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Detonation initiation in a supersonic reactive flow constitutes a crucial problem in
fundamental combustion research and meanwhile receives great attention in the application
of detonation-based propulsion systems. In this paper, we conduct theoretical analysis on
detonation initiation induced by thermal nonuniformity. The underlying mechanism for
detonation initiation is attributed to the self-strengthening coupling between the reaction
front and the induced shock wave. A detonation initiation factor is introduced to quantify
the capability of the thermal nonuniformity in causing detonation initiation. The initiation
factor changes nonmonotonically, with the temperature difference describing the thermal
nonuniformity. We find that there exist three regimes of detonation initiation. A threshold
temperature difference of the thermal nonuniformity below which detonation initiation
cannot take place is identified. Additionally, it is found that the temperature profile of
the thermal nonuniformity has a substantial impact on detonation initiation. The creation
of an additional induced shock wave on the reaction front due to the downward convex
temperature profile significantly improves the initiation condition for weak thermal nonuni-
formities with relatively small temperature difference. Moreover, two-dimensional analysis
is also conducted, considering the convective transport in the transverse direction. It is
shown that the transverse heat transfer reduces the curvature of the reaction front, which
promotes (inhibits) detonation initiation for strong (weak) thermal nonuniformity with
large (small) temperature difference. In the present analysis, we provide useful insights
into detonation initiation in a supersonic reactive flow.
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I. INTRODUCTION

Combustion waves in flammable mixtures can be categorized into two modes: deflagration
and detonation. According to gas dynamics of reactive flow, propagation of deflagration in a
combustible mixture leads to little change in pressure, while the passage of detonation causes
considerable increase in pressure due to the shock compression [1–3]. The inner structure of
deflagration/premixed flame is dominated by chemical reaction and molecular transport (i.e., heat
conduction and mass diffusion), whose balance determines the subsonic flame propagation speed
relative to unburned gas [2,4]. Unlike deflagration, detonation propagates in supersonic speed, and
molecular transport has little influence on detonation propagation. The inner structure of detonation
relies on the self-strengthening interaction between the leading shock wave and the subsequent
reaction zone [4,5].
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Compared with deflagration, detonation helps to achieve faster heat release rate, higher thermal
efficiency, and more compact engine structure [6,7]. Therefore, detonation has promising appli-
cations in propulsion systems. There are mainly three types of detonation engines, i.e., pulsed
detonation engines (PDEs) [8,9], rotating detonation engines (RDEs) [10,11] and oblique detonation
engines (ODEs) [12,13]. A PDE consists of a long tube filled with reactive mixture, which is
ignited by a strong energy source. The resulting deflagration accelerates and eventually transitions
to detonation, producing high pressure that is converted into thrust. Subsequent to completion of the
reactant, the tube should be resupplied with fresh mixture and ignited again, and the engine enters a
new cycle [6]. In the cylindrical combustion chamber of an RDE, a detonation wave propagates in
the azimuthal direction, converting the reactant mixture into hot products and releasing heat [10].
In contrast with periodic refueling and detonation initiation in a PDE, the fuel and oxidizer are
constantly injected into the combustion chamber, allowing the detonation to propagate continuously.
As a result, an RDE can provide continuous thrust [14]. Despite analogous configuration between
an ODE and a scramjet, i.e., the hypersonic inflow is compressed by an oblique shock wave at the
inlet of the engine, the subsequent combustion process differs essentially. In the case of an ODE,
the combustible mixture is converted into a hot product via an oblique detonation wave instead of
combustion stabilized by flame holders such as a strut and a cavity in a scramjet [15]. Because of
the self-strengthening behavior between the leading shock wave and the following reaction zone,
the combustion process through oblique detonation tends to be more vigorous and robust [16].
Moreover, compared with PDEs and RDEs, an ODE is more suitable for hypersonic flight with a
higher Mach number [16].

Detonation initiation plays an important role in the performance of detonation engines. There
exist two basic approaches for detonation initiation, i.e., direct initiation [17,18] and deflagration-
to-detonation transition (DDT) [19,20]. Direct initiation requires a significant amount of external
energy input at a sufficiently high power [21]. Clarke et al. [22] conducted a theoretical study on
the direct initiation of planar detonation. They thoroughly analyzed the characteristic time scales
of the principal processes, such as the acoustic wave propagation, unsteady heat conduction from
the igniting source, and chemical reaction. He and Clavin [18] developed a criterion for the direct
initiation of cylindrical and spherical detonations by a localized ignition source. A critical initiation
radius was identified, above which detonation can propagate outwardly in a self-sustained manner.

The energy of direct detonation initiation is exceedingly higher than that for conventional ignition
of deflagration [19,21]. The difficulty of direct initiation implies that detonation usually results from
the DDT process in practical situations. Ciccarelli and Dorofeev [23] gave a review on DDT and
demonstrated that DDT consists of two stages, i.e., the creation of a suitable condition for detonation
onset and the subsequent detonation development. The second stage of detonation development is
mainly induced by the reactivity gradient of the combustible mixture. According to the gradient
theory of Zel’dovich [24], the propagation speed of reaction front ufront is inversely proportional
to the gradient of ignition delay time τig, i.e., ufront ∼ (∇τig)−1. Five modes of reaction front prop-
agation were identified, i.e., thermal explosion or homogeneous autoignition, supersonic reaction
front propagation, detonation development, subsonic reaction front propagation, and deflagration.
Detonation initiation requires the strong coupling between the chemical reaction and its induced
shock wave, which in general results from continuous collapse of compression waves propagating
at the speed of sound uacoustic [25]. Therefore, the critical condition for detonation initiation can
be interpreted as uacoustic ∼ ufront, at which the coherent coupling between the chemical reaction
and the pressure wave occurs [24,26]. Lee et al. [21] proposed a generalized interpretation to the
spontaneous transition from deflagration to detonation without an external ignition source based on
the so-called shock wave amplification by coherent energy release mechanism. The preparation of a
suitable condition for detonation wave onset can be achieved through multiple routes [27–29] since
the reaction rate and ignition delay time depend on temperature and pressure as well as the mixture
composition [30,31]. Authors of existing studies have demonstrated that detonation development
can be induced by thermal stratification in a hot or cool spot [27,32] and by spatially varying the
equivalence ratio [33,34].
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The reaction rate constant usually exhibits in Arrhenius form with large activation energy being
sensitive to temperature variation. Therefore, thermal nonuniformity or thermal stratification has
a great impact on reaction front propagation and plays a decisive role in detonation initiation.
Gu et al. [26] studied the autoignition of stoichiometric H2/CO/air mixtures. They proposed the
detonation peninsula for detonation development induced by a hot spot in terms of a normalized
temperature gradient in the hot spot ξ . Dai et al. [35,36] analyzed the autoignition and detonation
formation in hydrocarbon/air mixtures by a hot spot through a series of numerical studies. In
addition, numerical simulations showed that detonation development induced by autoignition in
a hot spot may produce strong pressure oscillation in a closed chamber, which is known as super
knock. Such a phenomenon can be alleviated by arranging the temperature gradient of the hot spot
so that detonation development is induced by shock/pressure waves reflected from the end wall.
Pan et al. [37] conducted numerical simulations to identify a detonation peninsula for different
fuels. Luong and Im [38] conducted two-dimensional simulations on the detonation development
regime induced by temperature inhomogeneities under engine conditions. They proposed a revised
model which considers the multidimensional effect resulting from the interaction and collision of
multiple ignition kernels. In addition, the effects of a negative temperature coefficient were assessed
by adopting dimethyl ether as a fuel.

The above studies on detonation initiation induced by a hot spot are mainly related to super
knock occurring in internal combustion engines. In those studies, the reactant was assumed to
be quiescent or to have low flow speed. However, in typical detonation engines, such as an
ODE, the combustion process is always associated with supersonic airstream, which leads to a
series of intensive compressive waves [39–41]. The ensuing shock-shock and shock-reaction front
interactions inevitably lead to spatially dispersed thermal nonuniformities. Therefore, it is important
to understand detonation initiation due to thermal nonuniformity in a supersonic reactive flow. Such
a topic receives little attention in the literature and is address in this paper.

Unlike in previous studies in quiescent environments [26,35,36], in this paper, we emphasize
the interaction between shock waves and reaction fronts in supersonic reactive. The objective of
this paper is to interpret the process of detonation development induced by thermal nonuniformity,
advancing fundamental understandings of the mechanism underlying detonation initiation. The flow
velocity contributes to the continuous formation and collapse of compression waves, thereby inten-
sifying or weakening the shock-reaction front coupling depending on the temperature difference
characterizing the thermal nonuniformity. Specifically, we present a theoretical and numerical study
on the interaction between the reaction front and the induced shock wave resulting from spatially
varying the temperature profile. The capability of the thermal nonuniformity leading to detonation
initiation is examined by analyzing the intensity of the interaction between the reaction front and
the induced shock wave. This paper is organized as follows. In Sec. II, the theoretical model
describing the detonation initiation is introduced. In Sec. III, the process of detonation initiation
is analyzed based on the simplified one-dimensional model, neglecting the convective transport
in the transverse direction. The initiation factor ηinitiation is proposed to quantify the capability of
the thermal nonuniformity, leading to the appearance of detonation wave in supersonic reactive
flow. In Sec. IV, a two-dimensional formulation is proposed, considering the convective transport in
the transverse direction. The effects of transverse convection on detonation initiation are assessed.
Concluding remarks are given in Sec. V.

II. THEORETICAL MODEL

The governing equations for the reactive supersonic flow are based on the conservation laws of
mass, momentum, energy, and species. Specifically, they are given as the following:

Continuity equation:

∂ρ

∂t
+ ∇ · (ρu) = 0, (1)

where ρ is the density, and u the velocity vector;
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FIG. 1. Schematic of the thermal nonuniformity in supersonic uniform flow.

