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Non-Monotonic Variation of the Low Lattice Thermal
Conductivity with Temperature in Penta-HgO2 Sheet

Asghar Hussain, Chenxin Zhang, Changsheng Hou, and Qian Wang*

Inspired by the experimental synthesis of bulk HgO2 with the potential of
exfoliation to form a penta-HgO2 sheet composed entirely of pentagonal
motifs, a detailed theoretical study on the lattice thermal conductivity by
using first-principles calculations combined with the unified theory of thermal
transport is performed. It is found that the penta-HgO2 sheet is
semiconducting with an indirect bandgap of 1.18 eV and possesses a low
lattice thermal conductivity of 2.07 W m−1 K−1 (3.28 W m−1 K−1) along the x
(y)-direction at 300 K. More interestingly, the variation of its thermal
conductivity with temperature is non-monotonic, different from most cases.
The phonon dispersion, phonon scattering, and phonon coherence is further
systematically investigated to understand the underlying physics. This results
suggest that the strong intrinsic anharmonicity resulting from its unique
atomic configuration with the buckled structure and the heavy element of Hg
leads to a high scattering rate, resulting in the ultralow particle-like thermal
transport of 0.20 W m−1 K−1 (0.01 W m−1 K−1) in the x (y)-direction, while the
narrow average frequency interval and strong phonon linewidth are
responsible for the dominant coherent thermal transport and non-monotonic
variation of the low lattice thermal conductivity of the penta-HgO2 sheet.

1. Introduction

A family of more than 170 pentagon-based two-dimensional (2D)
materials with distinct physical properties and a wide range of
possible applications has been reported[1] since the theoretical
prediction of penta-graphene.[2] For instance, ferromagnetism
and antiferromagnetism have been found in penta-MnN2,

[3]

penta-CoS2,
[4] penta-BN2,

[5,6] penta-ZnO2,
[7] and penta-PdSe2.

[8,9]

Penta-PdS2 was reported to possess ferroelasticity,
[10] and piezo-

electric responses have been found in some ternary pentagonal
monolayers.[11,12] These theoretical advances have significantly
stimulated experimental efforts in synthesizing such pentagon-
based materials. Consequently, several pentagon-based materi-
als have been synthesized using different methods. For exam-
ple, penta-silicene nano-ribbonwas synthesized through physical
vapor deposition,[13] and penta-PdSe2,

[14] has been prepared in
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different ways, including mechanical
exfoliation,[15,16] molecular beam epitaxy,[17]

and chemical vapor deposition. Penta-NiN2
was successfully synthesized under high
pressure.[18] These breakthroughs have
accelerated the research of properties and
applications of pentagon-based materials.
Among the explored properties of 2D

pentagon-based materials, thermal trans-
port properties are of particular interest
as pentagonal materials usually have com-
plicated geometric structures, low sym-
metry, and polymorphic bonding features
characterized by 3- and 4-foldcoordination,
leading to strong phonon scattering and
low lattice thermal conductivity. For in-
stance, it was reported that the penta-
Sb2C sheet has an ultralow lattice ther-
mal conductivity of 0.72 W m−1 K−1 at
room temperature.[19] 2D penta-PtTe2,

[20]

penta-PdTe2,
[21] penta-OsP2,

[22] and penta-
RhS2,

[22] have been found to possess low
thermal conductivities of 1.77, 1.42, 3.19,
and 2.90 W m−1 K−1, respectively. How-
ever, in the reported studies, phonon coher-
ence transport (wave-like tunnelling)[23–26]

has not yet been explored, which plays an important role in penta-
sheets because of their strong anharmonicity.
Recently, Hou et al.[27] predicted new penta-sheets (MO2, M

= Zn, Cd, Hg) and studied the second harmonic generation
response of penta-CdO2 due to its non-centrosymmetricity.
Additionally, Chen et al.[28] comprehensively studied the catalytic
properties of the penta-HgO2 sheet, which shows high catalytic
activity with low Gibbs free energy for hydrogen evolution
reaction. It was found that the penta-HgO2 sheet is a promising
candidate for high-performance photocatalytic water-splitting
due to its suitable band alignments, ultrahigh anisotropic car-
rier mobility, excellent optical absorption properties, and high
catalytic activity. However, the thermal transport properties of
penta-HgO2 remain unexplored. It can be expected that the
penta-HgO2 sheet possesses a low lattice thermal conductivity
because of its complex pentagonal configuration and the heavy
element Hg, which motivates us to carry out this study. In this
work, we studied the thermal transport properties of penta-HgO2
based on the unified theory of thermal transport by considering
both particle-like phonon propagation and wave-like phonon
tunnelling.
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Figure 1. a) Top and side views, and b) phonon spectrum and PhDOS of the penta-HgO2 sheet. c) Total potential energy fluctuation of the penta-HgO2
sheet with time during the AIMD simulation at different temperatures. d) Electronic band structure and total and partial density of states (DOS) of the
penta-HgO2 sheet.

