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A B S T R A C T

Forced ignition of premixed flame plays a crucial role in fundamental combustion research. In this work, a
theoretical investigation is conducted interpreting the flame kernel development subject to heat and radical
ignition sources. Adopting simplified two-step reaction mechanism, the present theoretical model incorporates
both chain-branching and recombination reaction paths and reveals their synergistic effect during the forced
ignition process. The transient evolution of flame kernel driven by heat and radical addition can be obtained by
solving an implicit ordinary differential equation, which is rigorously derived from first principles based on large
activation energy asymptotics. The findings reveal that an increase in fuel Lewis number adversely affects the
fuel supply rate at the flame front, while a decrease in the radical Lewis number inhibits radical accumulation,
both of which exhibit negative impacts on ignition process. For ignition source with uniform rate profile, there
exist a critical heating power, below which the flame kernel cannot reach the critical radius despite extended
ignition duration. Exceeding this threshold, the minimum ignition energy varies non-monotonically with
increasing heating power. Particularly, comparing with the purely thermal ignition source, the heat and radical
ignition sources can effectively reduce the thermal load on ignition device, which can be attributed to the
synergistic effects of heat and radicals in the ignition process. A comparative analysis on various rate profiles of
ignition source, including uniform, trigonometric and Gaussian, indicates that the Gaussian profile has superior
efficiency in facilitating flame kernel expansion and transition to self-sustained spherical flame. Specifically,
ignition source with Gaussian profile shows the lowest minimum ignition energy, which is primarily due to its
capability for concentrated and optimally timed energy deposition, especially for large fuel Lewis numbers. The
present analysis provides insightful understandings of forced ignition for premixed flame and offers practical
perspectives for real-world applications.

1. Introduction

The premixed flame ignition plays a crucial role in the realms of
fundamental combustion research, as recently reviewed by Shy [1]. To
address increasing demand in environmental protection, advanced
combustion technologies are developed, including utilization of
extremely lean stratified fuel/air mixtures or those diluted with exhaust
gas recirculation [2-4]. Such extreme conditions render the combustible
mixture less reactive, which poses significant challenges to ignition.
Thus, it is crucial to deepen understandings on fundamental mechanism
controlling the ignition process.

Forced ignition is interpreted as the generation of a self-sustained

flame in combustible mixture by external energy deposition [5]. Theo-
retical investigations have been extensively conducted. Theoretical in-
vestigations have been extensively conducted [6-12]. Chen et al. [7]
found the proportionality of critical heating power to the cube of the
critical ignition radius. Joulin [13] derived a nonlinear equation to
describe the temporal variation of the flame front near stationary
spherical flame structure. Buckmaster and Joulin [14] investigated the
transient propagation of self-extinguishing flames in combustible mix-
tures with Le<1, elucidating the square-root temporal evolution of the
flame kernel radius. Clavin [11] analyzed dynamic quenching of
spherical flames beyond planar flame flammability limits, yielding re-
sults in agreement with micro-gravity experimental observations [15].
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The premixed flame ignition considerably depends upon the depos-
ited ignition energy, both in the form of heat and radicals. In practical
ignition processes, such as spark ignition [16], both heat and radicals are
produced. Understanding the heat and radical ignition sources,
comprising of both heat and radical addition, is therefore of significant
importance. A few numerical studies have been conducted. Wiriyawit
and Dabora [17] explored the synergistic effects of chemical and ther-
mal ignition in hydrogen/air mixtures. Sloane et al. [18,19] conducted a
detailed examination on the influence of chemical and thermal ignition
with emphasis on minimum ignition energy and ignition delay. How-
ever, the numerical simulations are limited to specific fuel/air mixtures,
which are unable to provide a general understanding regarding the ef-
fects of Lewis number and ignition source characteristics.

To establish theoretical formulation considering radical effect, the
single step reaction model should be revised. Dold and coworkers [20,
21] proposed a simplified version of the of Zel’dovich-Linan model,
involving a thermal sensitive chain-branching reaction with an Arrhe-
nius type rate constant and a temperature-independent recombination
reaction. Based on this framework, Zhang et al. [12,22] conducted
comprehensive theoretical studies on the forced ignition thermally
sensitive intermediate kinetics. While, those formulations assume
quasi-steady state for flame kernel propagation, thus lacks characteristic
time scales describing the transient effect of flame kernel propagation as
well as ignition duration.

