the radial stress, the acute angle between the
film and the substrate, and the radial strain that are evaluated at the
adhesion/delamination front (r= a), respectively.
Alternatively, delamination can be characterized as a process of

separating the adhesion interfaces, enabling the application of the
concept of Griffith’s energy release rate [25–27]

G = −
dUelastic

dA

∣∣∣∣
h

= −
d
dA

∫h
0
F dw

∣∣∣∣∣
h

(30)

where G denotes the amount of elastic energy released during the
expansion of the delamination area to form new surfaces. Conse-
quently, the delamination condition can be expressed as G = Γ.

Table 1 Comparison of the cubic force-displacement relationship (α) and linear blister height-radius relationship (φ) provided by
different theories

Force-displacement relationship Adhesion effect

α = F/H3 h/a=φ(Γ/Et)1/4 Γa2= βFh

References Assumptions α(η, ν) Error φ(η, ν) β(η, ν) Error

This work – Eq. (27)
(Asymptotic, η < 0.2)

0.22%
(5.51%)

Eq. (33)
(Asymptotic, η < 0.2)

– 0.05%
(0.05%)

Vella and
Davidovitch [17]

ν= 1/3 π
3
(1 − η2/3)−3 21.08%

���
124

√
(1 − η2/3) – 4.63%

Afferrante
et al. [11]

No radial
displacement

8π
27(1 − ν2)

1
1 − η2/3

( )3 7.63%
������������
27(1 − ν2)

2
4

√
(1 − η2/3)

– 1.78%

Wan [10] Conical profile 1 − η2 − η ln η2

4(1 − η)4/π

36.28% 8(1 − ν2)(1 − η)5/π
2(1 − η2) − η(η + 3) ln η2

[ ]1/4 – 46.89%

Williams [13] Average stress π/(1 − ν)

(1 − η2)ln2η
85.15% – 1

4π
1

1 − η2
−

2
ln η2

[ ]
16.07%

Fang et al. [14] Point indenter &
Schwerin-type

φ0(ν)(1− η2/3)−3 6.73% – 2π + (1 − ν2)α(η)(1 − η)3

8π2(1 − η)

11.80%

Note: The maximum relative errors of all solutions are evaluated for 0⩽ ν⩽ 0.8 and 0⩽ ν⩽ 0.5, except for the asymptotic expansions of our perturbation
solution, which are examined for small η, i.e., 0⩽ η⩽ 0.2.
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We use both methods in subsequent calculations. Numerically,
there is no discernible difference between the two, however, utiliz-
ing the boundary condition (29) enables easy computation of the
critical adhesion energy under a prescribed H and η, which brings
a great deal of convenience. On the other hand, the energy release
rate method provides insight into the quality of an approximate
solution throughout the entire domain, rather than solely at the
outer boundary. Consequently, we use the first method to obtain
numerical results and the second method to derive analytical
results based on the perturbation solution we have discussed.

4.2 The Blister Height-Radius Relationship. We find that
the balance between adhesive and elastic forces results in a
characteristic blister height-to-radius ratio by combining Eqs. (24)

and (30)

Γ ∼
dUelastic

dA
∼ Et

h

a

( )4

(31)

We then use the perturbation solution presented in the previous
section and the delamination condition (30) to derive the detailed
prefactor for such scaling relation

h

a
= φ(η, ν)

Γ

Et

( )1/4

(32)

Fig. 2 (a) The deflection and (b) the derivative of the Airy stress function of an axisymmetrically peeled thin
elastic film as functions of the rescaled radius position. The color denotes the ratio of the inner to the outer
edge of the peeled blister: η=0 (purple), η=1/3 (blue), and η=2/3 (green). Dashed curves denote our perturbation
solution given in Eqs. (19) and (20), solid curves denote the Schwerin-type solution given in Eq. (8), and colored
markers represent numerical results. The Poisson’s ratio used here is 0.5.

