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A B S T R A C T   

Penta-graphene (PG) is the well-known prototype of the extensively studied 2D pentagon-based materials in 
recent years, and twisting strategy has been widely used to tune the properties of 2D sheets since the discovery of 
superconductivity in twisted bilayer graphene. However, no study is reported on how twisting affects the phonon 
properties of such penta-sheets. In this work, for the first time, we study the effect of twisting on the phonon 
transport properties of PG by using density functional theory and the phonon Boltzmann transport equation 
combined with two-channel transport theory and machine learning method. It is found that the in-plane lattice 
thermal conductivity of the twisted bilayer PG with a twist angle of 36.87

◦

is only 96.72 W/mK at 300 K, reduced 
by 77.16% as compared to that of untwisted bilayer PG, and the four-phonon interaction further reduces the 
thermal conductivity by nearly 36%, while the coherence contribution to the thermal conductivity is enhanced to 
9.69 W/mK from 0.13 W/mK by twisting. These results indicate that interlayer twisting not only can enhance 
three- and four-phonon scattering but also can uplift phonon coherence due to the resulted complex atomic 
configuration and high anharmonicity in bilayer PG.   

1. Introduction 

Graphene [1] and penta-graphene (PG) [2,3] are two well-known 
two-dimensional (2D) carbon allotropes with exotic properties. In 
particular, the superconductivity with transition temperature of 1.7 K 
was observed in twisted bilayer graphene (T-BG) with an angle of 1.1◦

between the two layers [4]. This experimental breakthrough has led to 
an emerging field called twistronics, which studies how twist angle (θ) 
between the two layers of a 2D material modifies the electronic [4–6], 
optical [7–10], and magnetic properties [11,12]. In recent years, it has 
been demonstrated that twisting offers a new strategy of tuning material 
properties going beyond the conventional doping, alloying, strain en
gineering, etc. However, as compared to the rapid development of 
twistronics, the studies on phonon transport properties of twisted ma
terials are very limited, although phonon-related properties of a mate
rial are equally important as the other properties. In fact, twisting 
provides a unique platform to realize the anti-Slack criteria [13] for low 
thermal conductivity because interlayer twisting would result in a more 
complex crystal structure with lower symmetry, smaller Brillouin zone, 
and more complex bonding as compared to its untwisted counterpart, 

which would effectively reduce the lattice thermal conductivity (κ). For 
example, it was found that the κ of T-BG with a twist angle of 2

◦

is 
reduced by 15% at 320 K [14], and the κ of the suspended T-BG near 
room temperature is lowered by 25.49% as compared to that of AB 
stacking bilayer graphene due to the effect of interlayer rotation on 
phonon dispersion relation [15]. 

On the other hand, PG emerges as a rising star in the field of 2D 
materials due to its unique geometry and novel physical properties, thus, 
it has been extensively studied and has led to a new field of pentagonal 
2D materials [3,16]. The properties of PG are very different from those 
of graphene resulting from the completely different structural units, the 
five-membered and six-membered rings, respectively. For instance, the κ 
of PG is 255 ~ 645 W/mK [17,18], which is much smaller than that of 
graphene (2434 ~ 4120 W/mK) [19–21], and the κ of bilayer PG is 592 
W/mK [22], which is also significantly reduced as compared to the value 
of 1896 W/mK for bilayer graphene [15]. However, to the best of our 
knowledge, the influence of twisting on the κ of PG has not yet been 
reported. Studying how twisting affects the thermal transport of PG not 
only sheds light on better understanding the 2D pentagonal carbon, but 
also provides an example for studying other penta-sheets especially the 
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experimentally synthesized ones including penta-PdSe2 [23], penta- 
NiN2 [24] and penta-PdS2 [25]. This motivates us to carry out this study. 