The transient effect plays a central role in forced ignition process. It is
demonstrated that the ignition kernel front continues to propagate for a
finite distance subsequent to ignition source withdrawn, which is known
as memory effect [6,13,23]. Recently, Yu and Chen [24-26] conducted a
series of theoretical studies emphasizing transient effects in forced
ignition of premixed flame. They proposed a theoretical model inter-
preting the ignition kernel formation induced by ignition source with
finite domain and duration, identifying three stages, i.e., thermal
runaway onset, reaction front creation, and ignition kernel formation
[24]. Regarding dynamic evolution of flame kernel, Yu and Chen [26]
established a transient framework, discovering that the memory effect of
flame kernel propagation can reduced the minimum ignition energy
(Emin). They further revised the theoretical model to analyze forced
ignition induced by multiple ignition pulses [25], suggesting that
appropriately splitting single heating pulse into multiple pulses can
facilitate flame kernel propagation and accordingly reduce Emin.

Despite these advancements, a transient theoretical analysis exam-
ining forced ignition of premixed flames subject to heat and radical
ignition sources, comprising both heat and radical deposition, is still not
in place. Incorporating radical deposition into ignition source not only
advances fundamental knowledge in combustion physics but also pro-
vide practical insights, escalating the values of the theoretical findings.
These academic merits motivate us to conduct the present study.

This paper is organized as follows: Section 2 presents the mathe-
matical formulation for interpreting forced ignition under heat and
radical ignition sources, and an implicit ordinary differential equation
describing transient evolution of flame kernel is derived. Section 3 ex-
amines the variation of minimum ignition energy with heating power
and Lewis number and compares different rate profiles of ignition
sources, highlighting the superior efficiency of the Gaussian rate profile.
The concluding remarks are given in Section 4.

2. Theoretical model

2.1. Transient formulation

In this work, we use the reaction model adopted in Zhang et al.’s
formulation [12,22]. The simplified two-step reaction mechanism con-
sisting of chain-branching reaction F + Z→2Z and a recombination re-
action Z + M→P + M, where F, Z and P refer to fuel, radical, and product,
respectively, and M denote any type of molecules that participates in
collision. The Arrhenius type of rate constant for the thermally sensitive

chain-branching reaction is given as kB=ABexp(-TB/T), while the
temperature-independent rate constant for recombination reaction is set
as kC=AC. The heat release per mass of radical is denoted by qradical. This
two-step simplified reaction model allows to focus on the core aspects of
flame kernel development.

For analytical tractability, we employ the classic thermal-diffusive
model, in which the density ρ, heat capacity cp, thermal conductivity
λ, mass diffusion coefficient for both fuel and radical DF and DZ are
regarded as constants. In addition, we adopt large activation energy
assumption for the chain-branching reaction. In leading order approxi-
mation, the derivatives of fuel (dYF/dr) and radical (dYZ/dr) mass frac-
tions has discontinuities at the reaction front (r = R), which separates
the spatial domain into unburnt (YF∕=0) and burnt zones (YF=0). The
non-dimensional governing equations can be written in unified form

∂Πi

∂t
=

1
li

1
r2

∂
∂r

(

r2∂Πi

∂r

)

+ miYZ, i = 1, 2, 3 (1)

where the variable vector is Π=(T, YF, YZ), and the parameter vectors l=
(1, LeF, LeZ), m=(qradical, 0, − 1), and the fuel/radical Lewis numbers
LeF=λ/(ρcpDF), and LeZ=λ/(ρcpDZ). Nondimensional quantalities are
defined as T=(T̃-T̃0)/T̃c, YF=ỸF/ỸF0 and YZ=ỸZ/ỸZc, t=t/̃tc̃, and r=r̃/r̃c.
The reference length and time scales are defined as r̃c=(λW/ρ2cpAC)1/2

(W the mean molar weight) and tc̃=r̃c
2ρcp/λ, respectively, which can be

regarded as the thickness and propagation time of the flame front where
chain-branching reaction is concentrated. The T̃c is chose so that the
reaction rates of chain-branching reaction rate ωB=(ρ2YFYZ/WFWZ)
ABexp(-T̃B/T̃) and recombination reaction rate ωC= (ρ2YZ/WWZ)AC
satisfies ωB=β2ωC at T̃0+T̃c, where β=T̃BT̃c/(T̃0+T̃c)2 is the Zel’dovich
number, and T̃0 the initial temperature of fuel. The initial fuel mass
fraction is ỸF0 and ỸZc=WZYF0/WF. where WF and WZ are the molar
weight of fuel and radicals.