Momentum equation:

ρ
∂u
∂t

+ ρu · ∇u = −∇p + ∇ · τ, (2)

where p is the pressure, τ the viscous stress tensor;
Energy equation:

ρcp

(
∂T

∂t
+ �u · ∇T

)
= ∇ · (λ∇T ) + � + q̇, (3)

where cp is the heat capacity at constant pressure, λ the thermal conductivity, T the temperature, �

the viscous dissipation rate, and q̇ the heat release rate from chemical reactions;
Species equation:

ρ
∂Yi

∂t
+ ρu · ∇Yi = ∇ · (Di∇Yi ) + ω̇i, (4)

where Yi is the mass fraction of species i, Di the diffusion coefficient of species i, and ω̇i the rate of
production (or consumption) of species i due to chemical reaction.

In this paper, we aim to assess the fundamental mechanism of oblique detonation initiation by
thermal nonuniformity imbedded in a supersonic and uniform reactive flow at velocity U. The
schematic is shown in Fig. 1. The thermal nonuniformity is represented by a specific temperature
profile in the traverse direction (i.e., the y direction). For analytical tractability, we have made a few
assumptions and simplifications:

(1) Streamwise dominance: The streamwise direction of the uniform supersonic flow is assumed
to coincide with the x direction. This assumption enables the reduction of the governing equations
to a one-dimensional form along the x direction, primarily considering the convective effects in the
streamwise direction while neglecting the transverse velocity components. This simplification is
valid for high Mach number flows where the streamwise momentum dominates, and the transverse
velocity components are relatively small.

(2) Negligible viscous and conductive effects: In supersonic flows, particularly those involving
high Mach numbers, the effects of viscous stresses and heat conduction are small compared with
the convective transport of mass, momentum, and energy. The characteristic time scales for heat
conduction tconduction ∼ L2/α and mass diffusion tdiffusion ∼ L2/D, where α is the thermal diffusivity
and D is the mass diffusivity of the mixture, are significantly larger than the acoustic time scale
tacoustic ∼ L/ae, where L is a characteristic length and ae is the speed of sound at the inlet. The ratio
tacoustic/tconduction (or tacoustic/tdiffusion) is proportional to the Knudsen number Kn [42], which is very
small (i.e., Kn � 1) in the continuum limit. Therefore, viscous and conductive effects are neglected,
allowing the formulation to be based on the Euler equations.

(3) Constant properties: The thermophysical properties such as specific heat capacity cp, thermal
conductivity λ, and diffusivity coefficients α and D are assumed to be constant throughout the flow.
This assumption simplifies the analysis by focusing on the essential effects of chemical reactions
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FIG. 2. Various temperature distributions at the inlet of the supersonic flow characterized by the geo-
metric parameters αT . The temperatures at two boundaries are Te(y = 0) = T0 = 1200 K and Te(y = h) =
T1 = 900 K.

and flow dynamics without introducing additional complexities associated with variable properties,
which may change significantly with temperature or pressure variations.

(4) Steady-state assumption: The flow is assumed to reach a steady state, wherein all flow
properties, e.g., velocity, pressure, temperature, and species concentration, are functions of spatial
coordinates. By assuming steady-state conditions, the time derivatives in the conservation equations
are set to zero, reducing the complexity of the mathematical formulation and focusing on the balance
between convective transport, chemical reactions, and other relevant processes in the flow field.

For mathematical simplicity, we adopt the one-step model to describe the chemical reaction:

F → P + Q, (5)

where F refers to reactant, P the product, and Q the chemical heat per unit mole of reactant. The
reaction rate follows the Arrhenius law:

ω = BcF exp

(
−Ta

T

)
, (6)

where B is the frequency factor and Ta the activation temperature, and T and cF , respectively, are
the temperature and molar concentration of the reactant.

The thermal nonuniformity is characterized by the temperature distribution at the entrance, which
can be modeled in the following form, i.e.,

Te = T0 − (T0 − T1)
( y

h

)αT

, (7)

where T0 and T1 refer to the temperatures at the lower and upper bounds, respectively, h the
spatial dimension of the thermal nonuniformity, and αT a geometric parameter that determines
the geometry of the temperature distribution. Depending on thermodynamic and fluid dynamic
conditions, the temperature profile could be either upward convex (corresponding to αT > 0)
or downward convex (corresponding to αT < 0), as indicted in Fig. 2. Particularly, the linear
temperature profile is reproduced by setting αT = 1.0. In this paper, we consider the case of T0 > T1

and fixed T0 = 1200 K.
Before conducting theoretical analysis, the boundary conditions of the supersonic flow should be

specified, and the key assumptions and simplifications must be addressed. In this theoretical model,
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we assumed isobaric conditions, i.e., p = pe, at the entrance x = 0 upstream of the reaction front,
where the mixture remains in a nearly frozen state, without significant heat release or transverse
heat conduction. This simplification allows us to define a uniform pressure distribution across
the transverse direction at the entrance, compatible with the isobaric parallel flow assumption.
However, nonzero transverse temperature gradient T = Te(y) implies a corresponding transverse
density gradient, i.e., ρe(y) = pe/[(γ − 1)Te(y)]. This transverse density gradient complicates the
flow dynamics, especially when the chemical heat release (ω �= 0) disrupts the initial isobaric
condition. The inclusion of this transverse density gradient in the flow field formulation is crucial
to accurately capturing the effects of thermal nonuniformity and transverse heat transfer on the
detonation initiation mechanism. However, due to mathematical complexities, a comprehensive
interpretation of the influence of density gradient during detonation initiation process is beyond
the scope of the current theoretical model.

The boundary conditions at the entrance [x = 0: T = Te(y), p = pe, u = U , and v = 0] represent
an idealized case, which is intended to simplify the theoretical framework and enable analytical
tractability. In practice, achieving such conditions for a high-temperature reactive mixture with
a short induction time is challenging due to the difficulty in maintaining a uniform transverse
temperature gradient and pressure distribution in real-world scenarios. However, we also noted
that temperature nonuniformity in supersonic flows is a common phenomenon in hypersonic air-
breathing engines, where air entering the combustor at supersonic speeds undergoes uneven heating
due to compression, shock-boundary layer interactions, and localized heat release [43,44]. These
processes naturally lead to nonuniform temperature fields, which can significantly affect ignition
and flame stability, creating complex combustion dynamics similar to the thermal nonuniformities
modeled in this paper. Adopting such idealized boundary conditions, the current theoretical model
isolates the key mechanisms driving the initiation process without the added complexities of variable
boundary conditions. This approach allows us to derive fundamental insights into the physics of
detonation initiation that might be obscured by the numerous interacting factors present in real-
world scenarios. These idealized conditions serve as a necessary baseline for theoretical analysis,
providing a controlled environment to understand the primary effects of thermal nonuniformity on
detonation initiation.

In reactive flow, a chemical reaction proceeds in association with the motion of a fluid ele-
ment in the streamwise direction. According to Rayleigh’s criterion [45], the heat release from
an exothermic reaction produces pressure waves, which leads to fluid element movement in the
transverse direction. Thus, the passage of supersonic reactive flow through thermal nonuniformity
is a two-dimensional problem. Nevertheless, the uniform flow at the inlet is highly supersonic,
which allows us to assume streamwise dominance of the flow field, i.e., the transverse velocity is
substantially smaller than that in the streamwise direction. Based on this hypothesis, the governing
equations can be simplified into one-dimensional form by neglecting the convective heat and mass
transfer in the transverse direction. The simplified one-dimensional problem is considered in the
next section. The rigorous two-dimensional analysis considering transverse convection shall be
discussed in Sec. IV.

III. ONE-DIMENSIONAL ANALYSIS ON DETONATION INITIATION

A. Reaction front profile

Supersonic reactive flow passing through the thermal nonuniformity at the entrance results in
autoignition at certain streamwise distance, which depends on the transverse elevation y. This
indicates that the coordinates corresponding to autoignition onset constitute a two-dimensional
curve, which anchors in the flow field when steady state is achieved after a sufficiently long
time. Adopting the simplifications (1)–(4), the governing equations are reduced to steady, two-
dimensional Euler equations. In this section, we may first neglect the interaction between adjacent
streamlines and regard the transverse coordinate as a parameter, while this parameter varies with
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initial temperature Te of the fluid element entering the supersonic flow field. Converting the mass
fraction to concentration in the species equation, the mathematical formulation can be organized in
one-dimensional form, i.e.,

ρcpU
dT

dx
= Qω, (8)

U
dcF

dx
= −ω. (9)

In terms of the spatial dimension of the thermal nonuniformity h and the uniform flow velocity U ,
we define the nondimensional coordinates and time as

x̃ = x

h
, ỹ = y

h
, t̃ = tU

h
. (10)

In reactive flow, the temperature variation within a fluid element is primarily due to chemical heat
release. Therefore, the nondimensional temperature and normalized reactant molar concentration
are conventionally defined as

T̃ = T

�Treaction
, c̃F = cF

cF0
, (11)

where cF0 is the molar concentration of the reactant at the entrance (i.e., x̃ = 0), and �Treaction is the
increase of temperature due to chemical reaction, i.e., �Treaction = QcF0/ρcp. A conserved coupling
function can be constituted as β = T̃ + c̃F satisfying

dβ

dx̃
= 0. (12)

Solving Eq. (12) subject to boundary conditions T̃ (x̃ = 0, ỹ) = T̃e(ỹ) and c̃F (x̃ = 0, ỹ) = 1, we
have the following linear correlation between T̃ and c̃F :

c̃F = 1 + T̃e − T̃ . (13)

