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 A B S T R A C T

This work focuses on characterizing the influence of thermodiffusive effects on turbulent burning velocity 
(𝑆𝑇 ) of lean hydrogen/air mixtures, employing the so-called leading point concept. To this end, the flame 
characteristics of 1-D critically stretched laminar flames, including the flame consumption velocity and flame 
thickness, are extracted from two flame configurations: counter-flow twin premixed flames and spherically 
expanding flames. The former configuration is solely subject to strain-related stretch, whereas the latter 
configuration is subject to both strain-related and curvature-related stretches. Lean hydrogen/air mixtures are 
considered at a wide range of temperatures and pressures, addressed in recent direct numerical simulations 
(DNS) of turbulent, premixed, lean hydrogen/air flames (Wang et al., 2024). It is found that the critically 
stretched flame consumption velocities obtained from these two configurations are closely aligned, while the 
flame thickness obtained from the spherically expanding flames is substantially greater than that from the 
counter-flow twin premixed flames. Capabilities of these flame characteristics for capturing the thermodiffusive 
effects on 𝑆𝑇  are demonstrated by incorporating these characteristics into fits to 𝑆𝑇  dataset obtained from the 
aforementioned DNS study. Various definitions of flame thickness are also examined, with the thickness of fuel 
consumption zone showing the best performance. These findings support the leading point concept and imply 
that both critically strained planar flames and highly curved spherically expanding flames could be used to 
characterize the local burning state at the leading edges of turbulent lean premixed hydrogen flames.
Novelty and Significance Statement

The novelty of this research consists of comparing characteristics of critically stretched laminar flames, 
extracted from two flame configurations, i.e., twin planar counterflow flames and highly curved spherical 
flames. The results show that flame consumption velocities are approximately equal in these two extreme cases 
if complex chemistry of lean hydrogen burning is taken into account. Furthermore, for the first time to the 
authors’ knowledge, the results (i) validate the leading point concept under conditions of fixed Karlovitz and 
Damköhler numbers, but different pressures and temperatures, (ii) indicate utility of characteristics of highly 
curved spherically expanding flames within the framework of this concept, and (iii) imply that the width of 
fuel consumption zone is better suited for evaluating thicknesses of critically stretched laminar flames (again 
within the framework of this concept). It is significant because prediction of high turbulent burning velocities, 
well documented in lean hydrogen/air mixtures, challenges the combustion community from the fundamental 
perspective and is of critical importance for the design and development of hydrogen-fueled engines.
1. Introduction

Due to the urgent need to replace traditional fossil fuels with 
renewable carbon-free fuels, there is a continuously growing interest in 
utilizing hydrogen (H2) in various energy and propulsion systems [1,2]. 
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Furthermore, burning hydrogen at lean conditions can decrease exhaust 
gas temperatures, and thus reduce NOx emissions. However, the appli-
cation of lean premixed hydrogen combustion is still facing challenges, 
such as prediction of abnormally high turbulent burning rates, which 
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have been well documented in the pioneering measurements by Karpov 
et al. [3,4] and in many subsequent experimental studies reviewed 
elsewhere [5], see also recent papers [6,7].

Many efforts were devoted to revealing the underlying mechanisms 
for this phenomenon, see review articles [5,8,9] and recent original 
papers [10–21]. In general, the abnormally high burning rate is widely 
accepted to result from local variations in the temperature and mixture 
composition due to the imbalance of reactant and heat fluxes to/from 
reaction zones wrinkled and stretched by turbulent eddies, which is 
known as thermodiffusive effects. Despite the significant progress on 
the understanding of such effects, accurate prediction for the high 
turbulent burning velocity (𝑆𝑇 ) of lean premixed hydrogen flames 
remains a formidable challenge.

Several model strategies are developed to account for the influ-
ence of thermodiffusive effects on flame propagation. For example, 
Howarth and Aspden [22] proposed an empirical scaling model based 
on the second-order instability parameter that arises from classical 
linear stability analysis [23]. This model showed good performance 
on predicting the flame speed of laminar lean premixed hydrogen 
flames that are thermodiffusively unstable, and was supported in two 
recent numerical studies of turbulent burning [24,25]. In the context of 
applications, a simpler approach is to include the Lewis number (𝐿𝑒) 
in conventional scaling models for 𝑆𝑇  to characterize the influence 
of thermodiffusive effects on it [26]. However, this method is purely 
empirical, and the fitting exponents of 𝐿𝑒 are rather scattered across 
different studies [26–30]. The present study focuses on another model 
approach, the so-called leading point concept pioneered by the Russian 
school [31,32].