The initial and boundary conditions for Eq. (1) are (ic) at t = 0, T = 0,
YF=1 (in unburnt region), and YZ=0; (bc1) at r→0, r2dT/dr=-qT(t),
YF=0, r2dYZ/dr=-qZ(t); (bc2) at r→∞, T = 0, YF=1, YZ=0, where qZ(t)
and qT(t) are rate of radical deposition and heat addition from the
ignition source. The flame kernel front, whose radial distance from the
ignition source is denoted by R, can be regarded as a weak discontinuity,
across which, the species mass fractions as well as temperature are
continuous. Because of large activation temperature, the chain-
branching reaction leads to discontinuities in the fuel and radical gra-
dients across the flame kernel front. Nevertheless, the consumption of
fuel at r = R is completely converted into radicals, which suggests that
the summation of fuel and radical mass fraction gradients remains
continuous. In the limit β→∞, the leading order asymptotic analysis
defines a crossover temperature, above which the chain-branching re-
action rate increases exponentially followed by a drastic reduction due
to complete depletion of fuel species. According to Dold, the nondi-
mensional crossover temperature is specified to be unity [20,21], which
provides the matching condition for flame temperature, i.e., Tf=T(r =

R)=1. In addition, since the chain-branching reaction has no contribu-
tion to heat release, the temperature profile should be smooth across r =
R. Therefore, the matching conditions are given as follows

[(1/LeF)∂YF/∂r + (1/LeZ)∂YZ/∂r]R = 0 (2)

[dT/dr]R = 0 (3)

The operator [x]R is defined as the change of value x across the flame
kernel front. Solving Eq. (2), the radical mass fraction YfZ=YZ(r = R) can
be determined. The solution of temperature involves radical mass frac-
tion at reaction front, substituting YfZ into the matching condition (3),
an implicit ordinary differential equation for R can be derived, whose
solution yields the temporal variation of flame kernel radius and flame
propagation speed U=dR/dt. It should be noted that all quantities
included in the theoretical framework are nondimensional. The pro-
cedure of obtaining analytical solution for the governing equations are
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discussed as follows.

2.2. Analytical solution

The flame kernel front moves in the course of time, R = R(t), which
introduces mathematical difficulty of moving boundary. According to
our previous studies [25,26], the boundary conditions at the ignition
source (r = 0) requires an additional weighting to the species mass
fraction and temperature. Therefore, the mathematical treatments to the
unburnt and burnt region shall be proceeded, separately. We introduce a
flame-radius-scaled coordinate σ=r/R(t). In the unburnt region, Eq. (1)
becomes

∂Πi

∂t
=

1
R2

[(

σRU+
2
liσ

)
∂Πi

∂σ +
∂2Πi

li∂σ2

]

+ miYZ (4)

In the burnt region, we define a radial-coordinate-weighted radical
mass fraction Y‾Z = r(YZ-YfZ) and temperature T‾=r(T-1), which in t-σ
coordinate yields

∂Πi

∂t
=

1
R2

[

σRU
∂Πi

∂σ +
∂2Πi

li∂σ2

]

+ miYZ (5)

The detailed derivation procedures for Eqs. (4) and (5) can be found
in our previous work [26]. The convection terms in Eqs. (4) and (5) leads
to mathematical difficulty in analytically solving the PDEs. To integrate
convective (first-order derivatives) and diffusive (second-order de-
rivatives) terms into a single second-order differential expression, we
define the normalized coordinates ξui and ξbi (i = T, F, Z) in both unburnt
and unburnt regions, i.e.,

ξui =

∫ σ
0 exp

[
−
∫ σʹ

0 (liσʹ́ RU + 2/σʹ́ )dσʹ́ ]dσʹ
∫ 1

0 exp
[
−
∫ σʹ

0 (liσʹ́ RU + 2/σʹ́ )dσʹ́ ]dσʹ
(6)

ξbi =

∫ σ
0 exp

[
−
∫ σʹ

0 liσʹ́ RUdσʹ́ ]dσʹ
∫ 1

0 exp
[
−
∫ σʹ

0 liσʹ́ RUdσʹ́ ]dσʹ
(7)