Fig. 3 Coefficient for the cubic force-displacement relationship as a function of η=d/a for different Poisson’s
ratios: (a) ν=1/3 and (b) ν=0.5 and ν=0. The blue solid curves are given by Eq. (27) while red dashed curves
are given by Eq. (9) that is exact only for ν=1/3. Note that the apparent stiffness of the thin film in all cases
can be significantly increased by the size of the indenter or shafts.
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where

φ(η, ν) =
24

2A − 3ηAη

( )1/4

A (33)

the subscript η represents the derivative of the variable with respect
to η, and the expression of A has been given in Eq. (23).
Equation (33) is not directly “user-friendly” due to the fractional

expression involving η in A (we therefore provide the code for cal-
culating it with given ν and η in GitHub). In addition, simplifica-
tions can be made when η≪ 1 using the asymptotic expansion of
φ (see Eq. (A3) in Appendix A), which subjects to an error
within 1% for 0⩽η⩽0.2. In addition, the coefficient is found
rather simple when ν= 1/3

φ(η, ν = 1/3) = 121/4 1 − η2/3
( )

(34)

corresponding to the Schwerin-type solution (also see Table 1). In
Fig. 4(a), we compare Eq. (33), the Schwerin-type solution for φ,
and numerical results that are calculated using Eq. (29). Our
perturbation solution agrees very well with numerical results for
various Poisson’s ratios over a large range of η (only two limits of
non-negative Poisson ratios for 0⩽η⩽0.8 are shown in Fig. 4(a)).

4.3 The Force-Height Relationship. We now revisit the
force-displacement/height relationship by considering the delami-
nation effect in the peeling process. Different from the pure inden-
tation problem in which the boundary is fixed, the blister radius in
the force-displacement relationship (27) varies with the applied
force due to delamination. The work done by the indenter/shaft
goes partly into the elastic energy stored in the film and partly
into creating new surfaces. We then have

Fh ∼ Etε2 × a2 ∼ Γ × a2 (35)

which can suggest a quasi-linear force-height relationship with the
prefactor depending on the detailed ratio of the size of the inner to
the outer edge, η= d/a, i.e.,

F = ψ(η, ν) EtΓ( )1/2h (36)

Note that this quasi-linear behavior has been reported in the
peeling experiments shown in Fig. 1(a) (see experimental data in

Fig. 1(e) in Ref. [14]), which is distinct from the constant peeling
force found by Gent and Kaang in the peeling of a 1D ribbon
[28]. The coefficient can be directly calculated by combining Eqs.
(26) and (32)

ψ(η, ν) = αφ2 =
π

3A
24

2A − 3ηAη

( )1/2

(37)

where A=A(η, ν) has been given in Eq. (23). In Eq. (A4) in Appen-
dix A, we also present the asymptotic expansion of Eq. (37) for
small η. Moreover, ψ can be significantly simplified when ν= 1/3,
i.e.,

ψ(η, ν = 1/3) =
2π
31/2

1 − η2/3
( )−1

(38)

The comparison between Eqs. (37), (38), and numerics is shown in
Fig. 4(b). Although this force-height relationship can be obtained
straightforwardly from Eqs. (26) and (32), we have listed it sepa-
rately here because of its significance in interpreting small-scale
experiments where accessing the delamination area may not be
feasible.

5 Summary of Different Theories and Conclusion
After discussing the perturbation solution for the axisymmetric

peeling problem, we compare it with several references that have
studied the peeling problem with finite loading radius considered
[10,11,13,14,17]. Table 1 summarizes the explicit expressions for
the key coefficients α(η, ν) and φ(η, ν) provided in this work and
the references, along with the assumptions used and the relative
errors produced. We also include a parameter β=φ−4 that charac-
terizes the ratio of the adhesion energy to the work done by the
applied force, since some references only reported β [13,14]. Addi-
tionally, we plot these α and φ as functions of η for a specific ν=
0.5 in Fig. 5.
Table 1 and Fig. 5 clearly demonstrate the superior accuracy of

our perturbation solution compared to others that often require
certain assumptions. In addition, there are several insights that
may not be immediately apparent, including:

• The conical profile assumption in Ref. [10] has a relatively
small error when ν= 0, when the coupling between the

Fig. 4 The coefficient (a) φ for the blister height-radius relationship and (b) ψ for the linear force-height relation-
ship as functions as η for two limiting Poisson’s ratios. The solid curves in (a) and (b) are given by Eqs. (33) and
(37), respectively while the dashed curves in (a) and (b) are from Schwerin-type solution given by Eqs. (34) and
(38), respectively.
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radial stress and hoop strain vanishes, and the blister shape
approximates a straight line.