2. Results and Discussion

2.1. Geometric Structure, Stability, and Electronic Properties

The top and side views of the fully optimized penta-HgO2 sheet
are plotted in Figure 1a, showing a buckling of 0.85 Å. It has a
penta-PdSe2-like configuration

[16] with P-21/C (No.14) symmetry
and 6 atoms per unit cell. The unit cell of the penta-HgO2 sheet
has the lattice constants of a = 4.47 Å and b = 6.31 Å, including
four oxygen atoms with Wyckoff position of 4e (0.52, 0.05, 0.41)
and two mercury atoms with Wyckoff position of 2b (0.50, 0.00,
0.00). According to the Slack’s rule,[29] the complicated geometric
structure with heavyHg atoms and low symmetry in penta-HgO2
make it a potential candidate for a low thermal conductivity
material.
To check the energetic stability of the competing 𝛽, 𝛾 , and

𝛼 phases, we calculated their corresponding formation energy
(Eform) defined as Eform = (EHgO2 − nEHg −mEO) / (n+m), here
EHgO2 and EHg/EO are the energies of the penta-HgO2 sheet and a
freeHg/O atom, and n andm are the numbers ofHg andO atoms
in the unit cell, respectively. Our calculated results show that the
𝛽 phase with the space symmetry P-21/C is energetically most fa-
vorablewith the formation energy of− 0.72 eV/atom,while that of
the 𝛾 and 𝛼 phases is− 0.68 and− 0.66 eV/atom, respectively. The
atomic configurations of 𝛽, 𝛾 , and 𝛼 phases are given in Figure
S1 in the Supporting Information.We first calculated the phonon
spectrum and the corresponding phonon density of states (Ph-
DOS) for penta-HgO2. As shown in Figure 1b, the absence of
imaginary modes throughout the entire Brillouin zone confirms
the dynamical stability of the penta-HgO2 sheet. According to the
PhDOS, Hg vibrations predominantly contribute to the acoustic

phonon and low-frequency optical modes. In contrast, the high-
frequency optical phonon modes mainly originate from O vibra-
tions. This phenomenon is attributed to the mass difference be-
tweenHg andO atoms. Notably, themonoclinic symmetry exhib-
ited in the penta-HgO2 sheet is unique among binary pentagon-
based sheets, which is distinct from the previously reported sys-
tems with monoclinic symmetry, such as penta-silicene,[30] and
some ternary pentagon-based sheets like penta-FeAsS,[31] and
penta-BCN.[11]

Next, we calculated the elastic constants Cij (i, j = 1, 2, 6) us-
ing the finite distortion method [32] to study the mechanical sta-
bility and mechanical properties of the penta-HgO2 sheet. As a
monoclinic 2D material, all Cij components of the penta-HgO2
sheet possess nonzero and independent values: C11 = 10.06, C22
= 67.09, C66 = 0.12, C12 = 7.58, C16 = 0.38, and C26 = 0.26 Nm−1.
It is noteworthy that all eigenvalues of the stiffness tensor ma-
trix are positive, satisfying the Born-Huang criteria and indicat-
ing the mechanical stability of the penta-HgO2 sheet. Additional
detailed deductions can be found in the Supporting Information.
To confirm the thermal stability of the penta-HgO2 sheet, we also
performed the ab initio molecular dynamics (AIMD) simulation
for 10 ps from 200 to 500 K. Figure 1c shows the total potential
energy without significant fluctuations up to 500 K. Our results
suggest that the penta-HgO2 sheet is not only thermally stable
at room temperature and can withstand high temperatures up to
500 K.
We then investigated the electronic band structure of penta-

HgO2 to assess the feasibility of analyzing its thermal trans-
port properties based on phonon contributions. As shown in
Figure 1d, the penta-HgO2 sheet exhibits semiconducting char-
acteristics with an indirect band gap of 1.18 eV. By examining
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Figure 2. a) Total lattice thermal conductivity (𝜅L), b) particle-like (𝜅
P
L ), and c) phonon coherence (𝜅