In terms of ξui and ξbi, the governing can be written in canonical
forms

∂Πji

/
∂t =

(
F

2
ji

/
liR2

)
∂2Πji

/
∂ξ2

i − miYZ (8)

where the subscript j refers to j=(u, b) and the factor F ji is defined as
F ji=dξji/dσ. In accordance, the initial and boundary conditions are
converted to (1) in the unburnt region, (ic-u) at t = 0, T = 0, YF=1 and
YZ=0; (bc1-u) at ξui=0, T = 1, YF=0, YZ=YfZ; (bc2-u) at ξui=1, T = 0,
YF=1, YZ=0, and (2) in the burnt region, (ic-b) at t = 0, T‾=0, Y‾Z = 0;
(bc1-b) at ξbi=0, T‾=qT(t), Y‾Z=qZ(t); (bc2-b) at ξbi=1, T‾=0, Y‾Z = 0.
According to results in our previous works [25,26], the initial temper-
ature and species mass fraction in the burnt region plays an insubstantial
role in affecting the dynamic behavior of flame kernel evolution. Thus,
we regard Tb0=1 and YbZ0=YfZ in the present formulation, which leads to
significant simplification in the analytical solutions.

Subject to those initial and boundary conditions, the analytical so-
lutions for T, YF and YZ can be obtained. Taking derivatives with respect
to ξui and ξbi and evaluating at reaction front r = R (corresponding to
ξui=0 and ξbi=1). Due to page limit, the analytical expressions for the
gradients of T, YF and YZ are not presented here. Substituting the fuel
and radical mass fraction gradients into the matching condition (2), we
obtain an equation for YfZ, i.e.,

YfZ =
NuFRΦF

/ ̅̅̅̅̅̅̅
LeF

√
+ NbZΦqZ

/ ̅̅̅̅̅̅̅
LeZ

√

RNuZΦN
/ ̅̅̅̅̅̅̅

LeZ
√ (9)

which is essentially a function of time t, flame kernel radius R and
propagation speed U, i.e., YfZ=YfZ(t, R, U). The individual parts are
defined as

ΦF = ϑ3

(
e− N2

uF π2 t
)

(10)

ΦqZ = qZ(t) + e− tqZ(0)
[
ϑ4

(
e− N2

bZπ2 t
)
− 1

]

− 2
∑∞

n=1
(− 1)n

∫t

0

[qZ(τ) + qʹ
Z(τ)]×

e− (1+N2
bZπ2n2)(t− τ)dτ

(11)

ΦN =
coth(1/NuZ)

NuZ
+ e− t

[
ϑ3

(
e− N2

uZπ2 t
)
− 1

]
(12)

where Nji=F ji/(li)1/2R, and ϑ3 and ϑ4 are the elliptical theta functions of
the third and fourth type. The factors ΦF and ΦqZ interpret accumulation
of radical at reaction front due to chain-branching of fuel and radical
deposition from ignition source, respectively. The last part of ΦqZ
demonstrates the memory effect of radical addition, i.e., subsequent to
switching off radical reservoir for t>tZ, the remaining radicals can still
be transported to the reaction front for a finite duration. The factor ΦN
can be understood as a normalization scale, which demonstrates the loss
of radical due to diffusion. For successful ignition, the flame kernel
transitions into a self-sustaining spherical flame (SSF), which propagates
at constant speed. Such situation corresponds to t≫1 and R≫1, under
which F i→liRU with i=(uT, uF, uZ), thus the limiting YfZ can be evalu-
ated from Eq. (9), yielding

YfZ,SSF =
̅̅̅̅̅̅̅
LeZ

√
Utanh

(
1
/( ̅̅̅̅̅̅̅

LeZ
√

U
))

(13)

The YfZ provides a joint for YuZ and YbZ at the reaction front, which
forms the complete of radical distribution over the whole domain.
Substituting the YuZ and YbZ profiles into energy equation, the analytical
solution for temperature distribution can be made available.

Substituting the corresponding temperature gradients into the
matching condition (3), we obtain an implicit ordinary differential
equation

NuTϑ3

(
e− N2

uT π2 t
)
−

qYfZ

3NuT
=

NbT

R
(
ΨqT +Ψm

)
(14)

where the factors ΨqT and Ψm are defined as

ΨqT = qT(t) + qT(0)
[
ϑ4

(
e− N2

bT π2 t
)
− 1

]
(15)

Ψm =

∫t

0

[qradicalqZ(τ) − qʹ
T(τ)]×

e− (N2
bTπ2n2)(t− τ)dτ

(16)

The left-hand side of Eq. (14) demonstrates the thermal energy
supply to the flame front due to heat release associated with radical
conversion to products, and the right-hand side of Eq. (14) represent the
support of flame kernel propagation due to external heating at the
ignition source. The factor ΨqT interpret the rate of thermal energy
transport from the ignition source to the flame kernel front, while the
factor and Ψm demonstrates the memory effect of thermal ignition
source, i.e., subsequent to switching off the thermal energy source for
t>tT, the remaining high thermal energy can still be transported to the
reaction front for a finite duration. As flame kernel transitions to an SSF,
Eq. (14), yields the propagation speed