• The Schwerin-type solution is a special case of the solution
given in Ref. [11] that assumes no radial displacement. Given
its simplicity and relatively small error for 0⩽ν⩽0.5, we recom-
mend the solution by Afferrante et al. [11] if the slip at the inner
and outer edges of the blister is not too significant and the Pois-
son’s ratio of the material is not too far from 1/3.

• When analyzing the shape or stress in the thin film or Δν is not
too small, we suggest using the perturbation solution presented
here instead.

• In-plane displacement becomes important when slip occurs. In
this case, both the Schwerin-type solution and the solution by
Afferrante et al. can produce significant errors (see Fig. 6 in
Appendix C). Instead, we recommend using the perturbation
solution, which can adopt specific integration constants for
various types of slip boundary conditions (see Table 2).

In conclusion, we have obtained an analytical solution for the axi-
symmetric peeling or blister problem by perturbing the Schwerin-
type solution without making any assumptions about the physical
background of the problem. Our solution provides a more accurate
description of the film shape, stress distribution, and mechanical
response of the thin film. The solution has a relatively concise
form, and its coefficients can be flexibly adjusted based on different
boundary conditions. Moreover, we anticipate that the method we
used to obtain such a solution can be extended to consider other
important factors, such as pre-tension, in future studies.
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Appendix A: Asymptotic Expansion of Several
Coefficients

(1) The coefficients of the asymptotic expansion of α. For small
η ≪ 1, we can simplify the coefficient α in Eq. (27) by
expanding it into

α = gα ν( ) ν0 + ν2/3η
2/3 + ν2η

2 + ν8/3η
8/3

( )
+O η10/3

( )
(A1)

Here, the sake of notation convenience, we introduce

Δν− =
3

5 − 3ν
Δν and Δν+ =

3
5 + 3ν

Δν (A2)

such that the prefactors in Eq. (A1) can be given as

Fig. 5 The key coefficients α (a) and φ (b) obtained in this work and in the literature using various assumptions as functions of η.
The detailed expressions of various solutions can be found in Table 1. ν= 0.5 is used for demonstration purposes. Our solution is
presented in Eqs. (27) and (33) for α and φ, respectively. Table 1 summarizes the expressions for other solutions, including
“Schwerin-type” based on the solution by Vella and Davidovitch [17], “Average stress” given by Williams [13], “No radial displace-
ment” given by Afferrante et al. [11], “conical profile” given by Wan [10], and “Combination” given by Fang et al. [14]
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gα ν( ) = 1
6
π, ν0 =

54
3 + 4Δν−

, ν2/3 =
486 1 + 2Δν+( )
3 + 4Δν−( )4 , ν4/3 =

2916 1 + 2Δν+( )2
3 + 4Δν−( )5

ν2 =
45 1 + 2Δν+( )3−2 3 + 4Δν−( )2 3Δν+ − 2Δν−( )

3 + 4Δν−( )6/324

ν8/3 =
486 1 + 2Δν+( ) 135 1 + 2Δν+( )3−16 3 + 4Δν−( )2 3Δν+ − 2Δν−( )[ ]

3 + 4Δν−( )7

(2) The coefficients of the asymptotic expansion of . We expand
the coefficient φ in Eq. (33) as

φ(η, ν) = gφ ν( ) ν0 + ν2/3η
2/3 + ν2η

2 + ν8/3η
8/3 + ν10/3η

10/3( )
+O η4

( )
(A3)

where the coefficients of each term are

gφ ν( ) = 1

32
��
3

√
4 − 3ν( )2 5 + 3ν( )2

4 − 3ν
5 − 3ν

( )3/4

,

ν0 = 128 −20 + 3ν + 9ν2
( )2

ν2/3 = −48 1100 − 525ν − 621ν2 + 189ν3 + 81ν4
( )

,

ν2 = −240 1 − 3ν( )2 −20 + 3ν + 9ν2
( )

ν8/3 = 30 1 − 3ν( )2 −55 + 18ν + 9ν2
( )

,

ν10/3 = 160 1 − 3ν( )2 −20 + 3ν + 9ν2
( )

(3) The coefficients of the asymptotic expansion of ψ. We expand
the coefficient ψ in Eq. (37) as

ψ(η, ν) = gψ ν( ) ν0 + ν2/3η
2/3 + ν2η

2 + ν8/3η
8/3( )

+O η10/3
( )