2. Computational methods 

Our calculations are based on density functional theory (DFT) as 
implemented with the Vienna ab initio simulation package (VASP) [26]. 
The projector augmented wave (PAW) method [27,28] is used to treat 
the rapidly oscillating wavefunctions near the ion cores with the cutoff 
of 500 eV. The Perdwe-Burke-Ernzerhof (PBE) [29] functional within 
the generalized gradient approximation (GGA) [30] is employed for the 
exchange correlation potential of electrons, and optB88-vdW functional 
[31,32] is applied for dispersion force. A vacuum space of 16.21 Å in the 
out of plane direction is used. During geometry optimization, the 
Monkhorst-Pack [33] k-point with a grid density of 2π × 0.02 Å− 1 are 
used to sample the Brillouin zone for integration in the reciprocal space 
and the convergence criteria for the total energy and atomic force cal
culations are taken as 1 × 10-6 eV and 1 × 10-4 eV/Å, respectively. 

According to the two-channel transport theory [34] and the unified 
theory [35], the total lattice thermal conductivity κL is composed of the 
phonon contribution κp

L and the coherence contribution κc
L, namely, κL =

κp
L + κc

L, here κp
L is related to the particle-like propagation of phonon 

wavepackets (the populations’ contribution) discussed by Boltzmann 
transport equation (BTE) [36], and κc

L is associated with the wave-like 
tunneling (the coherence contribution) described by the unified theory 
[35]. Specifically, κp

L is dominated by phonons in semiconductors, and 
can be expressed as 

κp
L,αβ =

1
N
∑

λ
Cλνα,λνβ,λτλ  

where α and β denote Cartesian indices, λ is the phonon mode, and N is 
the volume of a unit cell. C is the heat capacity, v is the phonon group 
velocity and τ is the phonon lifetime. The contribution of three-phonon 
interactions to κp

L can be calculated by solving the BTE via an iterative 
scheme as implemented in the ShengBTE package [37], while, due to the 
complex lattice structure, the four-phonon scattering rates are only 
computed at the relaxation time approximation (RTA) level, being used 
as the input of the iterative scheme to determine the nonequilibrium 
phonon distributions, as did in previous study [38]. The inputs for the 
calculation of κp

L are the harmonic (second order) and anharmonic (third 
and fourth order) interatomic force constants (IFCs). The harmonic IFCs 
are obtained by using the finite displacement method implemented in 
Phonopy code [39], while the anharmonic IFCs are efficiently extracted 
by training a force constants potential (FCP) based on a DFT dataset 
containing 100 configurations with random atomic displacements of 
0.01 Å generated by the Monto Carlo rattle method using the HIPHIVE 
package [40–42]. The k-meshes of 2 × 2 × 1 and 3 × 3 × 1 are chosen to 
calculate the interatomic forces during the high-accuracy first-principles 
calculations for T-BPG and bilayer PG, respectively. The atomic forces 
and total energy are collected as training dataset for machine learning, 
and the associated parameters are trained based on the training dataset 
by solving a set of linear equations using the least-squares fitting 
method. To balance the calculation accuracy and computational cost, 
the second, third and fourth order cutoff distances are set to 6.00, 4.00, 
and 3.00 Å for T-BPG, and the corresponding values for bilayer PG are 
set to 5.00, 4.00, and 3.00 Å, respectively. The goodness of fit (R2) of 
training set and test set for T-BPG (bilayer PG) is 0.9999853 
(0.9999113) and 0.9998155 (0.99989), respectively, showing the ac
curacy of the fitted interatomic forces. Finally, the three- and four- 
phonon scattering rates and κp

L are calculated using these IFCs data in 
the ShengBTE package. The q-point meshes adopted for solving κp

L 

without (κ3
L) and with (κ3+4

L ) four-phonon scattering processes are 16 ×
16 × 1 and 6 × 6 × 1 for T-BPG, respectively, and the corresponding q- 
point meshes are 91 × 91 × 1 and 15 × 15 × 1 for bilayer PG. The 

thickness of 8.89 and 8.41 Å are used for T-BPG and bilayer PG during 
the solution of lattice thermal conductivity, which is obtained by 
calculating the sum of the upper and lower van der Waals (vdW) radii 
[43]. On the other hand, κc