According to the leading point concept, 𝑆𝑇  is considered to be 
controlled by local characteristics of critically stretched, inherently 
laminar reaction zones localized to the leading edge of a turbulent 
flame brush [31,32]. Therefore, the flame properties of a critically 
stretched laminar flame are proposed to characterize the local structure 
of leading reaction zones in turbulent flows.  The potential of this 
approach to predict the high 𝑆𝑇  of lean mixtures containing H2 was ev-
idenced in several experimental [12–14,21,33,34] and numerical [35–
38] studies. Specifically, by using characteristics of critically stretched 
laminar flames, four research groups [12,21,33,34] well parameterized 
their experimental data that showed a significant increase in 𝑆𝑇  due 
to thermodiffusive effects. Note that those data were measured un-
der a wide range of substantially different conditions (various flame 
configurations, fuels, equivalence ratios, turbulence characteristics). 
DNS data by Lee et al. [35] show that while the influence of ther-
modiffusive effects on conditioned profiles of fuel consumption rate, 
sampled from entire flame brushes, is mitigated with increasing rms 
turbulent velocity 𝑢′, the opposite trend is observed both for 𝑆𝑇  and 
for the counterpart conditioned profiles sampled from the flame-brush 
leading edges. Moreover, the latter profiles are close to results obtained 
from highly strained counter-flow twin laminar premixed flames. Other 
DNS data indicate that the highest (over entire computational domain) 
instantaneous fuel consumption rates are localized to flame-brush lead-
ing zones and oscillate weakly with time [35–37]. Furthermore, these 
highest rates are close to the highest fuel consumption rates in the 
aforementioned strained laminar flames [38]. 

More often, a critically stretched laminar flame highlighted by 
the leading point concept is associated with the aforementioned 1-
D counter-flow twin premixed flame [12–14,21,32–35,38,39], where 
the flame is strained without any curvature as it is a planar flame. 
At the same time, many studies (e.g., [15,18,19]) have revealed that 
the local burning rate in a thermodiffusively unstable lean premixed 
hydrogen flame is closely related to the local curvature. Moreover, 
numerical simulations performed using one-step chemistry showed that 
the local burning rates reached in highly curved expanding spherical 
flames were much higher than in the counterpart counter-flow twin 
premixed flames [40]. Based on these results, highly curved laminar 
flames were proposed to be considered as an alternative model [5,41] 
2 
of leading points in turbulent flows. Furthermore, recent complex-
chemistry DNS studies [36–38] have shown that (i) despite the highest 
local fuel consumption rates sampled from different turbulent flames 
at various instants are always close to the local fuel consumption rates 
in the counterpart critically strained twin counterflow laminar flames, 
(ii) the local strain rates and the local flame curvatures measured in 
the points characterized by these highest local fuel consumption rates 
vary randomly and change their sign. These results could imply the 
lack of locality, i.e., strain rate or/and curvature evaluated in a single 
point within a reaction zone is insufficient to characterize local pertur-
bations of the entire zone by turbulent eddies. These results could also 
suggest that comparably high fuel consumption rates could be reached 
in different configurations of critically stretched complex-chemistry 
laminar flames. In other words, in the case of complex chemistry, 
local consumption velocities in highly strained laminar flames could 
be close to local consumption velocities in highly curved laminar 
flames, contrary to the case of a single-step chemistry [40]. These 
points motivate us to investigate the utility of another conventional 1-D 
laminar flame configuration, i.e., a highly curved expanding spherical 
flame, for predicting high turbulent burning velocities in lean hydrogen 
flames adopting leading point concept.

In light of the above discussion, the objectives of this work are 
two-fold: (1) comparing characteristics of critically stretched counter-
flow twin premixed and spherically expanding flames, with complex 
chemistry being employed; (2) evaluating applicability of both sets of 
critically stretched flame characteristics for predicting high turbulent 
burning velocities in lean hydrogen/air mixtures.

The paper is organized as follows: in Section 2, a 𝑆𝑇  dataset ob-
tained recently from direct numerical simulations (DNS) [42] is briefly 
described; in Section 3, methodologies to extract characteristics of criti-
cally stretched laminar flames are presented for both counterflow twin 
premixed laminar flames and spherically expanding flames, followed 
by a comparison on the computed flame characteristics. In Section 4, 
the performance of these flame characteristics is evaluated by fitting 
the 𝑆𝑇  dataset. Finally, findings are summarized in Section 5.