Substituting Eq. (13) into Eq. (8) and organizing in nondimensional form, we obtain

dT̃

dx̃
= B̃(1 + T̃e − T̃ ) exp

(
− T̃a

T̃

)
, (14)

where B̃ = Bh/U is the nondimensional reaction frequency factor. For reactive flow, the chemical
reaction proceeds as the fluid element moves downstream. The reaction length L̃reaction is defined
as the nondimensional distance from the inlet to the streamwise coordinate where the reactant is
completely depleted. Due to large activation temperature, a vigorous reaction is concentrated at an
extremely thin region in the vicinity of x̃ = L̃reaction. Because of thermal nonuniformity, the reactivity
of fluid elements varies across different streamlines. It suggests that the reaction length L̃reaction

shall be treated as a function of the transverse coordinate, i.e., L̃reaction = L̃reaction(ỹ). The analytical
expression of the reaction length can be obtained by integrating Eq. (14), yielding

L̃reaction(ỹ) = 1

B̃

∫ 1+T̃e

T̃e

exp(T̃a/T̃ )

1 + T̃e − T̃
dT̃ . (15)

The integral on the right-hand side diverges as T̃ → 1 + T̃e, which can be attributed to the
substantial fall of the reaction rate due to depletion of the reactant in the mixture. It leads to a
long streamwise distance over which the reactant concentration remains infinitesimally low and
thus should not be included in the reaction length. Therefore, the upper limit of the integral in
Eq. (15) should be revised to 1 + T̃e − ε, with ε � 1, to cut off the unphysical long tail of reaction
length. In this paper, the parameter ε is fixed to be ε = 0.001, and it has been tested that the reaction
front remains unaltered with further reducing of the magnitude of ε. Obtaining a finite reaction
length by adjusting the upper limit of the integral on the right-hand side of Eq. (11) is an artificial
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FIG. 3. The reaction front in a supersonic flow of a stoichiometric hydrogen/air mixture subject to linear
temperature profiles with T̃0 = 0.6. The scattered symbols refer to numerical simulation results corresponding
to individual upper boundary temperatures, i.e., black squares for T̃1 = 0.15, red circles for T̃1 = 0.25, blue
upward triangles for T̃1 = 0.35, purple downward triangles for T̃1 = 0.45, and orange diamonds for T̃1 = 0.55.
The lines represent results predicted by Eq. (11).

approach and does not correspond to the induction length in a rigorous sense. It is noted that, in the
context of a one-step Arrhenius law with a large reduced activation energy (β = Ta/T0 � 1), the
induction length should be defined in the limit β → ∞ using a small relative increase in temper-
ature (T − Te)/Te = 1/β, as established in detonation theory. This definition provides a precise
characterization of the induction length, distinguishing it from the total reaction length, which
comprises both the induction and heat release zones, such that Lreaction = Linduction + Lheat-release. Due
to the large activation energy, the heat release zone is highly localized and significantly shorter
than the induction length, i.e., Lheat-release � Linduction. In the asymptotic sense, it is expected that
Liduction/Lreaction ≈ 1 − 1/β. Thus, the current approach provides a reasonable approximation of
the induction length, while the implications of employing the artificial cutoff method have been
clarified to enhance the understanding of this approximation within the theoretical framework. We
recognize that this method does not fully adhere to a rigorous large activation energy asymptotic
analysis, which is indicated by the singularity when evaluating the reaction length using the integral
in Eq. (11). This singularity arises due to the separation of induction length and heat-release length.
The introduction of small parameter ε, avoiding numerical divergence in the integral calculation,
allows a consistent approximation of the reaction front position. By adopting this approach, the
model focuses on capturing the key interactions driving detonation initiation while balancing
complexity and solvability.

In this paper, we consider a stoichiometric H2/air mixture. For this mixture, the reaction rate
frequency factor B = 1.0 × 108 s−1 and activation temperature Ta = 12 800 K are determined by
fitting the ignition delay time calculated from simulation using detailed chemistry. Based on thermo-
dynamic calculation, the temperature growth due to chemical reaction is around �Treaction = 2000 K.

The temperature profile at the entrance Te = Te(y) is characterized by lower and upper temper-
atures T̃0 and T̃1 as well as the geometric parameter αT . The reaction length at each transverse
coordinate can be determined through Eq. (15). Figure 3 shows the reaction front curve correspond-
ing to the linear temperature profile with αT = 1.0 and T̃e(ỹ = 0) = T̃0 = 0.6 (i.e., T0 = 1200 K).
The reaction front constituted by the coordinates of ignition locations, i.e., (L̃reaction, ỹ) bends toward
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the downstream direction when the upper boundary temperature falls. This is because the relatively
lower temperature at a larger transverse coordinate results in significant reduction in the reaction
rate and thus substantially elongates the reaction length.

To validate the theoretical predictions, we also conducted a numerical calculation of the reaction
front induced by thermal nonuniformity, which is described by linear temperature distribution
at the supersonic flow inlet. The detailed kinetic model developed by Burke et al. [46] for hy-
drogen is adopted, which incorporates 27 reversible elementary reactions involving nine species
(H2, O2, H2O, H, O, OH, HO2, H2O2, and N2). The thermodynamic properties of these species are
evaluated using the nine-coefficient NASA polynomial formulas [47]. Though Fig. 3 shows quanti-
tative difference between theoretical prediction (lines) and numerical results (symbols), which may
be attributed to the simplified one-step chemical model adopted in the theoretical formulation, the
variation trend of the reaction front predicted by theory agrees well with that from simulations.

B. Compressing Mach waves generation

The onset of autoignition in a combustible mixture is associated with substantial heat release
from chemical reaction. It leads to sudden expansion of the fluid element and thereby produces
compression waves [48]. In such a supersonic flow field, the compression waves can be treated as
Mach waves which propagate at the Mach angle with the streamwise direction [49]. The Mach angle
can be determined in terms of the Mach number M, i.e.,

αM = arcsin
1

M
. (16)

Because of thermal nonuniformity, the local sound speed changes along the transverse coordi-
nate, and so does the Mach number and Mach angle. Consequently, the Mach waves originating
from distinct points on the reaction front are not parallel with each other, and thereby, they may
collapse, leading to shock wave formation on the downstream side of the reaction front.

For illustrative simplicity and clarity, we first consider the downstream behavior of two Mach
waves originated from a pair of adjacent points R1 and R2 on the reaction front. To be specific,
we consider that point R2 locates beyond point R1. Therefore, their coordinates R1 = (x̃r1, ỹr1) and
R2 = (x̃r2, ỹr2) satisfy x̃r1 < x̃r2 and ỹr1 < ỹr2. The Mach wave can be considered a straight line
whose slope ks is determined by the Mach angle through ks = tan(αM ). Therefore, the coordinates
of the Mach waves generated at points R1 and R2 can be written in the following form:

ỹ − ỹri = ksi(ỹ − x̃ri ), i = 1, 2. (17)

According to principles of compressible fluid flow, the slopes of the Mach waves depend upon the
Mach number at the source point Ri, i.e.,

ksi = 1√
M2

i − 1
, i = 1, 2. (18)

Rigorously, the Mach number Mi should be calculated using the local temperature of the
concerned point on the reaction front. However, it involves the complete solution of the temperature
field in this reactive supersonic flow and thereby is exceedingly difficult to deal with analytically. For
simplicity, we evaluate the Mach number based on the state at the entrance where the temperature
distribution T̃e = T̃e(ỹ) is given by Eq. (7). Accordingly, the slope of the Mach wave as a function
of the transverse coordinate can be determined as

ksi(ỹ) = ± 1√
M2

e (ỹ) − 1
, (19)

where Me(ỹ) = U/
√

γ RTe(ỹ) is the Mach number evaluated at the inlet of the supersonic flow
field. Using the sound speed of the unburned gas to define the Mach angle for compression waves
has certain limitations. The local sound speed varies significantly within the exothermal reaction
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FIG. 4. Schematic of Mach wave generation from the reaction front.

zone due to substantial temperature changes. However, obtaining the local Mach number would
require a complete solution of the temperature field in the reactive supersonic flow, which introduces
considerable analytical complexity and is beyond the scope and analytical tractability of the current
model. This simplified approach using the inlet state to define sound speed allows for a qualitative
interpretation of the formation of compression waves and thus captures the essential behavior of the
wave-reaction front interaction.

Regarding Eq. (19), there exist two branches of Mach waves extending transversely in upward
and downward directions, which are characterized by the positive and negative signs on the right-
hand side of Eq. (19), respectively. In this paper, only the positive branch shall be retained for
consideration, which can be understood as follows. Because of the negative temperature gradient
at the inlet [T0 > T1 in Eq. (3)], the fluid element entering the flow field at higher transverse
elevation has a relatively lower reaction rate and thereby a longer reaction length, i.e., L̃reaction(ỹ2) >

L̃reaction(ỹ1) whenever ỹ2 > ỹ1. The reaction front is first initiated at ỹ = 0 with the highest temper-
ature and then advances in the transverse direction. Large activation energy of chemical reaction
implies that the mixture is almost completely converted into a product at the downstream of L̃reaction,
releasing a significant amount heat. According to thermoacoustics, the chemical heat release leads to
pressure wave generation, which in this paper is assumed to be compressing Mach waves, as shown
in Fig. 4. The reaction front, denoted by the red solid line, and the streamline passing through the
upper terminal of the reaction front, denoted by the dash-dot line, separate the reactive flow field
into burnt and unburnt regions. The positive branch of the Mach line (the blue solid line) originates
at the upper terminal of the reaction front and extends into the unburnt region, while the negative
branch (black dashed line) shall be found in the burnt region.

This physical scenario provides an interpretation of the self-strengthening mechanism of det-
onation initiation [50,51]: The chemical reaction continuously generates compression waves that
intensify the leading shock wave, and meanwhile, the shock wave accelerates the chemical reaction
due to temperature and pressure elevation. The negative branch of the Mach wave develops into the
burnt region without forming the positive feedback with subsequent chemical reaction. Therefore,
we expect that the negative branch of the Mach wave may not play a decisive role in affecting
the detonation initiation process. For a positive temperature gradient at the entrance, the scenario
turns to be the opposite situation, and accordingly, the negative branch of the Mach wave should be
considered.