L can be derived from the equation for the 
coherences [35]: 

κc
L,αβ =

ℏ2

kBT2

1
VNc

∑

q

∑

s∕=s′

w(q)s + w(q)s′

2
vα(q)s,s′ v

β(q)s,s′

×
w(q)sN(q)s(N(q)s + 1) + w(q)s′ N(q)s′ (N(q)s′ + 1)

4(w(q)s − w(q)s′ )
2
+ (Γ(q)s + Γ(q)s′ )

2 × (Γ(q)s

+ Γ(q)s′ )

in which ℏ, kB, T, Nc are the reduced Plank constant, Boltzmann con
stant, temperature and number of phonon wave vectors. w(q)s and Γ(q)s 
are the frequency and phonon scattering rates indexed by wave vector q 
with the branch s, respectively, and N(q)s is the equilibrium Bose- 
Einstein distribution. The w(q)s is given by the second order IFCs, and 
phonon scattering rates Γ(q)s is obtained by including the three-phonon 
scattering rates (τ− 1

3 ) and four-phonon scattering rates (τ− 1
4 ): 

Γ(q)s= τ− 1
3 + τ− 1

4 . In addition, v(q)s,s′ is the off-diagonal velocity matrix, 
which can be obtained by the following equation: 

v(q)s,s′ =
1

ω(q)s + ω(q)s′
〈e(q)s

⃒
⃒
⃒
⃒
∂D(q)

∂q

⃒
⃒
⃒
⃒e(q)s′ 〉,

where e(q)s is the eigenvector of the phonon mode s, and D(q) is the 
dynamical matrix of the crystal with an eigenvalue of ω2(q)s. The off- 
diagonal velocity matrix is calculated by using the dynamical matrix 
solver implemented in ShengBTE, and the q-meshes are set as the same 
as those for the calculations of populations’ contribution (6 × 6 × 1 for 
T-BPG and 15 × 15 × 1 for bilayer PG). Finally, combining the calcu
lated phonon scattering rates, phonon dispersion and off-diagonal ve
locity matrix, the κc

L is calculated based on the coherence’s equation with 
our in-house code. 

3. Results and discussions 

3.1. Geometric structure and stability 

We begin with the AA stacking bilayer PG as the AA stacking was 
found to be the stable stacking pattern for untwisted bilayer PG [22]. 
The twisted PG structures are obtained by using the CellMatch code 
[44]. We find that the interlayer twisting generates large size unit cells 
with reduced symmetry. For instance, the unit cells with small twist 
angles θ = 5

◦

and 10
◦

contain 2172 and 732 atoms, respectively. The 
number of atoms per unit cell as a function of twist angle θ is given in 
Fig. S1 in the Support Information (SI). Considering both twisting effect 
and computational cost, we choose the twisted bilayer PG (T-BPG) with 
an angle of 36.87

◦

for further investigation as its corresponding unit cell 
has the highest symmetry and the least number of atoms among all the 
twisted structures, as shown in Fig. 1. The crystal structure of the T-BPG 
sheet with this specific angle has a tetragonal lattice with the lattice 
constants a = b = 8.12 Å and the space group C222 (No. 21). We note 
that the fourfold inversion symmetry of the bilayer PG is broken after 
twisting, enhancing the structural anharmonicity, and the interlayer 
distance increases from 2.56 Å of the bilayer PG to 3.08 Å of the T-BPG, 
showing that twist also modulates the interlayer potential and 
interactions. 