2. Turbulent burning velocity dataset

The turbulent burning velocity (𝑆𝑇 ) dataset used in this work was 
recently obtained by Wang et al. [42] by running DNS. In those 
simulations, statistically planar turbulent flames of a lean premixed 
hydrogen/air mixture (the equivalence ratio 𝜙 = 0.6) propagating in 
a 3-D box were considered. 𝑆𝑇  was computed based on the fuel (H2) 
consumption rate as: 

𝑆𝑇 = 1
𝜌𝑢𝑌H2 ,u𝐴𝐿 ∫𝛺

𝜔̇H2
𝑑𝑉 . (1)

Here, 𝜌𝑢 and 𝑌H2 ,𝑢 are the density and fuel mass fraction, respectively, 
in unburned mixture, 𝐴𝐿 is the projected flame area on the stream-
wise direction, 𝜔̇H2

 is the mass consumption rate of the fuel, 𝛺 is the 
computational domain, and 𝑉  is its volume. Details on the case setup 
(such as the initial and boundary conditions), as well as numerical 
methods, can be found elsewhere [42] and, thus, are not repeated here. 
A detailed chemical mechanism (9 species and 22 reactions) developed 
by Kéromnès et al. [43] was adopted in the DNS. The same mechanism 
is also used in the present 1-D laminar flame simulations.

Table  1 summarizes the thermochemical conditions and flame prop-
erties for all cases. Specifically, there are four groups of DNS cases with 
varying temperatures and pressures. In Groups 1 and 2, the unburned 
temperature (𝑇𝑢) is increased from 300 to 641 K at atmospheric (𝑃 = 1 
atm) and elevated (𝑃 = 10 atm) pressures, respectively. In Group 3, 𝑃  is 
increased from 1 to 15 atm at fixed 𝑇𝑢 = 300 K. In Group 4, 𝑇𝑢 and 𝑃  are 
increased simultaneously from (𝑃 = 1 atm, 𝑇𝑢 = 300 K) to (𝑃 = 15 atm, 
𝑇𝑢 = 641 K) following an isentropic compression correlation. It is worth 
stressing that, for all cases, major non-dimensional characteristics of 
turbulent burning are fixed. Specifically, 𝑢′∕𝑆 = 2 and 𝑙 ∕𝑙 = 1. Here, 
𝐿 𝑇 𝑓
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Table 1
Flame properties and non-dimensional parameters for DNS cases considered. 𝑆𝐿 is the 
laminar flame speed, 𝑙𝑓  is the thermal flame thickness, 𝛿𝑟,𝑓𝑤 and 𝛿𝑟,ℎ𝑤 are two reaction 
zone thicknesses, and 𝐿𝑒𝑒𝑓𝑓  is the effective Lewis number. Definitions of 𝑙𝑓 , 𝛿𝑟,𝑓𝑤 and 
𝛿𝑟,ℎ𝑤 can be found in Section 3.
 𝑇𝑢 [K] 𝑃 [atm] 𝑆𝐿 [m/s] 𝑙𝑓  [μm] 𝛿𝑟,𝑓𝑤 [μm] 𝛿𝑟,ℎ𝑤 [μm] 𝐿𝑒𝑒𝑓𝑓 𝑆𝑇 ∕𝑆𝐿 
 300 1 1.01 352 196 96 0.42 3.36  
 365 1 1.53 368 190 93 0.43 2.98  
 473 1 2.72 412 183 89 0.45 3.07  
 573 1 4.33 462 180 88 0.48 3.14  
 641 1 5.70 491 179 87 0.49 3.30  
 300 10 0.37 45 23 10 0.39 5.21  
 365 10 0.59 39 21 9.3 0.40 4.97  
 473 10 1.19 33 19 8.4 0.41 4.10  
 573 10 2.13 30 17 7.9 0.42 3.74  
 641 10 3.05 29 17 7.7 0.43 3.20  
 300 2 0.84 165 98 47 0.41 3.65  
 300 5 0.57 71 41 19 0.40 4.21  
 300 15 0.26 37 17 7.4 0.38 6.38  
 365 2 1.30 165 93 44 0.42 3.10  
 473 5 1.74 62 36 17 0.42 3.53  
 641 15 2.37 20 12 5.2 0.42 3.79  