USSF = (1 /3)
̅̅̅̅̅̅̅
LeZ

√
qtanh

(
1
/ ̅̅̅̅̅̅̅

LeZ
√

USSF

)
(17)

The reference length and time scale are chosen as flame thickness
and radical diffusion, yielding unity propagation speed of an SSF. Thus,
setting USSF=1 in Eq. (17) and solve for q, we have
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qradical = 3
/ ̅̅̅̅̅̅̅

LeZ
√

coth
(
1
/ ̅̅̅̅̅̅̅

LeZ
√ )

(18)

Eq. (18) provides a closure correlation between the thermal ignition
source, characterized by external heating power QT, and the radical
ignition source, characterized by flux of radical input QZ.

The matching approach deals with the finite rate chemical reaction
in concentrated domain, yielding approximate solutions for the gov-
erning equations. These analytical solutions can capture the key features
of premixed flame ignition process. The accurate numerical solutions for
the governing equations may provide more plausible profiles in physics
for temperature, fuel and radical species mass fractions. However, such
improvements do not significantly affect the flame kernel dynamics. The
numerical validation can be found in our previous work [22].

In the following sections, we provide an in-depth discussion on the
dynamic evolution of premixed flame kernel subject to heat and radical
ignition sources consisting of both thermal energy addition and radical
deposition. The thermal ignition source is described by heating power
profile qT=qT(t) and duration period t=tT. The ignition energy is defined
as

Eig,thermal =

∫tT

0

qT(t)dt (19)

In analogy, the radical ignition source is interpreted by a rate profile
qZ=qZ(t) and duration t=tZ. Since heat is released as radical is converted
to products, the equivalent radical energy can be evaluated as

Eig,radical = qradical

∫tZ

0

qZ(t)dt (20)

3. Results and discussion

In this section, comparative analyses are presented regarding the
general behaviors of flame kernel propagation in combustible mixture
with different Lewis numbers. The Lewis number effectively captures
how heat and mass are transported relative to each other within a pre-
mixed flame. By using Lewis number, the current model provides
fundamental insights into ignition behavior across a variety of fuels. The
specific values of fuel and radical Lewis numbers analyzed in this work
were chosen to illustrate the impact of differential diffusion effects on
ignition processes. This approach highlights the fundamental role of
thermal and mass transport properties in affecting dynamics of flame
kernel and the premixed ignition process.

Fig. 1 illustrates the phase diagram revealing the evolution of a flame
kernel subject to an ignition source, which provides everlasting (tT and
tZ→∞) and constant rate of thermal energy and radical with magnitude
specified as QT=qradicalQZ=1.0. The phase diagram describes a scenario
in which the flame kernel radius, under favorable conditions, surpasses

the critical ignition radius Rcr. This threshold can be identified as the
lowest point on the RU-diagram’s curve. For R>Rcr, the flame kernel
transitions to an SSF, i.e., ignition success. Specifically, an increase in
LeF or a decrease in LeZ deepens the valley of the RU-diagram, indicating
an increasing challenge in the ignition process.

At the onset of forced ignition, the propagation of flame kernel is
predominantly influenced by the immediate effects of heat and radical
deposition from the ignition source. Close to the ignition source, the
strong heating and high concentration of radicals produce very rapidly
propagating flame kernels, which exhibit negligible discrepancies across
different Lewis number conditions. Thus, it leads to the initial overlap
for RU-curves across different Lewis numbers. As the flame kernel moves
away from the ignition source, the propagation process becomes sub-
stantially influenced by heat release and the transport properties of the
combustible mixture. The differential diffusion effects inherent to
varying Lewis number conditions start to manifest more prominently,
leading to the observed discrepancies in U across different conditions.

Comparing situations with equal LeF and LeZ, it is found that the
valley on the RU-diagram for LeF=LeZ=0.5 shifts left and remains higher
than that for LeF=LeZ=1.0. Such phenomena suggests that the differ-
ential diffusion characterized by fuel Lewis number exhibits dominant
impacts on the dynamics of flame kernel development.