To examine the stability of the T-BPG structure, we first calculate its 
phonon spectrum. As shown in Fig. 2(a), the absence of imaginary 
modes in the entire Brillouin zone confirms that T-BPG is dynamically 
stable. To investigate the effect of twisting on the phonon vibration 
modes, we also plot the phonon spectrum of the untwisted bilayer PG in 
Fig. 2(a). One can see the softening of the low-frequency phonon 
branches in T-BPG, especially for the acoustic branches, i.e. the flexural 
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acoustic (ZA) mode that characterizes the out-of-plane vibration of 
atoms becomes almost flat near the Γ point after twisting, as is the case 
with the twisted Bi2O2Se [45], and the softening of phonon branches 
usually results in low phonon group velocity. In addition, in the twisted 
system, there are more overlap between the acoustic and the low-lying 
optical phonon modes (below 15 THz), which would induce stronger 
phonon scattering phase space and phonon couplings, as found in pre
vious study [46]. 

We then study the thermal stability of T-BPG by performing the ab 
initio molecular dynamics (AIMD) simulations with the canonical 
ensemble. A 2 × 2 × 1 supercell containing 240 atoms is used to mini
mize the constraint of the periodic boundary conditions. We perform the 
simulations at 300, 500, 700 and 1000 K, and plot the results at 1000 K 
in Fig. 2(b). The total energy fluctuates around a constant value, and the 
structural skeleton of T-BPG has no obvious distortions after heated for 
10 picosecond (ps) with a time step of 1 fs (fs). These results suggest that 
T-BPG is thermally stable at room temperature and can withstand high 
temperatures up to 1000 K. 

We further calculate the elastic constants of the T-BPG to verify its 
mechanical stability. For this 2D tetragonal lattice, there are three non- 
zero and independent elastic constants, i.e. C11, C12 and C66, which are 
calculated by fitting the second order polynomial to the change of the 
total energy versus applied strain using the VASPKIT code [47]. The 
calculated values are C11 = 348.01 N/m, C12 = -31.28 N/m and C66 =

186.25 N/m, which are fully satisfy the Born-Huang criteria [48], 
namely, C11 > 0, C66 > 0 and C11 > C12. Therefore, the T-BPG structure is 
mechanically stable. Interestingly, we find that the C12 is negative for 
this nanosheet, leading to a negative Poisson’s ratio of − 0.09, showing 
that twisting with an angle of 36.87◦ does not change the unique me
chanical properties of PG [2], namely, it possesses a negative Poisson’s 

ratio. Therefore, T-BPG is also a promising auxetic material for nano
mechanical devices. 

3.2. Electronic properties 

To investigate the electronic properties of T-BPG, we calculate its 
electronic band structure at the PBE level due to the large unit cell of the 
T-BPG structure, and plot the calculated results in Fig. 3. For compari
son, we also carry out the calculations for the bilayer PG and PG, and 
present the results in Fig. 3 as well. One can see that the band gap of T- 
BPG is reduced to 0.76 eV from 1.95 eV of the twist-free bilayer PG. 
Considering the fact that T-BPG is semiconducting, phonons dominate 
the thermal transport. Therefore, we focus on the study of the lattice 
thermal conductivity κL to explore the effect of twisting on phonon 
properties. 

3.3. Three-phonon scattering processes 

The lattice thermal conductivity κ3
L of T-BPG is calculated via the BTE 

theory by considering three-phonon scattering processes. As shown in 
Fig. 4(a), the in-plane κ3

L of T-BPG is only 96.72 W/mK at 300 K, reduced 
by 77.16% with respect to that of the bilayer PG (423.43 W/mK). When 
the temperature increases to 1000 K, the κ3

L of T-BPG and bilayer PG is 
29.10 and 90.04 W/mK, respectively, exhibiting a significant reduction 
of 67.68% and showing the importance of twisting on modulating κ3

L of 
PG system again. And both the T-BPG and bilayer PG exhibit the tem
perature dependence close to 1/T, suggesting that the anharmonic 
phonon–phonon interactions are dominant in phonon scattering mech
anism. The spectral contributions of phonon modes to κ3

L at 300 K are 
presented in Fig. 4(b), showing that the κ3

L mainly contributes from 

Fig. 1. (a) Unit cell of the bilayer PG, and (b) the T-BPG with θ = 36.87
◦

. (c) Top view of the T-BPG superlattice (2 × 2 × 1).  