𝑙𝑇  is turbulence integral length scale, 𝑆𝐿 and 𝑙𝑓  are the laminar flame 
speed and thickness, respectively. Thus, the Damköhler number 𝐷𝑎 and 
Karlovitz number 𝐾𝑎 remain constant, i.e., 𝐷𝑎 = (𝑙𝑇 ∕𝑙𝑓 )∕(𝑢′∕𝑆𝐿) =
0.5 and 𝐾𝑎 = (𝑙𝑇 ∕𝑙𝑓 )−0.5(𝑢′∕𝑆𝐿)1.5 = 2.8. Therefore, all the flames are 
located at the same point in the Borghi-Peters regime diagram [44,45].

This design of a set of simulated cases has both advantages and 
disadvantages. On the one hand, 𝐾𝑎 is moderate and constant. There-
fore, influence of Karlovitz number on the magnitude of an increase 
in 𝑆𝑇 ∕𝑆𝐿 due to thermodiffusive effects cannot be investigated. Never-
theless, this limitation of the present work appears to be of secondary 
importance, because the influence of 𝐾𝑎 on 𝑆𝑇 ∕𝑆𝐿 in lean hydro-
gen/air mixtures was already explored in other DNS studies [16,18,
25,46,47]. On the other hand, variations in pressure and temperature 
at constant 𝐷𝑎 and 𝐾𝑎 is the unique peculiarity of the present work, 
with this peculiarity offering new opportunities for studying thermod-
iffusive effects in turbulent flames. Indeed,  conventional models of 
𝑆𝑇 , which allow only for 𝑢′∕𝑆𝐿 and 𝑙𝑇 ∕𝑙𝑓  (or equivalently, 𝐷𝑎 and 
𝐾𝑎), will yield the same value of 𝑆𝑇 ∕𝑆𝐿 in all cases. However, due to 
sensitivity of the magnitude of thermodiffusive effects to 𝑇𝑢 and 𝑃 , the 
ratio 𝑆𝑇 ∕𝑆𝐿 varies considerably across different cases [42], as shown 
in Table  1. It is also worth stressing that various empirical models 
that allow for not only 𝑢′∕𝑆𝐿 and 𝑙𝑇 ∕𝑙𝑓 , but also 𝐿𝑒 [26–30] cannot 
predict significant variations in the computed 𝑆𝑇  either, because the 
effective Lewis number 𝐿𝑒𝑒𝑓𝑓  varies marginally at the thermochemical 
conditions considered in this work (equations used to calculate 𝐿𝑒𝑒𝑓𝑓
are reported elsewhere [42]). For instance for Group 4, 𝐿𝑒𝑒𝑓𝑓  remains 
unchanged when 𝑇𝑢 and 𝑃  are increased simultaneously, whereas 
𝑆𝑇 ∕𝑆𝐿 is significantly increased. The emphasized facts (constant 𝑢′∕𝑆𝐿, 
𝑙𝑇 ∕𝑙𝑓 , 𝐷𝑎, or 𝐾𝑎, almost constant 𝐿𝑒, but significantly different 𝑆𝑇 ∕𝑆𝐿) 
make the discussed dataset [42] particularly interesting for exploring 
capabilities of various models of 𝑆𝑇  for predicting the thermodiffusive 
effects.

3. 1-D critically stretched laminar flames

Theoretically, the flame stretch, defined by the fractional rate of 
change of a flame surface element, can be decomposed into two com-
ponents: one is the tangential strain rate which is related to the flow 
non-uniformity, and the other is the curvature stretch which is related 
to the propagating curved flame front. Therefore, two groups of 1-D 
critically stretched laminar flames are considered in this work: one is 
the 1-D counter-flow twin premixed flames which are solely subject to 
the tangential strain rate, and the other is the 1-D spherically expanding 
flames which are also subject to the curvature stretch.
3 
3.1. 1-D counter-flow twin premixed flames

A series of 1-D counter-flow twin premixed flame is simulated for 
the same hydrogen/air mixture at the thermochemical conditions listed 
in Table  1 using Cantera [48]. The mixture-averaged transport model 
without Soret effect is employed as in the DNS [42]. The critical 
stretch rates are reached by gradually increasing the inlet flow velocity 
until the flame is quenched. The flame consumption velocity 𝑆𝑐,𝑠𝑡𝑟 is 
computed using Eq. (1) in a 1-D planar coordinate framework, and 
the thermal flame thickness 𝑙𝑓,𝑠𝑡𝑟 of the strained flame is evaluated as 
follows: 