C. Pressure waves and reaction front interaction

Given entrance temperature profile T̃e(ỹ), the slope of the Mach line originated from the points
R1 and R2 can be calculated from Eq. (19). Rigorously, the Mach lines should be curves because
the flow Mach number at the entrance varies due to thermal nonuniformity. Nevertheless, such a
curvature is sequentially experienced by all compressing Mach waves generated on each segment
of the reaction front as they propagate in the unburnt region. Therefore, we may assume that the
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FIG. 5. Schematics for three situations of shock wave formation by Mach wave collapse: (a) large,
(b) small, and (c) intermediate temperature gradients at the supersonic flow entrance.

compressing Mach waves are straight lines. These nonparallel Mach lines described by Eq. (17)
come cross at some point, whose coordinate can be determined as

x̃s = ks1x̃r1 − ks2x̃r2 − ỹr1 + ỹr2

ks1 − ks2
, (20)

ỹs = ks1ks2x̃r1 − ks1ks2x̃r2 − ks2ỹr1 + ks1ỹr2

ks1 − ks2
. (21)

Because of the altering curvature of the reaction front, the downstream behavior of the Mach
waves originated from adjacent points on the reaction front can be categorized into three situations,
depending on the temperature distribution T̃e(ỹ), as schematically presented in Fig. 5. The method
considers pairs of points on the reaction front to define the induced shock serves as a heuristic
framework to capture the essential mechanism of induced shock formation. It is recognized that
the actual physics underlying shock wave involves a continuous distribution of pressure waves
generated along the reaction front, which may converge or diverge depending on local conditions.

For a steep temperature profile at the entrance, Fig. 5(a) shows that the pair of Mach waves
produced at R1 and R2 may diverge as they propagate downstream. In this situation, the pair of
compressing Mach waves cannot merge and thus fails to form a shock wave. For moderate slopes of
temperature profiles at the entrance, the pair of compressing Mach waves propagates in a convergent
manner, as indicated in Figs. 5(b) and 5(c). The presence of a crossing point, given by Eqs. (20)
and (21), suggests the formation of a shock wave downstream of the reaction front, i.e., x̃s > x̃r2

and ỹs > ỹr2. Nevertheless, the appearance of a shock wave is the only necessary condition for
detonation initiation. When the shock wave induced by Mach waves appears to be nearly parallel,
the collapse resides too far away from the source points R1 and R2, such as the situation shown in
Fig. 5(b). In such a situation, it is difficult to establish effective coupling between the shock wave
and the reaction front connecting R1 and R2, and thereby, detonation initiation can hardly take place.
Therefore, only thermal nonuniformity characterized by appropriate temperature profiles can lead
to compressing Mach waves collapsing close to the reaction front, as indicated in Fig. 5(c), which
exhibits a strong tendency to form a shock wave and to induce detonation initiation.

The inclined angle of the reaction front αR varies with ỹ. Specifically, there exists a threshold
inclined angle αR,cr comparable with the Mach angle αM . For large |dT̃e/dỹ|, the reaction front
has a small, inclined angle, i.e., αR < αR,cr, resulting in the diverging Mach wave pair as shown in
Fig. 5(a). In such a situation, no shock wave is generated downstream, and thereby, no detonation
initiation happens. For small |dT̃e/dỹ|, the inclined angle αR is considerably greater than αR,cr. As
a result, Fig. 5(b) shows that the Mach wave pair converges at a large distance from the reaction
front. However, strong interplay between the reaction front and the induced shock wave cannot be
established. Therefore, detonation initiation can hardly take place. Only for intermediate |dT̃e/dỹ|
does the reaction front satisfy αR � αR,cr, which produces a converging Mach wave near the reaction
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front as shown in Fig. 5(c), and accordingly, it provides a favorable condition for detonation
initiation.

For quantitative description, it requires a characteristic pairwise distance, denoted by d̃pair,
to build the correlation between the reaction front and its generated shock wave. For uniform
temperature distribution at the inlet, the reaction front is strictly normal to the streamwise direction,
and the Mach waves emitted from the reaction front are parallel to each other. Consequently, a shock
wave cannot be produced, and thereby, detonation initiation does not happen. Therefore, the thermal
nonuniformity imbedded in the supersonic reactive plays a decisive role in detonation initiation. In
accordance, we may adopt the spatial dimension of the thermal nonuniformity as the characteristic
pairwise distance, i.e., d̃pair = 1.0.

The preceding discussion based on the Mach wave generation at sample points R1 and R2

provides a heuristic description, which can be generalized to multiple points. Statistically, we
may select a sample of points on the reaction front, whose transverse coordinates are uniformly
distributed. By discretizing the reaction front into sample points and examining the behavior of
Mach waves originating from these points, we aim to capture the key mechanisms leading to
shock formation, specifically the collapse of simple Mach waves as described by compressible fluid
dynamics [52]. This statistical treatment provides a phenomenological insight that helps bridge the
gap between theoretical descriptions and observed behaviors concerning the complex interactions
between the reaction front and the induced shock wave.

For high accuracy in statistical analysis, the sample size should be sufficiently large. Accordingly,
we set the point number to be N = 104. We have verified that the general results derived from the
statistical analysis no longer change as N further increases. The induced shock wave is formed
by sequential coalescence of Mach waves originated from the sample points on the reaction front.
The coordinates for the sample points are Ri = (x̃ri, ỹri ), with i = 1, 2, . . . , N , and the reaction
front is discretized into N − 1 segments. According to the preceding discussion, each segment on
the reaction front can produce a pair of Mach waves. Depending on the curvature of the reaction
front, the Mach waves may either diverge or converge as they propagate downstream. The shock-
inducing segment of the reaction front is defined such that it emits converging Mach waves. The
summation of the shock-inducing segment constitutes the shock-inducing interval of the reaction
front, denoted by Lsh-in. The simplified model in this paper offers qualitative insights into how the
temperature gradient, identified by thermal nonuniformity, affects the geometry of reaction fronts in
the supersonic reactive flow field. Despite that the simplified model may not fully capture all details
of shock-reaction front interactions, it provides elementary understandings on the self-strengthening
mechanism between the induced shock wave and the reaction front, leading to detonation initiation.

Analyzing the distribution of the shock-inducing segment on the reaction front, we may define
a column vector Ish-in with a unit element corresponding to the index of shock-inducing segments
on the reaction front and zero element corresponding to the rest of the segments. Summing all
elements in the column vector Ish-in gives the total number of the shock-inducing segments, which is
denoted by Nsh-in. In analogy to the discretization of the reaction front, the induced shock wave can
be represented by the Nsh-in points and Nsh-in − 1 segments connecting the adjacent points. The ratio
ηsh-in = Nsh-in/N measures the effectiveness of the reaction front in producing shock waves. A higher
value of ηsh-in means that more segments on the reaction front contribute to shock formation and
thereby facilitate detonation initiation. Nevertheless, the induced shock wave may extend remotely,
where it can hardly facilitate the chemical reaction and thus makes little contribution to detonation
initiation. Therefore, it requires spotting the portion of the reaction front that is sufficiently close
to the induced shock wave to establish its synergistic interaction leading to detonation initiation.
After discretization, the geometric characteristics of both the reaction front and the induced shock
wave can be represented by N and ηsh-in separate points, respectively. The pairwise distance between
individual points on the reaction front and the induced shock wave can be cast into the matrix S. The
element smn of the matrix S refers to the distance between the point with index m on the reaction
and the point with index n on the induced shock wave.
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FIG. 6. The distributions of reaction front and its induced shock wave in the supersonic reactive flow field
with different upper boundary temperatures, i.e., T̃1 = 0.3, T̃1 = 0.4, T̃1 = 0.5, and T̃1 = 0.532. Note that we
fix T̃e(ỹ = 0) = T̃0 = 0.6 and only change the value of T̃e(ỹ = 1) = T̃1.

With knowledge of the pairwise distance matrix S, we define the initiation segments on the
reaction front by selecting row vectors of the matrix S, which contains at least one element
si j smaller than the characteristic distance, i.e., si j < d̃pair. All initiation segments compose the
initiation interval on the reaction front, denoted by Linitiation. In analogy to Ish-in, we can introduce an
additional index column vector Iinitiation with a unit element corresponding to the initiating segment
on the reaction front and zero element corresponding to other segments.

Figure 6 shows that the overall curvature of the reaction front becomes smaller for higher
temperature at the upper boundary (i.e., smaller temperature gradient of the thermal nonuniformity).
With the help of the index vector Ish-in, the shock-inducing interval, and the induced shock wave are
respectively denoted by the red solid lines and blue dashed lines in Fig. 6. By means of the index
vector Iinitiation, we can determine the initiation interval, which contributes to shock wave formation
and meanwhile participates in the synergistic feedback. The initiation interval plays a decisive role
in detonation initiation and is represented by the thickened red lines.

The results in Fig. 6 indicate that the shock-inducing interval becomes longer for higher T̃1. This
is because the streamwise bending of the reaction reduces when T̃1 increases. This phenomenon can
be examined with the help of the critical inclined angle of the reaction front. As T̃1 increases, the
inclined angle of each segment on the reaction front grows larger, whereas the value of the critical
inclined angle αR,cr hardly changes with T̃1. Therefore, higher T̃1 corresponds to a larger proportion
of the reaction front that should be incorporated into the shock-inducing interval. Interestingly, it
is observed that the shock-inducing interval and the initiation interval no longer coincide for T̃1 =
0.50. This is explained as follows. The transverse elevation corresponding to αR,cr increases with
T̃1, and thereby the induced shock wave appears with a larger transverse coordinate. The distance
between the lower boundary to the induced shock wave exceeds the characteristic length d̃pair, and
thus, the proportion of the reaction close to ỹ = 0 should be excluded from the initiation interval.
When T̃1 becomes sufficiently high, Fig. 6 shows that the shock-inducing interval spreads over the
whole reaction front, whereas the induced shock wave becomes detached from the reaction front. In
this situation, the initiation interval rapidly shrinks and finally vanishes when the distance between
the induced shock wave and the reaction front exceeds d̃pair. This indicates that detonation can hardly
be initiated when the magnitude of the temperature gradient becomes too small.