Fig. 2. (a) Phonon spectra of the T-BPG and bilayer PG. (b) Total potential energy fluctuation during AIMD simulation of T-BPG at 1000 K. The insets show the 
snapshot of the atomic configuration of T-BPG at the end of the AIMD simulation. 
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phonons with their frequencies lower than 15 THz in both the twisted 
and untwisted bilayer PG. 

To understand the underlying mechanism, we study the change of 
the specific heat capacity C at constant volume, phonon group velocity v 
and phonon lifetime τ of the bilayer PG after twisting, which are the 
three important parameters determining the κ3

L , to find out the main 
reason for the reduced κ3

L in T-BPG. The specific heat capacity C of T-BPG 
and bilayer PG at 300 K is 1.56 × 106 and 1.65 × 106 J/m3K, respec
tively, suggesting that twisting reduces the specific heat capacity which 
would result in a reduced lattice thermal conductivity. Since twisting 
leads to the softening of acoustic branches, the low phonon group 

velocity in T-BPG is expected. As shown in Fig. 4(c), the twisted PG 
possesses lower phonon group velocity in the whole frequency region, as 
compared with that of untwisted PG. For quantitative analysis, here we 
calculate the average phonon group velocity based on the phonons with 
their frequencies lower than 15 THz. The average phonon group velocity 
of T-BPG is 3.79 km/s, while the corresponding value of bilayer PG is 
5.29 km/s. Thus, the squared average phonon group velocity of T-BPG is 
further calculated to be 49% lower than that of bilayer PG. The differ
ence in their phonon velocities partially contributes to the reduced κ3

L in 
T-BPG. Another factor for the reduced thermal conductivity is the 
phonon lifetime, which is the inversion of the phonon scattering rates. 
As shown in Fig. 4(d), the phonon lifetime of T-BPG is significantly 

Fig. 3. Band structures of the T-BPG, bilayer PG and PG.  

Fig. 4. (a) Temperature dependent κ3
L , (b) spectral contributions to κ3

L , (c) phonon group velocity and (d) phonon lifetime with the change of frequency of T-BPG and 
bilayer PG, respectively. 
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suppressed by an order of magnitude compared to that of bilayer PG. In 
the low frequency region (below 15 THz), the phonon lifetime decreases 
almost from 102 to 100 ps for T-BPG with the increasing frequency, while 
for the bilayer PG, the phonon lifetime changes almost from 103 to 101 

ps. It can be inferred that the reduced phonon lifetime is the main reason 
for the reduced κ3

L in T-BPG. 
To further explore how the interlayer twisting affects the anhar

monic interactions, the Grüneisen parameter (γ) and weighted three- 
phonon scattering phase space (WP3) [49] are calculated, which are 
used to quantitatively assess the strength and possibilities of anharmonic 
scatterings. The Grüneisen parameter of T-BPG and bilayer PG at 300 K 
is − 0.36 and − 0.14, respectively, indicating that twisting significantly 
enhances the anharmonicity. This phenomenon is consistent with our 
cognition that materials with low symmetry and complex unit cell 
usually possess strong anharmonicity. The calculated results of WP3 of 
the twisted PG are presented in Fig. S2, which is almost two order of 
magnitude larger than that of the untwisted PG. The enhanced γ and 
WP3 originate from the complex geometric structure with lower sym
metry and more complex phonon dispersion relations resulting from the 
twist, eventually leading to the low thermal conductivity. 