𝑙𝑓,𝑠𝑡𝑟 =
𝑇𝑏 − 𝑇𝑢
|∇𝑇 |𝑚𝑎𝑥

, (2)

where 𝑇𝑏 is the burned gas temperature. Eq. (2) is also adopted to 
determine the thermal thickness 𝑙𝑓  of the unstrained flame. The flame 
stretch rate 𝐾 is calculated using the following simplest formula 

𝐾 =
𝑈𝑖𝑛
𝐿

, (3)

because exact values of 𝐾 are of minor importance for the present 
study. Here, 𝑈𝑖𝑛 is the inlet velocity and 𝐿 is the domain length. The 
subscript “ str” means the flame properties are obtained from a strained
flame, i.e., 1-D counter-flow twin premixed flame.

Figs.  1 and 2 show variations of normalized flame consumption 
velocity (𝑆𝑐,𝑠𝑡𝑟∕𝑆𝐿) and corresponding normalized thermal flame thick-
ness (𝑙𝑓,𝑠𝑡𝑟∕𝑙𝑓 ) with normalized flame stretch (𝐾 ∗ 𝑙𝑓∕𝑆𝐿) at different 
pressures and temperatures. In most cases, 𝑆𝑐,𝑠𝑡𝑟 is increased with 
increasing 𝐾 and reaches a peak value 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟 at a high, near-critical 
stretch rate, with the flame being quenched by a slightly higher strain 
rate. The thickness 𝑙𝑓,𝑠𝑡𝑟 is monotonically decreased with increasing 𝐾. 
Following the leading point concept, these peak values 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟 and the 
corresponding flame thickness 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟 (𝑙𝑓,𝑠𝑡𝑟 at the flame stretch corre-
sponding to 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟, marked with squares in Fig.  2) will be used when 
analyzing the DNS data on 𝑆𝑇  for lean premixed hydrogen/air flames. 
Note that for cases with elevated temperature but atmospheric pressure 
(i.e., 𝑇𝑢 = 473–641 K, 𝑃 = 1 atm), 𝑆𝑐,𝑠𝑡𝑟 of stretched flame is always 
smaller than 𝑆𝐿, as shown in Fig.  1(a). This indicates that these flames 
are not accelerated by thermodiffusive effects. Therefore, for these 
flames, 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟 = 𝑆𝐿 and 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟 = 𝑙𝑓  are used following [5,21,34].  Note 
that the decrease in 𝑆𝑐,𝑠𝑡𝑟∕𝑆𝐿 with increasing strain rate, observed at 
𝑇𝑢 = 473–641 K and 𝑃 = 1 atm, is typical for hydrocarbon-air mixtures 
characterized by Lewis numbers close to or larger than unity. This 
trend is associated with positive Markstein numbers predicted for such 
mixtures by various activation energy asymptotic theories reviewed 
elsewhere [5]. Negative slopes of the three discussed curves (𝑇𝑢 = 473, 
573, and 641 K) at low strain rates indicate that Markstein numbers are 
positive in these cases also. An increase in Markstein number due to an 
increase in 𝑇𝑢 was also reported in another recent numerical study of 
lean H2/air strained laminar flames [49]. This trend is associated with 
a decrease in Zel’dovich number 𝑍𝑒 with increasing 𝑇𝑢 at atmospheric 
pressure [50] (see Supplementary Material for 𝑍𝑒 values at different 
conditions). This results in decreasing magnitude of the 𝐿𝑒-dependent 
contribution to Markstein number, which is proportional to 𝑍𝑒(𝐿𝑒 −
1) [23] and is negative in lean hydrogen/air mixtures. 