Fig. 2 presents the variation of YfZ during the development of the
flame kernel, corresponding to the same ignition conditions as those in
Fig. 1. An increase in LeF results in a decrease in YfZ near the ignition
source, an effect quantitatively indicated in Eq. (9). This observation is
consistent with a decrease in the mass diffusion rate of the fuel, leading
to a slower fuel supply rate. Conversely, a decrease in LeZ facilitates the
diffusion of radicals away from the front and consequently, a reduction
in radical accumulation at the flame kernel front. Eq. (13) demonstrates
that a lower LeZ reduces YfZ for SSF and thereby lowers the propagation
capability of the self-sustained spherical flame.

For the situation with LeF=LeZ=0.5, the lower LeF enhances fuel
diffusion to the reaction front, which should theoretically increase the
radical mass fraction due to more available fuel for ongoing reactions.
Conversely, the reduced LeZ amplifies the diffusion rate of radicals away
from the reaction front. This effect intensifies the radical loss, reducing
the radical mass fraction near the reaction zone. Close to the ignition
source, the individual effects of LeF and LeZ appear to balance with each
other, leading to the approximate collapse between the YfZ curves cor-
responding to LeF=LeZ=0.5 and LeF=LeZ=1.0. As the self-sustained
spherical flame is established, radical mass fraction at the flame front
is determined by the radical Lewis number, see Eq. (18), and thus the YfZ
curves for LeF=LeZ=0.5 converges to these dashed lines with LeZ=0.5.
The intricate interaction between fuel supply and radical loss un-
derscores the complexity of managing combustion dynamics in situa-
tions with varying Lewis numbers, which requires advanced numerical
techniques adopting detailed reaction mechanism to obtain more
definitive interpretation.

Fig. 1. Lewis number effect on flame kernel development. Fig. 2. Variation of radical mass fraction at flame front.
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For finite ignition duration, the thermal and radical ignition energies
can be defined according to Eqs. (19) and (20). The total ignition energy
is evaluated as the sum of Eig,thermal and Eig,radical. Fig. 3 indicates the
influence of ignition energy on the development of a flame. With
subcritical ignition energy input, the flame kernel quenches after the
ignition source switched off. In such situation, the flame kernel does not
reach Rcr, and SSF does not appear, i.e., ignition failure. Existing studies
have demonstrated that the flame structure at R=Rcr is inherently un-
stable [27]; any slight increase in flame radius leads to spontaneous
evolution towards SSF.

In Fig. 3, the minimum ignition energy Emin is symbolized by the red
(thickened) dashed and solid lines. The Emin is clarified as the lowest
threshold of required for the flame kernel to arrive at Rcr. This concept is
based on idealized conditions rooted in the simplified theoretical model,
which is different from the stochastic description of minimum ignition
energy for conventional spark ignition process. For ignition source with
uniform intensity, the ignition energy deposition is quantified by igni-
tion duration. For tT=tZ=1.77, the kernel quenches near Rcr. Conversely,
a minor increment in the ignition duration to tT=tZ=1.78 allows the
kernel to exceed Rcr, which autonomously transitions to an SSF. For
Eig→Emin, the propagation speed of flame kernel tends to be vanishingly
small as R→Rcr, which defines the critical ignition state, as indicated in
Fig. 3. Further increasing ignition energy, i.e., tT=tZ=2.0, the valley of
RU-diagram curve is elevated, suggesting that flame kernel gains
stronger capability in propagation and ignition process becomes more
readily.

Fig. 4 presents the variation of Emin with heating power of ignition
source QT. The Emin determined by pure thermal ignition source is
compared with that obtained by heat and radical ignition sources
composed of both heat addition and radical deposition. Regardless of the
ignition source type, the Emin exhibits a non-linear behavior as QT is
increased. For both types of ignition sources, there exists a lower
threshold value of heating power, below which the flame kernel does not
reach Rcr even if the ignition source is maintained for an extended
period. At lower heating powers, an increase in QT leads to decrease in
Emin, suggesting that higher heating power provides a strengthened
impetus to the flame kernel, resulting in more robust propagation.

Nevertheless, the trend reverses with further increases in QT, where
the Emin begins to rise again. This can be attributed to the reduced
ignition duration. The flame kernel with small radius experiences high
rate of losses in both heat and radical. When the ignition duration is
reduced, these loss effects severely lower the efficiencies in thermal
energy and radical accumulation at the flame kernel front. Conse-
quently, to sustain the flame kernel propagation and arrive at Rcr, a
greater amount of ignition energy is necessary. It is interesting to see
that the thermal component of Emin required by a heat and radical
ignition sources is consistently lower than the Emin necessary for a purely
thermal ignition source. This occurs even though the heat and radical

ignition sources inherently accounts for a higher total Emin, which
consists of both thermal and equivalent radical energy. It is suggested
that heat and radical ignition sources holds the potential to lessen the
thermal load on ignition devices, offering a more efficient ignition
strategy by exploiting the synergistic effect between the thermal and
radical energies of the ignition source.