The inner product of the index vectors Ish-in and Iinitiation gives the total number of segments on the
reaction front that both lead to shock wave generation and meanwhile participate in the synergistic
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FIG. 7. Change of the detonation initiation factor ηinitiation, with temperature at upper boundary T̃1 for
different values of d̃pair . Numerical simulation shows that detonation initiation succeeds when T̃1 < 0.525
(i.e., the vertical dashed line).

feedback with the induced shock wave. Consequently, we may define an initiation factor ηinitiation in
terms of index vectors Ish-in and Iinitiation, i.e.,

ηinitiation = Ish-inIinitiation

N
. (22)

The initiation factor ηinitiation represents the proportion of the reaction front that helps to induce
detonation initiation and thus quantifies the capability of the thermal uniformity causing detonation
initiation.

Figure 7 indicates that, for linear temperature distribution with fixed temperature of T̃0 = 0.6 at
the lower boundary, the initiation factor changes nonmonotonically with T̃1 at the upper end. As the
upper boundary temperature increases from the normal value of T̃1 = 0.30 (i.e., T1 = 600 K), there
exist sequentially the detonation initiation enhancing regime (with T̃1 ranging from 0.36 to 0.46),
the detonation initiation saturation regime (with T̃1 ranging from 0.46 to 0.53), and the detonation
initiation failure regime (with T̃1 beyond 0.54, which is very close to T̃0). Transition between those
regimes is characterized by substantial change in detonation initiation factor.

At the initiation enhancing regime, the strong bending of the reaction front substantially shortens
the shock-inducing interval on the reaction front and thereby reduces the intensity of the induced
shock wave. When T̃1 increases, the curvature of the reaction front decreases, and accordingly,
the shock-inducing interval grows, intensifying the shock wave. At such situations, the initiation
interval coincides with the shock-inducing interval, resulting in the increase of the initiation factor
ηinitiation. At some intermediate value of T̃1, the initiation factor reaches its peak value, which defines
the most favorable situation for detonation initiation. After the peak value of ηinitiation, the initiation
saturation regime appears. As T̃1 further increases, the initiation factor moderately reduces and then
rapidly falls to zero as T̃1 reaches beyond some critical value. The moderate reduction of ηinitiation

can be understood as follows. At moderate to high value of T̃1, the initiation interval tends to detach
from the lower boundary, e.g., T̃1 = 0.532 shown in Fig. 6. Despite continuous increasing of the
shock-inducing interval with T̃1, the proportion of the initiation interval on the reaction front reduces
due to the transverse elevation of the induced shock wave. At sufficiently high values of T̃1, the
reaction front and the indued shock wave move apart, which significantly reduces the possibility of
detonation initiation. The initiation failure regime is characterized by rapidly shortening and finally
vanishing of the initiation interval.
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In the preceding discussion, the characteristic pairwise distance is specified to be the spatial
dimension of the thermal nonuniformity, i.e., d̃pair = 1.0. Adopting shorter d̃pair promotes the
standard in defining the initiation interval on the reaction front. Therefore, Fig. 7 shows that the peak
value of ηinitiation drops significantly when d̃pair decreases. Nevertheless, the general characteristics of
the variation of ηinitiation with T̃1 only change slightly for different characteristic pairwise distances.
Numerical simulation results on detonation initiation are indicated by the semitransparent domains
in Fig. 7, in which the red domain denotes the regime of detonation initiation success, and the
blue domain refers to detonation initiation failure. Though the simulation results are not the same
as theoretical prediction, reasonable agreement is still achieved. Both theory and simulation show
that detonation initiation fails when the upper boundary temperature approaches that at the lower
boundary, i.e., the thermal nonuniformity becomes sufficiently weak. Numerical simulation shows
that detonation initiation succeeds when T̃1 < 0.525, which is lower than the threshold value
predicted by the theoretical model.

The physical significance of detonation initiation factor ηinitiation can be substantiated by aligning
with our recent numerical studies [53], which examined the relationship between reaction front
propagation speeds and the Chapman-Jouguet (CJ) speed under varying temperature gradients.
In that numerical simulation, three regimes for detonation initiation were identified. At low-
temperature gradient regime, the speed of the autoignition driven reaction front is much faster
than the local sound speed, and the pressure waves induced by heat release can hardly converge
ahead of the reaction zone, which aligns with the initiation failure regime presented by the current
model. At the moderate-temperature gradient regime, the local autoignition-driven reaction front
induces a series of pressure waves. Positive feedback occurs between the reaction front and the
induced pressure waves, resulting in the self-strengthening effect and thus detonation initiation,
which aligns with the initiation saturation regime predicted by the current theoretical model. At
the high-temperature gradient, the correlation between the reaction front and the induced pressure
intensifies with reducing the temperature gradient, which corresponds to the initiation enhancing
regime. These findings demonstrate that the trends observed in the numerical simulations are
consistent with our theoretical results, highlighting the critical role of the temperature gradient
in controlling the detonation initiation process. By introducing the initiation factor ηinitiation, our
model provides a qualitative measure that aligns with numerical results and captures the variability
in detonation tendencies under different thermal conditions, reinforcing the theoretical explanations
presented in this paper.

In the above discussion, we only consider the linear temperature distribution at the inlet. In
general, the temperature profile of the thermal nonuniformity exhibits as either upward convex with
αT > 1 or downward convex with αT < 1. For the given intensity of thermal nonuniformity, i.e.,
fixed T̃1 and T̃0, the reaction front corresponding to various αT ’s coincides at both upper and lower
boundaries as compared in Fig. 8(a) for αT = 0.5 and 1.0. However, the strength of the streamwise
bending of the reaction front depends on the factor αT .

Figure 8 compares the reaction front (thin black line), the shock inducing interval (think red line),
the initiation interval (thickened red line), and the induced shock wave (blue dashed line) at various
temperature profile factors αT . An interesting phenomenon occurs for temperature distribution
with αT = 0.5. The downward convexity of the temperature profile leads to rapid increase in the
reaction length and makes the reaction front downward convex [see Fig. 8(a)]. Such a geometric
characteristic of the reaction front exhibits twofold impacts on the detonation results. For moderate
T̃1, Fig. 8(a) shows that the intensified bending of the reaction front inhibits the generation of
a shock wave for T̃1 = 0.50, and thus, detonation initiation can hardly take place. However, for
sufficiently high T̃1, the downward convexity of the reaction front near the lower boundary provides
suitable conditions to induce an additional branch of a shock wave, as indicated by the blue dashed
line for T1 = 0.55 in Fig. 8(a). This additional induced shock wave remains close to the reaction
front for the downward convex temperature profile with αT = 0.55. Figure 8(a) shows that this
additional induced shock wave produces a substantially longer initiation interval than that for the
linear temperature profile with αT = 1.0.
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FIG. 8. Comparison of the reaction fronts corresponding to different temperature distributions at the inlet
for (a) αT = 0.5 (downward convex T̃e) and (b) αT = 1.5 (upward convex T̃e). Note that we fix T̃e(ỹ = 0) =
T̃0 = 0.6 and change T̃e(ỹ = 1) = T̃1 and αT . The reaction front, initiation interval, and induced shock waves
are represented by the thin black line, thickened red line, and dashed blue line, respectively.

Comparing Fig. 8(b) with Fig. 6 indicates that the initiation interval on the reaction front is
greatly extended when the thermal nonuniformity has an upward convex temperature distribution
(i.e., αT = 1.5). For instance, the induced shock wave is detached at situations with T̃1 = 0.532 for
the linear temperature profile (αT = 1.0), while it becomes attached to the reaction front when the
temperature profile changes to be upward convex (αT = 1.5), and moreover, the initiation interval
is substantially lengthened. Such a phenomenon can be attributed to slower temperature reduction
close to the lower boundary with ỹ = 0 for αT = 1.5 in comparison with that for αT = 1.0. The
reaction front corresponding to the upward convex temperature profile tends to be more normal to
the lower boundary. Such a profile of the reaction front facilitates the generation of an induced shock
wave as well as the lengthening of the initiation interval.

Figure 9 shows that the initiation factor for thermal nonuniformity with an upward convex
temperature profile (αT = 1.5) is consistently higher than that for the linear temperature profile
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FIG. 9. Change of the detonation initiation factor ηinitiation, with temperature at upper boundary T̃1 for
different values of αT . The lower boundary temperature is fixed to be T̃0 = 0.6.

(αT = 1.0). It suggests that thermal nonuniformity with an upward convex temperature distribution
has stronger capability in causing detonation initiation than that with a linear distribution. An
interesting phenomenon occurs for thermal nonuniformity with a downward temperature profile
(αT = 0.5), which generates a reaction front having downward convexity close to the lower bound
at ỹ = 0. Such a geometric characteristic of the reaction front exhibits twofold impacts on the
detonation results. For low to moderate T̃1, the intensified streamwise bending of the reaction front
exceedingly inhibits shock wave formation, and thus, detonation initiation can hardly take place.
However, for relatively high T̃1, the downward convex reaction front near ỹ = 0 provides suitable
conditions to induce an additional shock wave branch, see the blue dashed line in Fig. 8(a). This
induced shock wave remains close to the reaction front and thus substantially facilitates detonation
initiation, particularly for thermal nonuniformity with small temperature difference. Figure 9 shows
that ηinitiation for the downward convex temperature profile (αT = 0.5) is highly peaked in a regime
with T1 � T0.