Apart from the thermal flame thickness 𝑙𝑓 , the reaction zone thick-
ness 𝛿𝑟 is also recognized as a characteristic length scale of laminar 
flames. Therefore, in this work, the suitability of 𝛿𝑟 to characterizing 
the influence of thermodiffusive effects on 𝑆𝑇  is also explored. The 
thickness 𝛿𝑟 could be evaluated based on either fuel consumption rate 
(FCR) or heat release rate (HRR). DNS studies by Lee et al. [36,37] in-
dicated that the extreme (highest) HRR values exhibit strong temporal 
fluctuations, while the extreme FCR values fluctuate weakly and are 
close at different turbulent Karlovitz numbers. These findings suggest 
that FCR is more relevant to the leading point concept than HRR. 
Therefore, the FCR-based 𝛿𝑟 is adopted in this work. Specifically, two 
definitions are considered:
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Fig. 1. Variation of normalized flame consumption velocity 𝑆𝑐,𝑠𝑡𝑟∕𝑆𝐿 with normalized stretch rate 𝐾 ∗ 𝑙𝑓 ∕𝑆𝐿 in twin premixed counterflow flames.
Fig. 2. Variations of normalized flame thickness 𝑙𝑓,𝑠𝑡𝑟∕𝑙𝑓  with normalized stretch rate 𝐾 ∗ 𝑙𝑓 ∕𝑆𝐿 in twin premixed counterflow flames. Squares represent 𝑙𝑓,𝑠𝑡𝑟 at the flame stretch 
corresponding to 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟, i.e., 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟.
• 𝛿𝑟,𝑓𝑤, defined as the full width at half maximum (FWHM) of the 
FCR profile, which is the width of the region where the local FCR 
exceeds 50% of its peak value;

• 𝛿𝑟,ℎ𝑤, defined as the half width at half maximum (HWHM) of the 
FCR profile, measured upstream of the maximum, i.e., the left half 
of FWHM.

Fig.  3 exemplarily shows variations of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 and 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟 with the 
stretch rate 𝐾 for the case with 𝑇𝑢 = 300 K and 𝑃 = 1 atm. The 
consumption velocity 𝑆𝑐,𝑠𝑡𝑟 is also presented for reference. Unlike 𝑙𝑓,𝑠𝑡𝑟, 
which shows a monotonically decreasing trend with 𝐾, 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 varies 
non-monotonically at high 𝐾. Specifically, 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 decreases with 𝐾
at low-to-moderate 𝐾, but then begins to increase after reaching a 
certain threshold of 𝐾. This results in a local minimum of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 (see 
point “ f1” in Fig.  3). As 𝐾 continues increasing, 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 eventually 
experiences a sharp drop when 𝐾 is sufficiently close to the extinction 
limit. Consequently, there is a local maximum of 𝛿  (see point 
𝑟,𝑓𝑤,𝑠𝑡𝑟

4 
“ f3”). The 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 corresponding to the maximum 𝑆𝑐,𝑠𝑡𝑟 lies between 
f1 and f3 and is marked as “ f2”.

To understand this abnormal trend of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 at high 𝐾, Fig.  4 
examines the flame structures associated with points f1, f2 and f3. 
Specifically, Fig.  4 shows spatial profiles of FCR (𝜔̇𝐹 ), temperature (𝑇 ), 
and mole fraction of H2 (𝑋𝐻2

). As 𝐾 increases, the peak temperature 
decreases, and the amount of unburned H2 increases, suggesting that 
the combustion process is substantially influenced by the boundary 
conditions on the burned gas side. In other words, the reaction zone 
interacts directly with the boundary, where gradients of temperature 
and species concentrations vanish. Consequently, the gradient of 𝜔̇𝐹  is 
also zero, leading to a flattening of the 𝜔̇𝐹  profile near the boundary 
and a broadening of the reaction zone. With higher 𝐾, the reaction zone 
is more influenced by the boundary, resulting in larger 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟. This 
explains the observed increasing trend of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 with 𝐾. Regarding 
the final sharp decrease of 𝛿  at extremely high 𝐾, the explanation 
𝑟,𝑓𝑤,𝑠𝑡𝑟
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Fig. 3. Variations of normalized 𝑆𝑐,𝑠𝑡𝑟∕𝑆𝐿, 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟∕𝛿𝑟,𝑓𝑤 and 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟∕𝛿𝑟,ℎ𝑤 with normal-
ized stretch rate 𝐾 ∗ 𝑙𝑓 ∕𝑆𝐿 in twin premixed counterflow flames. 𝑇𝑢 = 300 K and 𝑃
= 1 atm.

is straightforward: when the flame approaches extinction, the reaction 
zone is greatly reduced.