3.4. Four-phonon scattering processes 

To get more accurate thermal conductivity, we further calculate κL 
by including four-phonon scattering. Generally, the scattering processes 
including four-phonon interaction can allow more phonon scattering 
channels, leading to a reduction in total thermal conductivity, especially 
in materials with ultralow lattice thermal conductivity [46,50], large 
acoustic-optical phonon band gap [38,51], or reflection symmetry 
[52,53]. However, one of the key steps during the calculation of four- 
phonon scattering processes is to obtain the accurate fourth order 
IFCs, which is time consuming and computationally expensive. For 
example, due to the low symmetry and complex structure of T-BPG with 
60 atoms in its unit cell, there are about 34,424 DFT calculations 
required to compute the fourth order IFCs by using the finite displace
ment method. Therefore, machine learning method is used to generate 
the anharmonic IFCs as mentioned previously. 

To study the effect of four-phonon scattering, the lattice thermal 
conductivity κ3+4

L and phonon scattering rates τ− 1
4 of T-BPG with 

including four-phonon scattering processes are calculated. As shown in 
Table 1, the κ3+4

L of T-BPG is 62.33 W/mK at 300 K, reduced by 35.56% 
as compared to the value of κ3

L , while the κ3+4
L of bilayer PG is reduced by 

27.53%. These reductions show an important effect of four-phonon 
scattering processes on the thermal conductivity of T-BPG and bilayer 
PG, different from that in graphene and penta-NiN2, where the κ3+4

L 
reduces by 76.06% [52] and 89.32% [53], respectively. The underlying 
reason for the dramatic decrease of κ3+4

L in graphene and penta-NiN2 is 
related to the reflection symmetry of the planar sheets, which forbids the 
scattering processes with odd number of ZA modes [52,53]. However, 
the structure of PG is buckled, and the selection rule has less effect. In 
addition, the four-phonon scattering rates τ− 1

4 and the four-phonon 
scattering phase space WP4 of T-BPG at 300 K are plotted in Fig. 5(a) 
and Fig. S3. The four-phonon scattering rates and four-phonon weighted 
phase space are quite high, especially in the low frequency range of 0–10 
THz, showing promising scattering channels for four-phonon processes. 

Moreover, as temperature increases to 1000 K, the κ3+4
L of T-BPG is only 

14.79 W/mK as listed in Table 1. The κ3+4
L is reduced by 49.18% and 

35.64% with the increasing temperature for T-BPG and bilayer PG, 
respectively, indicating that the four-phonon scattering becomes much 
more important when temperature increases. This phenomenon can be 
explained by comparing the three-phonon and four-phonon scattering 
rates of T-BPG and bilayer PG at 300 and 1000 K. As shown in Fig. 5(a) 
and 5(b), the τ− 1

4 is increasing faster than the τ− 1
3 for T-BPG, and this 

leads to the enhanced importance of four-phonon scattering when 
temperature increases. This phenomenon is also observed for twist-free 
bilayer PG as shown in Fig. 5(c) and 5(d). These results have clearly 
indicated that the interlayer twisting can enhance three- and four- 
phonon scattering in the twisted system. 

3.5. Coherence contribution to the thermal conductivity 

The two-channel transport theory of thermal transport takes into 
account both diagonal and off-diagonal terms of the heat-flux operator, 
namely, the contributions from both phonon and the coherences. Pre
vious studies have demonstrated that the coherence contribution to the 
thermal conductivity is non-ignorable in complex crystal with strong 
anharmonicity or disorder [54], such as cubic Cu12Sb4S13 tetrahedrites 
[54] and 2D paraelectric SnSe [55]. Therefore, the coherence contri
bution to κ (κc

L) is further considered to correctly describe the thermal 
transport of T-BPG. Generally, the normal phonon modes with mean free 
path (MFP) greater than Ioffe-Regel limit [34] contribute to the κp

L and 
the diffusion-like “phonon” modes with MFP below the limit contribute 
to the κc

L, hence, we first calculate the phonon MFP Λ through Λ = vτ 
based on the phonon group velocity v and phonon lifetime τ. The 
calculated results are plotted in Fig. 6. The minimum interatomic 
spacing (Ioffe-Regel limit) in T-BPG and bilayer PG is 1.33 and 1.34 Å, 
respectively, and the MFP for almost every low-frequency phonon is 
larger than the limit, indicating weak coherence contribution for both T- 
BPG and bilayer PG. 