C
L ) contribution of the penta-HgO2 sheet at different

temperatures.

the corresponding total and partial density of states (DOS), we
found that the O atoms mainly contribute to the electronic states
in the valence band near the Fermi level, while the electronic
states in the conduction bands originate from both Hg and O
atoms. Since the penta-HgO2 sheet is semiconducting, phonon
transport dominates its thermal conductivity. Therefore, we study
the lattice thermal conductivity of this sheet based on the unified
framework of thermal transport,[23] namely considering the con-
tributions to lattice thermal conductivity from phonon scattering
and phonon coherence.

2.2. Lattice Thermal Conductivity from Particle-Like Contribution

Based on the unified theory of thermal transport, we calculated
the thermal conductivity of the penta-HgO2 sheet at room tem-
perature. The setting of ShengBTE parameters is explained in
the computational methods. As shown in Figure 2a, the maxi-
mum value of the thermal conductivity of penta-HgO2 is 2.07 W
m−1 K−1 along the x-direction and 3.28 W m−1 K−1 along the y-
direction at 300 K, which is relatively low as compared to that
of penta-OsP2 (14.46 W m−1 K−1) and penta-RhS2 (3.20 W m−1

K−1),[22] showing anisotropy of lattice thermal conductivity in
these two directions, which can be understood from the differ-
ent bonding features in the x and y directions as indicated in
Figure S2 in Supporting Information. Also, in Table 1, we com-
pare the lattice thermal conductivity of penta-HgO2 with some
other penta-sheets. The low 𝜅L in penta-HgO2 can be attributed
to the high atomic mass of Hg as well as the large Hg-Omass dif-
ference, which induces strong lattice anharmonicity in this sys-
tem. This high atomic mass difference behavior is also similar
to that of the experimentally studied BAs system.[33] In addition,
as illustrated by Figure 2b, the particle-like contributions (𝜅P

L ) at

Table 1. Comparison of the thermal conductivity (𝜅L) of the penta-HgO2
sheet with that of some other pentagonal sheets at room temperature.

Penta-Sheet 𝜅L [W m−1 K−1] Reference

Penta-HgO2 2.07 – 3.28 This work

Penta-graphene 645.00 [34]

Penta-PtAs2 3.60 [1]

Penta-PtPTe 9.00 [35]

300 K are 0.20 Wm−1 K−1 in the x-direction and 0.01 Wm−1 K−1

in the y-direction, respectively. These results indicate that the in-
trinsic phonon particle-like contribution within the penta-HgO2
sheet is very weak. To understand the origination of the ultralow
particle-like contributions to lattice thermal conductivity, we fur-
ther studied the phonon group velocity and high-order phonon
scattering processes of penta-HgO2.
The calculated results of the three- and four-phonon scattering

rates are plotted in Figure 3a, showing that both the three- and
four-phonon scattering rates are strong at low phonon frequen-
cies ranging from 0 to 7.50 THz. With the increase in phonon
frequency, one can observe that both the three-phonon and four-
phonon scattering rates display a decreasing trend. Due to the
contribution of the low-frequency acoustic modes, which dom-
inate most of the lattice thermal conductivity, higher scatter-
ing rates in the low-frequency region can suppress the particle-
like contributions to the lattice thermal conductivity (see Figure
S3, Supporting Information). Moreover, as shown in Figure 3b,
penta-HgO2 possesses a low group velocity. More precisely, the
maximum group velocity is only 5.23 km s−1, much less than that
of penta-graphene (17.17 km s−1)[34] and penta-NiN2 (10.97 km
s−1).[36] These findings indicate that the large size of Hg makes
the Hg-O bond weaker than the C-C and Ni-N bonds. This not
only results in the low group velocity but also leads to a high scat-
tering rate, resulting in the ultralow 𝜅P

L .