IV. TWO-DIMENSIONAL ANALYSIS ON DETONATION INITIATION

A. Revised reaction front

In Sec. III, the supersonic reactive flow is assumed to be one dimensional, and the reaction
fronts and induced shock waves are derived by regarding the transverse coordinate as a parameter.
However, the pressure wave can induce convection in the transverse direction, which enhances
the thermal energy exchange between fluid elements with different transverse coordinates. Conse-
quently, the fluid element at a large transverse coordinate receives additional energy supply before
autoignition takes place. Therefore, the transverse convection tends to shorten the reaction length at
larger ỹ and thus reduces the streamwise bending of the reaction front.

The preceding discussion demonstrates that the geometric characteristics of the reaction front
plays a crucial role in detonation initiation. Therefore, a more rigorous approach dealing with
the thermal nonuniformity embedded in supersonic reactive flow must consider the effect of two-
dimensional flow field. The governing equations are revised by including the convective heat and
mass transfer in the transverse direction, i.e.,

∂T̃

∂ x̃
+ ṽ

∂T̃

∂ ỹ
= B̃c̃F exp

(
− T̃a

T̃

)
, (23)
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∂ c̃F

∂ x̃
+ ṽ

∂ c̃F

∂ ỹ
= −B̃c̃F exp

(
− T̃a

T̃

)
, (24)

where ṽ = v/U is the nondimensional transverse velocity induced by chemical heat release. The
conserved quantity β = T̃ + c̃F now satisfies

∂β

∂ x̃
= −ṽ

∂β

∂ ỹ
. (25)

Before autoignition, the uniform concentration of the combustible mixture remains almost un-
changed, i.e., c̃F = 1, implying that the transverse variation of β is characterized by the temperature
gradient there, i.e., dβ/dỹ ∼ dT̃ /dỹ. For highly supersonic flow, i.e., U � ae, the transverse
velocity induced by the pressure wave should be much smaller than the streamwise component,
i.e., ṽ � 1. Preceding to autoignition, we assume that the temperature gradient has little change
from that at the entrance, i.e.,

dT̃

dỹ
∼ dT̃e

dỹ
∼ O(1). (26)

Substituting ṽ � 1 and dβ/dỹ ∼ O(1) into Eq. (25), one obtains ∂β/∂ x̃ � 1. This suggests that
the correlation between c̃F and T̃ , given by Eq. (13), can also be adopted in the two-dimensional
situation. Substituting Eq. (13) into Eq. (25), we have

∂T̃

∂ x̃
= B̃(1 + T̃e − T̃ ) exp

(
− T̃a

T̃

)
− ṽ

∂T̃

∂ ỹ
. (27)

In analogy to Eq. (15), the reaction length can be determined in the following form:

L̃
′
reaction =

∫ 1+T̃e

T̃e

dT̃

B̃(1 + T̃e − T̃ ) exp(−T̃a/T̃ ) − ṽ∂T̃ /∂y
. (28)

The evaluation of the integral on the right-hand side of Eq. (28) requires the knowledge of the
transverse velocity ṽ, the temperature gradient ∂T̃ /∂ ỹ, and their dependence on nondimensional
temperature by means of Eq. (14).

Equation (28) introduces an additional term to account for the transverse convection effects,
which are absent in Eq. (15). This additional term arises due to the convective transport of heat
and species in the transverse direction, induced by the perturbation pressure generated by chemical
heat release. The inclusion of this term in Eq. (28) reveals how transverse convection can affect
the local temperature distribution and, consequently, the geometry of the reaction front. This
impact is particularly pronounced in regions with higher transverse temperature gradients. When the
transverse velocity component is considered, the reaction length is shortened in regions with strong
transverse temperature gradients, as the enhanced convective heat transfer facilitates quicker energy
redistribution. The two-dimensional model captures this effect, showing that transverse convection
promotes or inhibits detonation initiation depending on the strength and profile of the thermal
nonuniformity. The revised reaction front given by Eq. (28) demonstrates that, for weak thermal
nonuniformity, transverse convection may hinder detonation initiation by reducing the coupling
between the induced shock wave and the reaction front. Conversely, in cases of strong thermal
nonuniformity, the additional transverse convection term can enhance the initiation by intensifying
the shock-reaction front interaction.

B. Perturbation pressure due to chemical heat release

In terms of uniform flow velocity U and streamwise coordinate x, a conceptual time τ could
be introduced in the steady flow field, i.e., τ = x/U . The conceptual time can be regarded as
the progress variable measuring the chemical reaction process, and its nondimensional form is
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τ̃ = (x/U )/(h/U ) = x/h. Tracking the motion of a fluid element in such a reactive flow field, its
temperature and included reactant concentration satisfy

dT̃

d τ̃
= B̃c̃F exp

(
− T̃a

T

)
,

dc̃F

d τ̃
= −B̃c̃F exp

(
− T̃a

T̃

)
, (29)

where the differential operator d shall be regarded as a substantial derivative. According to
Rayleigh’s criterion, the onset of chemical reaction induces an unsteady heat addition in the fluid el-
ement, which generates pressure waves propagating outwardly. The pressure is nondimensionalized
by the momentum flux of the uniform stream p̃ = p/ρ0U 2, where ρ0 is the density of the reactive
fluid at the inlet with ỹ = 0. The amplitude of the pressure wave depends on the variation of the
heat release rate during the chemical reaction process. Observing the pressure wave characteristics
on the moving fluid element, the governing equation can be written in the following form [45]:

∂2 p̃

∂τ̃ 2
− 1

M2
∇̃2 p̃ = (γ − 1)

d2q̃

d τ̃ 2
, (30)

where γ = cp/cv is the heat capacity ratio, and q̃ = q/ρ0U 2 the nondimensional volumetric heat
release from chemical reaction. The use of Eq. (30) is intended to provide a first-order analytical
approximation of the pressure perturbation in the reactive supersonic flow. We recognize that
varying the speed of sound introduces complexities which need more rigorous treatments in
mathematics. However, this theoretical model aims to underline the interaction mechanism between
the compression wave and the reaction front rather than a comprehensive solution that accounts for
all variations.

In Cartesian coordinates, the nondimensional Laplace operator can be written as

∇̃2 p̃ = ∂2 p̃

∂ x̃2
+ ∂2 p̃

∂ ỹ2
, (31)

where the coordinates x̃ and ỹ refer to the relative distance from the observing fluid element. In terms
of the conceptual time, the derivative with respect to the streamwise coordinate can be converted
into the following alternative form:

∂2 p̃

∂ x̃2
= ∂2 p̃

∂τ̃ 2
. (32)

Substituting Eqs. (31) and (32) into Eq. (30) yields

∂2 p̃

∂τ̃ 2
− 1

M2 − 1

∂2 p̃

∂ ỹ2
= (γ − 1)M2

M2 − 1

d2q̃

d τ̃ 2
. (33)

Equation (33) describes an effective one-dimensional pressure wave propagating in the transverse
direction. The initial conditions of Eq. (33) shall be determined by the state of fluid at the inlet,
where the pressure wave has not been produced due to negligible chemical reaction. Therefore, we
may write

p̃ = 0 and
∂ p̃

∂τ̃
= 0 at τ̃ = 0. (34)

The physical meaning of Eq. (33) can be underlined as follows. In supersonic flow, the pressure
wave can propagate only in the downstream direction. Accordingly, the pressure wave domain can
be defined as a particular field region outside which the pressure wave exhibits no effects on the
supersonic flow. The angle between the boundary of the pressure wave domain and the supersonic
flow direction is identical to the Mach angle αM , which satisfies αM = arcsin(1/M ). For reactive
flow, the states in the fluid element change during its motion at constant speed. By means of
the conceptual time, such behavior can be interpreted as the unsteady variation of the states in
the concerned fluid element. Therefore, the steady two-dimensional Mach line in x̃-ỹ space can
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FIG. 10. Schematic for the propagation of the effective one-dimensional pressure in the phase space
expanded by conceptual time and transverse coordinate space.

be regarded as an effective unsteady one-dimensional wave in temporal-spatial space generated by
conceptual time and transverse coordinates. Figure 10 shows the schematic of this effective unsteady
one-dimensional wave. Comparing Eqs. (30) and (33), the effective propagation speed of this
one-dimensional pressure wave correlates to the acoustic speed through aeffective = aeM/

√
M2 − 1.

The analytical solution of Eq. (33) subject to the initial conditions in Eq. (34) can be written in
the following form:

p̃ = (γ − 1)M2

2
√

M2 − 1

∫ τ̃

0

∫ ỹ+ 1√
M2−1

(τ̃−τ̃
′
)

ỹ− 1√
M2−1

(τ̃−τ̃
′ )

d2q̃

d τ̃ 2
dỹ

′
d τ̃

′
. (35)

To evaluate the integrals on the right-hand side of Eq. (35), we need to evaluate the rate of
chemical heat release d2q̃/d τ̃ 2. The chemical heat release results from the conversion of the reactant
to a product, and its rate is proportional to that of reactant depletion, i.e.,

dq̃

d τ̃
= −Q̃

dc̃F

d τ̃
, (36)

where Q̃ = Q/(ρ0U 2/cF0) is the nondimensional molar heat release due to chemical reaction. The
derivative dc̃F /d τ̃ , according to Eq. (13) is equivalent to −dT̃ /d τ̃ . Therefore, the inhomogeneous
term on the right-hand side of Eq. (33) can be determined as

d2q̃

d τ̃ 2
= Q̃

d2T̃

d τ̃ 2
= Q̃B̃2T̃a exp

(
−2T̃a

T̃

)(
1 + T̃e

T̃
− 1

)2

, (37)

where we have used a large activation temperature T̃a � T̃ .
Substituting Eq. (37) into Eq. (35) and noticing that the spatial coordinate y does not appear in

Eq. (36) explicitly, the pressure field induced by the compression wave can be written as

p̃ = (γ − 1)M2

(M2 − 1)
Q̃B̃2T̃a

∫ τ̃

0
(τ̃ − τ̃

′
) exp

(
−2T̃a

T̃

)(
1 + T̃e

T̃
− 1

)2

d τ̃
′
. (38)