As listed in Table 1, the κc
L for T-BPG is calculated to be 9.69 W/mK at 

300 K, and only 13.45% of the total κL, while the κc
L for the twist-free 

bilayer PG is 0.13 W/mK at 300 K, 0.04% of total κL. Although the 
coherent term has a slight impact on the overall κL in both the bilayer PG 
and T-BPG because of their strong intrinsic phonon scatterings, the effect 
of twisting on coherence contribution is significant as the contribution 
from coherences is enhanced significantly when twisting is applied. 
Meanwhile, the κc

L of twisted bilayer PG increases from 0.13 to 9.69 W/ 
mK, and from 0.79 to 6.23 W/mK for T = 300 and 1000 K respectively. 
These results have clearly indicated that the interlayer twisting not only 
can enhance three- and four-phonon scattering but also can uplift 
phonon coherence. By summing up three- and four-phonon scatterings 
and coherent thermal transport , the intrinsic thermal conductivity of 
twisted bilayer PG is found to be reduced to 72.02 W/mK from 306.99 
W/mK at 300 K by interlayer twist angle of 36.87◦, demonstrating the 
importance of interlayer twisting in tuning the lattice thermal conduc
tivity of the PG system. 

4. Conclusions 

In this work, taking bilayer PG as an example, we demonstrate that 
twisting is an effective strategy for the tuning the κL of penta-sheets, 
going beyond hydrogenation [17], fluorination [56], strain engineer
ing [57] and grain boundaries [58]. Different from the studies on the κL 
reported so far by only considering three-phonon scattering, we sys
tematically study the thermal transport properties of the bilayer PG- 
based sheet by including three- and four-phonon scattering processes 
as well as the coherence contribution to heat with force constants fitted 
through machine learning. We find that from the bilayer PG to the T-BPG 
sheet, the in-plane κL is reduced from 423.43 to 96.72 W/mK at 300 K 
with only three-phonon scattering considered, and is further reduced 

Table 1 
Thermal conductivity (in W/mK) of the T-BPG and bilayer PG calculated at 
different mechanisms and different temperatures.   

κ3
L κ3+4

L κc
L κ3+4+c

L 

T-BPG (300 K)  96.72  62.33  9.69  72.02 
bilayer PG (300 K)  423.43  306.86  0.13  306.99 
T-BPG (1000 K)  29.10  14.79  6.23  21.02 
bilayer PG (1000 K)  90.04  57.95  0.79  58.74  
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from 306.86 to 62.33 W/mK when four-phonon scattering is included, 
corresponding to a reduction of 77.16% and 79.69%, respectively. While 
the contribution from the coherences to the κL is 9.69 W/mK, but that for 
the untwisted bilayer PG is only 0.13 W/mK, which is enhanced 
significantly by twisting. This study demonstrates that interlayer 
twisting is an effective way to reduce the κL of bilayer PG, and also shows 
the importance of the effect of four-phonon scattering processes and 
two-channel transport on such pentagon-based materials with complex 
structures, and the methods used in this work can be also applied to 

study other penta-sheets especially the experimentally synthesized ones, 
such studies would significantly deepen our understanding on how 
twisting affects the thermal transport in layered penta-sheet systems. 

Associated Contents. 
Supporting Information. 
The Supporting Information is available for the optimized geometry 

of T-BPG, number of atoms per unit cell at different twist angles, the 
weighted three-phonon phase space of T-BPG and bilayer PG, weighted 
three-phonon and four-phonon phase space of T-BPG at 300 K. 

Fig. 5. Three-phonon and four-phonon scattering rates of T-BPG and bilayer PG at 300 and 1000 K.  

Fig. 6. Variation of the phonon mean free path with frequency for (a) T-BPG and (b) bilayer PG at 300 K. The horizontal line marks the Ioffe-Regel limit.  
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