2.3. Coherence Contribution to the Lattice Thermal Conductivity

The coherence contribution of phonons (𝜅C
L ) computed for

the penta-HgO2 sheet at different temperatures are plotted in
Figure 2c. Themaximum value 𝜅C

L along the x-direction is 1.85W
m−1 K−1, and that for the y-direction is 3.27 W m−1 K−1, signifi-
cantly contributing to the 𝜅L due to the strong intrinsic phonon
coherence. Phonons have a significant impact because their co-
herence contributions are 99.7% along the y-direction and 89.8%
along the x-direction. Figure 2b and c collectively show that the
total lattice thermal conductivity is dominated by 𝜅C

L , even at a
relatively low temperature of 300 K.
As shown in Figure 2a and c, the non-monotonic variation of

the penta-HgO2 sheet is dominated by thermal transport within
the material influenced by phonon coherence. According to
the unified theory, phonon coherence contributions primarily
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Figure 3. a) Phonon scattering rates of three- and four-phonon contributions at 300 K, and b) group velocity of the penta-HgO2 sheet.

depend on the phonon scattering rates and phonon frequency
intervals (Δ𝜔(q)ij). According to the phonon dispersion plotted
in Figure 1b, one can see some overlaps and closely spaced
acoustic-optical bands (< 7.50 THz), leading to an ultralow
average frequency interval between phonons. Contributed by the
strong intrinsic anharmonicity and narrow frequency intervals
of phonon modes, the lattice thermal conductivity contributed
from 𝜅C

L is dominant within the whole temperature range.
To determine the exact contributions of coherent phonon

modes in different frequency regions, we examine two mode-

dependent contributions to the coherence thermal conductivity
𝜅C
L of the penta-HgO2 sheet, which can quantify the coupling
of two distinct phonon frequencies. Figure 4a–c show the con-
tributions of degenerate and non-degenerate eigenstates in dif-
ferent temperature ranges. One can see that the contributions
from the non-degeneratemodes (𝜔1 ≠𝜔2) are dominant, whereas
the contributions from the degenerate modes (𝜔1 = 𝜔2) to 𝜅C

L
are much less, as marked by the red dashed lines. The eigen-
states with non-degenerate energy levels have sufficient scat-
tering rates, resulting in their dominance in 𝜅C

L and exhibiting

Figure 4. a–c) Two-mode-dependent contributions to 𝜅CL versus the coupling phonon frequencies 𝜔1 and 𝜔2 with the degenerate modes presented
by the dashed red lines, and d) generalized group velocity (Vij) as a function of the frequency of the penta-HgO2 sheet. The color map represents the
absolute value of the generalized group velocity in km s−1, with blue indicating lower velocities and red indicating higher velocities.
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wave-like thermal transport. In addition, to better contrast the
transport capabilities of phonon particle-like propagation and co-
herence, we plot the generalized group velocity (Vij) of penta-
HgO2 as presented in Figure 4d. One can observe that coher-
ent modes in the high-frequency range exhibit stronger coherent
transport capabilities, with the generalized group velocity being
higher than the corresponding group velocity in most frequency
regions. This observation suggests that phonons have stronger
thermal transport capability under coherentmechanism, increas-
ing with the frequency of the phonon modes. Despite the high
generalized group velocity indicating effective thermal transport,
the thermal conductivity is greatly influenced by scattering rates,
which increase rapidly with temperature (see Figure S4, Support-
ing Information). According to Equation (4), the lifetimes of the
non-degenerate phonon modes have exhibited a non-monotonic
change with the increase of scattering rates, which results in the
contributions from the highest optical modes coupled with the
low-frequency phonons showing a non-monotonic temperature
dependence, as marked by the colored planes in Figure 4a–c. Ad-
ditionally, excessively low lifetime results in a very low contribu-
tion of the degenerate modes to coherent thermal transport from
200 to 500 K. In a nutshell, based on the analysis of the contribu-
tions from the degenerate and non-degenerate eigenstates across
different temperature ranges, the microscopic mechanism of the
non-monotonic temperature dependence of lattice thermal con-
ductivity in this strongly anharmonic penta-HgO2 is elucidated.

3. Conclusion

In summary, by employing the higher-order phonon scattering
theory and the unified theory of thermal transport, we investi-
gated the thermal transport properties of the penta-HgO2 sheet.
Our calculations reveal that the lattice thermal conductivity is
only 2.07 W m−1 K−1 along the x-direction and 3.28 W m−1 K−1

along the y-direction. More importantly, the phonon coherence
thermal conductivity 𝜅C

L exhibits a dominant contribution from
the non-degenerate modes, leading to a non-monotonic trend
with temperature, while the contribution from the degenerate
eigenstates to 𝜅C

L is much less sensitive to temperature. We elu-
cidated the microscopic mechanism behind the non-monotonic
phonon coherence contribution by a detailed analysis of the in-
tricate three- and four-phonon scattering processes and the two-
channel transport within this complicated pentagon-based struc-
ture. The methodologies employed in this study can be extended
to explore other penta-sheets, particularly those synthesized ex-
perimentally, and can further provide new insights into under-
standing phonon coherence in monolayer penta-sheets.