Using integration by parts, the term (τ − τ ′) could be converted into an additional fold of
integration. Accordingly, Eq. (38) can be written in an alternative form:

p̃ = (γ − 1)M2

(M2 − 1)
Q̃B̃2T̃a

∫ τ̃

0

∫ τ̃
′

0
exp

(
−2T̃a

T̃

)(
1 + T̃e

T̃
− 1

)2

d τ̃
′′
d τ̃

′
. (39)

Recalling the definition of conceptual time, the integration with respect to τ̃ is equivalent to that
with respect to streamwise coordinate x̃. Using Eq. (14), the integral variable can be further replaced
by nondimensional temperature T̃ . According to Eq. (11), the magnitude of T̃ in a fluid element
increases by unity from the unburnt to the burnt state. This suggests that the streamwise variation
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of nondimensional temperature should satisfy ∂T̃ /∂ x̃ ∼ O(1). Combining the scaling relation for
transverse variation of T̃ given by Eq. (26) and recalling that v � U , Eq. (14) can be approximated
as

dx̃

dT̃
≈ exp(T̃a/T̃ )

B̃(1 + T̃e − T̃ )
. (40)

With the help of Eq. (40) and evaluating the integral involving exponential terms exp(−T̃a/T̃ ) in
the asymptotic sense, the inner integral can be evaluated as∫ τ̃ ′

0
exp

(
−2T̃a

T̃

)(
1 + T̃e

T̃
− 1

)2

d τ̃ ′′

=
∫ x̃′

0
exp

(
−2T̃a

T̃

)(
1 + T̃e

T̃
− 1

)2

dx̃′′ = 1

B̃

∫ T̃ ′

T̃o

1 + T̃e − T̃

T̃ 2
exp

(
− T̃a

T̃

)
dT̃

≈ 1 + T̃e − T̃ ′

B̃T̃a
exp

(
− T̃a

T̃

)
. (41)

We have used the fact that exp[−T̃a/(1 + T̃0)] � exp(−T̃a/T̃0), which holds for reaction involv-
ing large activation energy. Proceeding to the outer integration and converting the integral variable
from x̃ to T̃ yields∫ τ̃

0

(1 + T̃e − T̃ ′)
BT̃a

exp

(
− T̃a

T̃ ′

)
dτ ′

= 1

B̃T̃a

∫ x̃

0
(1 + T̃e − T̃ ′) exp

(
− T̃a

T̃ ′

)
dx̃′ = 1

B̃2T̃a

∫ T̃

T̃e

dT̃ ′ = T̃ − T̃e

B̃2T̃a
. (42)

Substituting Eqs. (41) and (42) into the twofold integral on the right-hand side of Eq. (39), we
obtain

p̃(x̃, ỹ) = (γ − 1)M2(ỹ)

M2(ỹ) − 1
Q̃B̃2[T̃ (x̃) − T̃e(ỹ)], (43)

which characterizes the perturbation pressure corresponding to the compression wave. For highly
supersonic flow, e.g., M > 3, we have M2/(M2 − 1) ≈ 1. Therefore, the perturbation pressure field
in Eq. (39) is reduced to

p̃(x̃, ỹ) = Q̃B̃2(γ − 1)[T̃ (x̃) − T̃e(ỹ)]. (44)

C. Transverse velocity induced by perturbation pressure

The gradient of the perturbation pressure has a nonvanishing component in the transverse
direction, which leads to transverse velocity v in association with the uniform streamwise velocity
U . This two-dimensional flow field satisfies continuity and Euler equations, which in steady state
are written in the following nondimensional form:

∂ρ̃

∂ x̃
+ ∂

∂ ỹ
(ρ̃ṽ) = 0, (45)

0 = − 1

ρ̃

∂ p̃

∂ x̃
, (46)

∂ ṽ

∂x
+ ṽ

∂ ṽ

∂y
= − 1

ρ̃

∂ p̃

∂y
. (47)

It shall be noted that the absence of streamwise velocity is due to the normalization process, which
yields Ũ = 1. Equation (46) results from the constancy of uniform velocity U . By means of the
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chain rule, the partial derivative of ṽ and p̃ with respect to coordinates x̃ and ỹ can be converted into
alternative forms:

∂ ṽ

∂ x̃
= ∂ ṽ

∂T̃

∂T̃

∂ x̃
,

∂ ṽ

∂ ỹ
= ∂ ṽ

∂T̃

∂T̃

∂ ỹ
,

∂ p̃

∂ ỹ
= ∂ p̃

∂T̃

∂T̃

∂ ỹ
. (48)

Substituting Eq. (48) into (47), we obtain(
∂T̃

∂ x̃
+ ṽ

∂T̃

∂ ỹ

)
∂ ṽ

∂T̃
= − 1

ρ̃

∂ p̃

∂T̃

∂T̃

∂ ỹ
. (49)

Substituting Eq. (27) into (49) and multiplying v on both sides, the convective thermal transport in
the transverse direction can be expressed as

−ṽ
∂T

∂ ỹ
= B̃(1 + T̃e − T̃ ) exp

(
− T̃a

T̃

)
ρ̃

∂

∂ p̃

(
ṽ2

2

)
. (50)

The transverse velocity originates from the pressure perturbation. Based on dimensional consid-
eration, it may be constituted as

ṽ = αv

√
p̃

ρ̃
, (51)

where αv is a scaling factor to be determined.
Accurate evaluation of αv requires solving the continuity Eq. (45) and the Euler Eqs. (46)

and (47), which is of formidable difficulty in analysis. Nevertheless, the parameter αv can be
evaluated with approximation. Substituting the constituted transverse velocity, given by Eq. (51),
into the continuity Eq. (45) and expanding the derivatives, we have

dαv

dỹ
+ αv

∂ ln
√

p̃ρ̃

∂ ỹ
+ 1√

p̃ρ̃

∂ρ̃

∂ x̃
= 0. (52)

The logarithmic term in general varies substantially slower than the linear terms and thereby can
be neglected. Therefore, we have

dαv

dỹ
+ 1√

p̃ρ̃

∂ρ̃

∂ x̃
≈ 0. (53)

Neglecting the correction due to the perturbation pressure, the partial derivatives ∂ρ̃/∂ x̃ and ∂T̃ /∂ x̃
for uniform environment pressure are correlated through the equation of state for ideal gas, i.e.,

1

ρ̃

∂ρ̃

∂ x̃
= − 1

T̃

∂T̃

∂ x̃
. (54)

Substituting Eq. (54) into Eq. (53), we obtain an ordinary differential equation for αv , i.e.,

dαv

dỹ
≈ B̃

T̃
√

p̃/ρ̃
(1 + T̃e − T̃ ) exp

(
− T̃a

T̃

)
, (55)

where we have used the one-dimensional result for ∂T̃ /∂ x̃ given by Eq. (14). Substituting Eq. (44)
into Eq. (55) and using the principle of energy conservation for chemical reaction, i.e., QcF0 =
ρcp�Treaction, we can write

p̃

ρ
= (γ − 1)cp�Treaction

U 2
(T̃ − T̃e) = 1

M2
reaction

(T̃ − T̃e), (56)

where the reaction Mach number Mreaction = U/
√

γ R�Treaction represents the ratio of kinetic energy
of the supersonic flow to the chemical heat release.
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To solve Eq. (55), we need to know αv at ỹ = 0, which is specified as follows. The perturbation
pressure initiates from the lower boundary with ỹ = 0, where the chemical reaction proceeds with
the highest rate due to the highest inlet temperature. In addition, as the reaction front advances in
the transverse direction, it contributes to stronger perturbation pressure and thus larger transverse
velocity. Therefore, we assume that the transverse velocity ṽ is an increasing function of transverse
coordinate ỹ and ṽ = 0 at ỹ = 0. Consequently, the parameter αv satisfies

αv = 0 at ỹ = 0. (57)

Integrating Eq. (55) with respect to y and using the boundary condition in Eq. (57), we obtain

αv = MreactionB̃
∫ ỹ

0

exp(−T̃a/T̃ )

T̃

[
1√

(T̃ − T̃e)
−

√
(T̃ − T̃e)

]
dỹ

′
. (58)

D. Revisiting reaction front in terms of αv

The reaction front derived in two-dimensional formulation can be organized in a generalization
in terms of the parameter αv , which reduces identically to L̃reaction in the one-dimensional framework
as αv → 0. Substituting the constituted transverse velocity given by Eq. (51) into Eq. (50), we obtain

−ṽ
∂T

∂ ỹ
= α2

v

2
B̃(1 + T̃e − T̃ ) exp

(
− T̃a

T̃

)
. (59)

Substituting Eq. (59) into Eq. (28), the reaction length in the revised two-dimensional flow, denoted
by L

′
reaction, shall be written in the form:

L̃
′
reaction = 1

1 + α2
v/2

∫ 1+T̃e

T̃e

dT̃

B̃(1 + T̃e − T̃ ) exp(−T̃a/T̃ )
= L̃reaction

1 + α2
v/2

. (60)

Equation (60) demonstrates that the reaction front in the revised two-dimensional flow shortens
as the magnitude of the factor αv increases. In the absence of transverse velocity v, i.e., αv = 0,
the revised reaction length L

′
reaction spontaneously reduces to that determined from one-dimensional

analysis, given by Eq. (15).
The integral on the right-hand side of Eq. (58) cannot be solved analytically. Based on the

characteristics of the transverse velocity, a practical estimation of αv can be obtained. First, the
direction of the transverse velocity depends on the sign of the temperature gradient at the inlet,
i.e., dT̃e/dỹ. For a negative transverse gradient with dT̃e/dỹ < 0, the fluid element in the lower
layer (smaller ỹ coordinate) is more reactive than that in the upper layer (larger ỹ coordinate).
Therefore, the transverse velocity moves upward. For positive transverse gradient with dT̃e/dỹ > 0,
the expansion-induced transverse velocity is downward. Therefore, the transverse velocity ṽ moves
in the opposite direction of the inlet temperature gradient, i.e., ṽ ∼ −dT̃e/dỹ.