(A4)

where the coefficients of each term are

gψ ν( )= 6π

3+4Δν−( )11/2 , ν0= 3+4Δν−( )4,

ν2/3=3 3+4Δν−( )3 1+2Δν+( )
ν4/3=9 3+4Δν−( )2 1+2Δν+( )2, ν2=27 3+4Δν−( ) 1+2Δν+( )3

ν8/3=3 1+2Δν+( ) 27+8Δν− 3+4Δν−( )2−54Δν−
[

−96Δν−Δν+ 3+2Δν−( )+324Δν+2+216Δν+3]

Appendix B: Coefficients Under Sliding Boundary
Conditions
At the inner boundary, no-shear slippage can be characterized by

that the region 0⩽ ρ⩽ η is in a uniform tension state. The corre-
sponding boundary condition is

ηΦ′′ η
( )

− Φ′ η
( )

= 0

This boundary condition may be applicable for material systems
with slippery surfaces such as 2D materials [9,29,30] or lubricated
surfaces [31]. At the outer boundary, we can obtain the correspond-
ing no-shear boundary condition from the Lame solution assuming
an infinite outer diameter

Φ′′ 1( ) + Φ′ 1( ) = 0

In Table 2, we show the key coefficients of the perturbation solution
C1 and C2 as well as their asymptotic expansions using η≪ 1
subject to various boundary conditions, including no-slip at both
the inner and outer edge of the blister, slip only inside, slip only
outside, and slip on both boundaries.

Appendix C: Mechanical Response Under Sliding
Boundary Conditions
We examine a scenario where slip occurs at both the inner and

outer boundaries, and compare the coefficients α and φ obtained
through the perturbation method with those from the Schwerin-type
solution and Afferrante et al.’s solution [11], alongside numerical
results. To this end, we utilize C1 and C2 from Table 2 in this spe-
cific situation. For numerical results, we assume that the shear resis-
tance between the film and substrate is zero (i.e., a frictionless
interface). This allows the energy release rate method to be used
for delamination conditions, while the critical boundary condition
given by the variational method changes slightly [22,32]

Nr 1 − cos θr( ) − Γ = 0

Table 2 Summary of original expressions and asymptotic expansions of the integration constants in the perturbation solution under
different boundary conditions

C1 C2

Full expression Asymptotic expansion Full expression Asymptotic expansion

No slip Eq. (20) [1 − η2 + η10/3 +O(η16/3)]Δν− Eq. (20) [η2 − η10/3 + η16/3 +O(η6)]Δν+

Slip inside 4(1 − 3ν) + η2(5 + 3ν)
−16(5 − 3ν) + 4(5 + 3ν)η10/3

−
1 − 3ν

4(5 − 3ν)
−

5 + 3ν
16(5 − 3ν)

η2 +O(η10/3) (5 − 3ν)η2 + (1 − 3ν)η10/3

−16(5 − 3ν) + 4(5 + 3ν)η10/3
−

1
16

η2 −
1 − 3ν

16(5 − 3ν)
η10/3 +O(η16/3)

Slip outside −2(5 + 3ν) + (1 − 3ν)η2

80 + 48ν − 4(5 − 3ν)η10/3
−
1
8
+

1 − 3ν
16(5 + 3ν)

η2 +O(η10/3) 2(1 − 3ν)η2 − (5 − 3ν)η10/3

8(5 + 3ν) − 2(5 − 3ν)η10/3
1 − 3ν

4(5 + 3ν)
η2 −

5 − 3ν
8(5 + 3ν)

η10/3 +O(η16/3)

Slip on
both
boundaries

−
8 + η2

4(16 − η10/3)
−
1
8
−

1
64

η2 −
1
128

η10/3 +O(η16/3) −
2η2 + η10/3

2(16 − η10/3)
−

1
16

η2 −
1
32

η10/3 +O(η16/3)

Note: Note that the expressions of Δν− and Δν+ have been given in Eq. (A2).
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As depicted in Fig. 6, both the Schwerin-type solution and Affer-
rante et al.’s solution have limited capability in interpreting the coef-
ficients. On the other hand, our solution demonstrates good
consistency with the numerical solution. However, since the error
of the original solution is relatively large in this situation, our solu-
tion with leading-order correction exhibits an increased error
compared to that in the situation of no slip.
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