4. Computational Methods

Our first-principle calculations have been carried out within
the framework of density functional theory (DFT) implemented
in the Vienna ab initio simulation package (VASP) package,[37]

where the interactions between the ion cores and valence elec-
trons are treated with the projector-augmented wave (PAW)
method.[38,39] The Perdew-Burke-Ernzerhof functional (PBE)[40]

within the generalized gradient approximation (GGA)[41] is em-
ployed for the exchange-correlation interaction among the elec-

trons. The kinetic energy cut-off is set to 520 eV for the wave func-
tion. A 13×13×1 k-point grid used for the geometrical optimiza-
tion. The values for the convergence criteria for the energy and
force are set to 10−8 eV and 10−6 eV/Å, respectively. A vacuum
space of 20.00 Å is included perpendicular to the penta-HgO2
sheet to avoid interactions with its periodic images.
The total lattice thermal conductivity 𝜅L contains two compo-

nents, particle-like (𝜅P
L ) and coherence (𝜅

C
L ) contributions, as de-

scribed in the unified theory of thermal transport.[42,43]

𝜅L = 𝜅P
L + 𝜅C

L (1)

The 𝜅P
L can be determined from the Boltzmann transport

equation[44] in the framework of three-phonon and four-phonon
scattering as follows:

𝜅
P,𝛼𝛽
L = 1

kBT2ΩN
∑

q

∑
i
N̄(q)i(N̄(q)i + 1)(ℏ𝜔(q)i)

2V𝛼(q)iV
𝛽 (q)i𝜏(q)i (2)

Here, 𝛼 and 𝛽 represent the Cartesian coordinates of the co-
ordinate system, and kB , T , Ω, N, and ℏ are the Boltzmann con-
stant, the absolute temperature, volume of the unit cell, number
of discrete q points in the Brillouin zone, and the reduced Plank
constant, respectively. In addition, 𝜔(q)i and N̄(q)i are the angu-
lar frequencies and the equilibrium Bose-Einstein distribution,
indexed by wave vector q with the branch i, respectively. V(q)i is
the phonon group velocity and 𝜏(q)i is the phonon lifetime.
The 𝜅P

L is calculated through the ShengBTE package
[45] where

the harmonic (second order) and anharmonic (third and fourth
order) interatomic force constants (IFCs) are the inputs. For
the penta-HgO2 sheet, the phonon spectrum is obtained from
PHONOPY[46] using the finite displacement method with a
3×3×1 supercell and 3×3×1 k-point mesh. The structures for
calculating the third and fourth-order IFCs are generated using
the Monte-Carlo random displacement method executed in the
HIPHIVE package.[47] The cut-off distance is set to 9.50 Å for the
second-order IFCs, while for the third and fourth-order IFCs, cut-
off distances of 6.00 Å and 5.00 Å are applied, respectively. The
thickness of the vacuum space for the calculations of lattice ther-
mal conductivity is set to 4.25 Å, which is obtained by considering
the buckling of this sheet and the van der Waals radius.[48,49] The
convergent q-mesh for ShengBTE calculations are set as 27×27×1
and 15×15×1 for third- and higher-order calculations (see Figure
S5 for details, Supporting Information).
The phonon coherence contribution (𝜅C

L ) is calculated from the
phonon coherence equation and lifetime matrix.[50]

𝜅
C,𝛼𝛽
L = ℏ2

kBT2𝛀N

∑
q

∑
i≠j

𝜔(q)i+𝜔(q)j
2

V𝛼(q)ijV
𝛽 (q)ji×

𝜔(q)iN̄(q)i(N̄(q)i+1)+𝜔(q)j N̄(q)j(N̄(q)j+1)

4(𝜔(q)i−𝜔(q)j)2+(Γ(q)i+Γ(q)j)2
× (Γ(q)i + Γ(q)j)

(3)

𝜏(q)ij =
2(Γ(q)i + Γ(q)j)

4(𝜔(q)i − 𝜔(q)j)
2 + (Γ(q)i + Γ(q)j)

2
(4)

Where Γ(q)i = 1∕𝜏(q)i is the phonon linewidth (scattering rate) of
each phonon mode. The calculations for 𝜅C

L are computed using
our in-house codes.
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