In the present situation, the transverse velocity is created by the perturbation pressure, which
originates from the chemical heat release. This indicates that we may use the temperature growth
for chemical reaction �T̃reaction as the characteristic temperature to evaluate the integral on the right-
hand side of Eq. (58). In addition, it is noted that the magnitude of the integral is dominated by
the exponential term. Therefore, we neglect the contribution of terms involving the square root of
temperature difference and approximate the factor αv as

αv ≈ −ỹB̃Mreaction exp(−T̃a)
dT̃e

dỹ
. (61)

Substituting Eq. (61) into Eq. (60), we obtain that

L̃
′
reaction = L̃reaction

[
1 + 1

2
ỹ2M2

reactionB̃2 exp(−2T̃a)

(
dT̃e

dỹ

)2
]−1

. (62)
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FIG. 11. Comparison of the reaction fronts determined based on one- and two-dimensional models. The
reaction front and the induced shock wave are represented by the black solid line and the blue dashed
line, respectively. The thickened red line refers to the initiation interval on the reaction front. The thermal
nonuniformity is described by linear temperature distribution (αT = 1.0) at the inlet with fixed temperature at
lower boundary T̃0 = 0.6, and the temperatures at the upper bounds are T̃1 = 0.3, T̃1 = 0.4, and T̃1 = 0.5.

The second term in the brackets represents the correction of reaction front due to the two-
dimensional transverse flow. In the absence of thermal nonuniformity, i.e., dT̃e/dỹ → 0, the pressure
perturbation becomes uniform in the whole field, which can hardly lead to two-dimensional trans-
verse flow. Consequently, the magnitude of the parameter vanishes, i.e., αv → 0, and the revised
reaction front L

′
reaction becomes identical to that obtained by one-dimensional formulation, i.e.,

L
′
reaction → Lreaction.

E. Detonation initiation in two-dimensional framework

Figure 11 compares the reaction fronts determined by one- and two-dimensional models, respec-
tively. The reaction fronts predicted by the one-dimensional model are represented by dashed lines,
while those revised by the two-dimensional framework are shown in solid lines. Both models start
at the same point on the lower boundary of thermal nonuniformity, where the transverse velocity
is assumed to vanish. In comparison with the one-dimensional results, the two-dimensional model
introduces a more complex scenario by incorporating the effects of convective heat transfer in the
transverse direction. As the reaction front moves forward, the heat generated by the exothermic
reaction is not only conducted streamwise but also convected transversely.

The transverse heat transfer aids in distributing the thermal energy more effectively, which
impacts the shape and progression of the reaction front. Specifically, the two-dimensional effect
results in the concurrent shortening of the reaction length at each transverse coordinate. This
implies that, for each position along the transverse axis, the distance over which the reaction occurs
is reduced. This shortening effect is a direct consequence of the enhanced heat transfer in the
transverse direction, which accelerates the reaction kinetics by maintaining higher temperatures
across a broader region.

The initiation interval (thickened red line) and the shock-inducing interval (normal red line) are
critical regions in the analysis. The shock-inducing interval refers to the regime on the reaction front
that participates in shock wave generation. The initiation interval indicates the proportion of the
reaction front that is sufficiently close to and thus forms the self-strengthening interaction with the
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FIG. 12. The variation of detonation initiation factor with upper boundary temperature determined based on
one- and two-dimensional models. The thermal nonuniformity is described by linear temperature distribution
(αT = 1.0) at the inlet and the temperatures at the upper is fixed to be T̃0 = 0.60.

induced shock wave, contributing to detonation initiation. The differences in these intervals between
the one- and two-dimensional models highlight the importance of considering multidimensional
effects in predicting the behavior of reaction fronts reasonably.

Figure 12 compares the variation of the detonation initiation factor with upper boundary temper-
ature T̃1. The distributions of ηinitiation with T̃1 evaluated based on the one- and two-dimensional
models almost share the same geometric profile. This indicates that the additional transverse
convection hardly alters the underlying mechanism, leading to detonation initiation. Comparing
with the one-dimensional results, ηinitiation determined by the two-dimensional formulation locates
in a shorter regime of T̃1. It can be understood that the transverse heat transfer promotes the thermal
relaxation in that direction, which alleviates the streamwise bending of the reaction front. For strong
thermal nonuniformity with large temperature difference, the shock-inducing interval is restricted
to be a small portion of the reaction front close to the lower bound; thus, the alleviation of the
reaction front bending due to the two-dimensional effect exhibits negligible influence on induced
shock wave generation. Accordingly, the induced shock wave is of low intensity and thus inhibits the
detonation initiation. For weak thermal nonuniformity with small temperature difference, the origin
of the induced shock wave moves toward the upper bound, where the initiation interval can be found.
Consequently, the alleviation of the reaction front bending may detach the induced shock wave from
the reaction front. The interaction between the induced shock wave and the reaction front becomes
weak, and as a result, the sudden fall of the reaction front occurs at smaller T̃1. For intermediate
thermal nonuniformity with appropriate temperature difference, both the induced shock wave and
its interaction with the reaction front are optimized, resulting in the highest probability of detonation
initiation, which is characterized by the peak value of the initiation factor. Regarding the numerical
simulation results, the two-dimensional model yields a conservative prediction on the detonation
initiation subject to thermal nonuniformity.

V. CONCLUDING REMARKS

In this paper, theoretical analysis is conducted for the detonation initiation induced by the thermal
nonuniformity embedded at the inlet of a supersonic reactive flow. The underlying mechanism
for detonation initiation is interpreted as follows. Passing through the thermal nonuniformity, the
fluid elements entering the supersonic flow field at different transverse coordinates have different
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temperatures, which causes the streamwise bending of the reaction front. The chemical heat release
leads to the emission of pressure waves from the reaction front. Depending on the curvature of
the reaction front, the pressure waves either collapse, forming an induced shock wave, or spread,
propagating downstream. At suitable curvature, the induced shock wave locates in the vicinity of the
reaction front, which facilitates chemical reaction and in turn enhances itself. The coherent coupling
between chemical reaction and the induced shock wave consequently results in detonation initiation.

A detonation initiation factor ηinitiation is introduced to quantify the tendency of detonation
initiation. It is defined as the proportion of the interval on the reaction front that contributes to
induced shock wave formation and meanwhile participates in the self-strengthening interaction. The
detonation initiation factor is in the range between 0 and 1. A higher value of ηinitiation corresponds
to stronger capability of the thermal nonuniformity in causing detonation initiation. Depending on
the intensity of thermal nonuniformity, quantified by |T̃0 − T̃1|, the detonation initiation changes
drastically, which is revealed by the nonmonotonic variation of initiation factor. For fixed T̃0, there
exist three regimes, i.e., the initiation enhancing regime, the initiation saturation regime, and the
initiation failure regime, in the phase space of ηinitiation and T̃1. At the initiation enhancing regime,
the streamwise bending of the reaction front alleviates as T̃1 increases. It intensifies the induced
shock wave and thereby leads to progressive growth of ηinitiation. The initiation saturation regime is
characterized by the slow variation of ηinitiation after reaching the maximum value. It can be attributed
to the elevation of the induced shock wave toward the upper boundary so that the reaction fronts
close to the lower boundary lose interaction with the induced shock wave. At sufficiently high T̃1,
the initiation failure regime is reached. The whole reaction front could be detached from the induced
shock wave, and consequently, detonation can hardly be initiated.

It is found that the temperature profile of the thermal nonuniformity plays an important role
in affecting detonation initiation. For upward convex temperature distribution, the curvature of
the reaction front close to the lower boundary becomes alleviated. It considerably intensifies the
induced shock wave and thus facilitates detonation initiation. The situation becomes complicated
for downward convex temperature distribution. In this situation, the local curvature of the reaction
front near ỹ = 0 changes to be downward convex, while the rest remains upward convex. At low to
moderate T̃1, the severe bending of the reaction front near the lower boundary inhibits the formation
of the induced shock wave, and consequently, detonation initiation cannot occur. At relatively
high T̃1, the downward convex portion of the reaction front produces an additional branch of an
induced shock wave. It remains close to the reaction front over the whole transverse dimension of
the thermal nonuniformity and thereby significantly extends the initiation interval. Accordingly,
detonation initiation is substantially facilitated for relatively weak thermal nonuniformity with
downward convex temperature distribution.

The pressure waves produced by chemical heat release are associated with transverse heat
transfer, which affects the reaction front geometry and detonation initiation. In the two-dimensional
formulation, the perturbation pressure field leading to convective transport in the transverse direction
is obtained in analytical form. With knowledge of the perturbation pressure, the convective heat
transfer in the transverse direction is evaluated. It is demonstrated that the transverse heat transfer
lowers the curvature of the reaction front. The distribution of initiation factor ηinitiation predicted by
the two-dimensional formulation slightly shrinks in the T̃1 regime compared with that based on the
one-dimensional analysis. The growth of ηinitiation at the initiation enhancing regime suggests that
the convective heat transfer in the transverse direction tends to facilitate detonation initiation for
relatively strong thermal nonuniformity with large temperature difference. The broadening of the
initiation failure domain can be attributed to the weakening of the thermal nonuniformity due to the
intensified thermal relaxation in the transverse direction.

This paper is based on the assumption of one-step global chemistry and uniform inlet flow
with constant reactant concentration. In future studies, it would be interesting to consider the
simplified thermal sensitive intermediate kinetics, e.g., Ref. [54], and to assess the impacts of
reactant stratification on the detonation initiation process. Additionally, the spatial variation of flow
velocity can noticeably change the geometry of the reaction front. It would also be interesting to
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consider the nonuniformity of flow velocity and to underline its influence on detonation initiation in
future works.
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