Fig. 5 shows the variation of energy deposition over time. The area
enclosed by the different curves in Fig 5 represent the total ignition
energy. The equal areas ensure that the same amount of ignition energy
is delivered with different rate profiles. In the previous discussion, the
ignition source is characterized by uniform rate profile for both heat and
radical release. However, in practical situations, the rate profiles can
change with time. Fig. 5 compares the typical types of rate profiles
characterizing ignition source. The functional forms of individual rate
profiles are given as follows: (1) uniform, qT,uniform=(Eig/tT)/{1+exp
(-kr(tT-t))}, (2) trigonometric, qT,trigonometry=(Eig/tT)(π/2)sin(πt/tT), and
(3) Gaussian qT,Gaussian= (Eig/σ

̅̅̅̅̅̅
2π

√
)exp{-[(t-tT/2)/σ]2 /2}. The kr and σ

are geometric factors that shape the rate profiles for ignition source,
influencing the intensity of energy input over time. In this model, we
specify kr=10 to ensure that the decline in the magnitude is steep
enough to significantly differentiate the early and late stages of the
ignition energy deposition. We specify σ=tT/5 to balance between a too
narrow focus profile, which may not accurately reflect the practical
energy distribution and a too broad spread profile, which could diminish
the peak’s impact on ignition.

Fig. 6 illustrates the significant influence of rate profiles character-
izing an ignition source on the evolution of a flame kernel. The uniform
rate profile tends to give a strong initial push to the flame kernel, which
is beneficial in rapidly expanding the flame front. However, as the en-
ergy continues at a constant rate, it may not be as effective in sustaining
the flame kernel growth over longer durations, especially as the kernel

Fig. 3. Flame kernel evolution subject to thermal energy and radical deposi-
tion, with uniform rate of thermal and radical release, i.e., QT=qradicalQZ=1.0.

Fig. 4. Variation of minimum ignition energy with uniform heating powers.

Fig. 5. Uniform, trigonometry and Gaussian types of rate profiles of ignition
source with the same Eig and tT (or tZ).
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moves away from the ignition source, where heat and radical loss be-
comes significant. The trigonometric rate profile provides an initial
moderate energy input that increases over time, reaching maximum at
the midway of ignition duration. This can help maintain the expansion
of the flame kernel more steadily, counteracting the heat and radical loss
as the flame kernel expands. The gradual increase in energy can support
ongoing combustion processes more effectively than a constant rate,
particularly after the initial kernel formation The Gaussian rate profile is
characterized by more focused energy input, creating a powerful burst
that can significantly enhance the kernel’s temperature rise and radical
accumulation at the flame front. The Gaussian profile is especially
effectively in overcoming the heat and radical losses, ensuring that the
flame kernel can more readily evolves into a self-sustaining spherical
flame. This suggests that both timing and concentration of energy
deposition are crucial in achieving efficient ignition, especially under
challenging conditions, e.g. high Lewis numbers.

Fig. 7 presents the variation of Emin with LeF. As LeF increases, the
flame ignition becomes more difficult, and the value of Emin rises
consistently. Specifically, the Emin for a uniform rate profile exceeds
those of trigonometric and Gaussian profiles. While the ignition source
with Gaussian rate profiles requires the least energy deposition leading
to successful premixed flame ignition, which confirms its high ignition
efficiency. For LeF>1, there exists approximately linear relationship
between the Emin and LeF regardless of types of rate profiles, as indicated
by the dashed lines in Fig. 7. Specifically, the Gaussian rate profile has
lower slope of the Emin-LeF line, suggesting its effectiveness in mitigating
the adverse effects of large LeF in forced ignition process.

For LeF<1, the approximate linear relations between LeF and Emin
become less substantiated. It can be understood that the critical ignition
radius decreases with LeF. A shorter Rcr implies that the transition from
expanding kernel to self-sustained spherical flame is more dominated by
the ignition source rather than the differential diffusion effect

characterized by Lewis number. Therefore, the variation of Emin with LeF
tends to flatten rather than maintaining a constant linear slope. More-
over, the discrepancies in Emin across different rate profiles of ignition
source reduce accordingly.

4. Concluding remarks

In this work, we conduct a theoretical analysis of forced ignition in
premixed flame using a simplified two-step reaction mechanism. This
theoretical framework takes into account the kinetics of both chain-
branching and recombination reactions and examines their interplay
during forced ignition process. Based on rigorous mathematical formu-
lation, an implicit ordinary differential equation, i.e., Eq. (14), is
derived, which elucidates the transient evolution of flame kernel subject
to heat and radical ignition sources comprising both heat and radical
deposition. The present formulation involves normalizing the propaga-
tion speed of SSF in consistency of the nondimensionalization process.
This enables to determine the chemical heat release due to radical
consumption qradical, which forms a crucial link between thermal and
radical ignition and allows for the definition of an equivalent radical
energy.

The RU-diagram reveals the profound influence of Lewis number on
flame kernel development. The findings show that an increase in LeF
lowers the fuel supply rate at the flame kernel front, while a decrease in
LeZ intensifies radical diffusion, impeding radical accumulation at flame
kernel front. Both phenomena pose negative impacts to the forced
ignition process. Notably, the minimum ignition energy demonstrates an
almost linear increase with fuel Lewis number.

Two critical parameters characterizing the ignition source are iden-
tified, i.e., the rate profile and ignition duration. The rate profile governs
the temporal distribution of ignition energy to the combustible mixture.
While the ignition duration quantifies the total energy deposited. For
uniform rate profile, a critical heat power QT,cr exists, below which the
flame kernel fails to reach Rcr, regardless of extended ignition duration.
For QT>QT,cr, the Emin shows a non-linear relation as increasing QT. At
lower QT, the reduction in Emin is attributed to the vitalization of flame
kernel by enhanced heating. Conversely, at moderately high QT, the
shortening of ignition duration lowers the efficiency of ignition energy
accumulation, and thus needs more ignition energy support to the flame
kernel approaching Rcr.

Comparing Emin obtained by heat and radical ignition sources and
pure heating ignition source, it suggests that the heat and radical igni-
tion sources possesses the potential mitigating the thermal load on
ignition system. It can be understood that the heat and radical ignition
sources has the capability to exploit the synergistic effects of heat and
radical in forced ignition process.

To investigate the effect of rate profiles of ignition source, we
considered three typical rate profiles, i.e., uniform, trigonometric and
Gaussian. The results indicates that the Gaussian rate profile requires the
least Emin for flame kernel transitioning to SSF, and thus is identified as
the most efficient for forced ignition. The mechanism can be interpreted
that the Gaussian profile delivers a more focused ignition energy input,
which effectively overcomes the heat and radical losses at the flame
front, especially under large LeF conditions.

For analytical tractability, the current formulation is established
based on mass diffusive model, which regards the density and molecular
transport and thermodynamic properties as constants. In practical en-
vironments, these properties often vary with temperature and compo-
sition, which could influence ignition and combustion dynamics. The
theoretical model employs simplified two-step reaction mechanisms
that might not fully represent the complex chemical kinetics for various
types of fuels, potentially affecting the predictive accuracy in real-world
combustion scenarios. The current framework is restricted to quiescent
conditions and omits the influence of flow dynamics. Nevertheless, the
flow of combustible mixture is prevalent in many practical combustion
situations, and more importantly is induced by fluid expansion under

Fig. 6. Effect of rate profiles of ignition source on flame kernel development.

Fig. 7. Variation of minimum ignition energy with LeF.
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exothermic reaction in ignition process. Future studies should aim to
incorporate more complex reaction kinetics and to account for variable
properties. Additionally, it would be interesting for future works
investigating the effects of convection, which could significantly
advance the fundamental knowledge on dynamics of flame kernel
development and premixed ignition.

Novelty and Significance Statement

The novelty of this research lies in its comprehensive theoretical
analysis on forced ignition in premixed flames, unveiling the influence
of heat and radical ignition sources comprising both heat and radical
deposition. Employing a simplified two-step reaction mechanism, an
implicit ordinary differential equation is derived, which provides
nuanced understandings on the dynamics of flame kernel propagation.
This work is crucial in fundamental combustion research and represents
a novel exploration that has not been addressed in previous studies.

It is significant because it advances the fundamental knowledge of
combustion physics, especially highlights the role of radical deposition
in forced ignition process. The comparative analysis of different ignition
source rate profiles underscores the superior efficiency of Gaussian
profile. This research provides theoretical support on the optimization of
efficient ignition strategies for advanced combustion systems and im-
poses lasting impact on future studies.
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