The above results suggest that the abnormal trend of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 at high 
𝐾 is primarily due to the influence of the boundary. This observation 
has motivated us to use 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟 as an alternative. By definition, 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟
measures the thickness of the half reaction zone farther from the 
boundary, making 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟 less susceptible to boundary effects com-
pared to 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟. This can also be seen in Fig.  4(a), where no significant 
differences are observed in the left haft of 𝜔̇𝐹  profiles across different 
flames. As a result, the non-monotonic trend of 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟 with 𝐾 is much 
less pronounced than that of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟, as shown in Fig.  3. It is also 
worth mentioning that the curves of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 and 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟 are nearly 
overlapping at low 𝐾 associated with the initial monotonic decrease 
in the thickness with the strain rate.

Figs.  5 and 6 show variations of normalized 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 and 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟
with stretch, at different pressures and temperatures. As shown in 
Fig.  5, 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤 can belong to different branches of the 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟(𝐾)-curve, 
namely, the initially decreasing branch, the intermediately increasing 
branch, and the final sharply decreasing branch, depending on the 
specific conditions. This variability introduces significant uncertainties 
in determination of 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟. In contrast, 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑠𝑡𝑟 is typically close to 
the local minimum of the 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟(𝐾)-curve (or is associated with the 
initially decreasing branch of the curve). This fact substantially reduces 
the ambiguity in determining 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑠𝑡𝑟 and makes this thickness more 
suitable for evaluating 𝑆𝑇  using leading point concept.

3.2. 1-D spherically expanding flames

The 1-D spherical flame propagating in a closed vessel is simulated 
using the in-house code A-SURF [51,52]. The length of simulation 
domain is set equal to 4 cm so that the pressure increase is negligible 
throughout the simulation, as shown in the Supplementary Material. 
The unburned mixture is initially static and spatially uniform. A hot 
kernel with a radius of 𝑅𝐻 , filled with equilibrium combustion prod-
ucts, is introduced at the center to initiate a flame kernel. Unsteady, 
compressible Navier–Stokes, energy, and species transport equations 
for a multi-component reactive flow are solved in a spherical coordinate 
framework using the finite volume method [51,52]. The same transport 
model as in the case of the twin flames is employed. To accurately and 
efficiently resolve the flame front structure, the dynamically adaptive 
mesh refinement (AMR) is applied based on the temperature gradient. 
Consequently, the minimum mesh size ranges from 0.5 to 4 μm across 
different cases, ensuring that there are sufficient grid points within the 
reaction zone. A grid convergence study is provided in the Supplemen-
tary Material. More details on governing equations, numerical schemes, 
and code validation can be found in Ref. [51].
5 
Unlike the counter-flow twin premixed flame, the spherically ex-
panding flame is unsteady, and the transient flame propagation process 
is influenced by the initial conditions (e.g., the ignition kernel), espe-
cially during the early stage. Note that the early flame propagation is of 
particular interest in this work, because the flame radius is small and 
the curvature stretch is high during this stage. Therefore, in order to 
reduce the influence of the initial conditions and to avoid the ambiguity 
of flame properties obtained from spherically expanding flames, the 
following three steps are adopted to extract the flame consumption 
velocity and thickness from 1-D critically stretched spherical flames.

• First, different values of ignition kernel radius 𝑅𝐻  are tested to 
find the critical 𝑅𝐻  (denoted as 𝑅𝐻,𝑐), below which the flame 
cannot propagate, i.e., the initial kernel shrinks. It is expected that 
with smaller 𝑅𝐻 , the curvature stretch that the flame undergoes 
during the early stage would be higher.

• Second, based on the case with 𝑅𝐻 = 𝑅𝐻,𝑐 , time-dependencies of 
the flame consumption velocity 𝑆𝑐,𝑐𝑢𝑟𝑣, the thermal flame thick-
ness 𝑙𝑓,𝑐𝑢𝑟𝑣, and the two reaction zone thicknesses 𝛿𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 and 
𝛿𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣, are recorded, where the subscript “ curv” means they are 
obtained from a curved flame.

• Third, a peak value (denoted as 𝑆𝑚𝑎𝑥
𝑐,𝑐𝑢𝑟𝑣) is extracted from the time 

history of 𝑆𝑐,𝑐𝑢𝑟𝑣. At the same instant, the flame thicknesses 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣, 
𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣, are then extracted.

To explicitly show how 𝑆𝑚𝑎𝑥
𝑐,𝑐𝑢𝑟𝑣, 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣, 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 are 

obtained following the three steps mentioned above, results for the 
case with 𝑇𝑢 = 300 K and 𝑃 = 1 atm are presented in Figs.  7 and
8 as an example. The results for the other cases are provided in 
the Supplementary Material. Specifically, Fig.  7 shows the temporal 
evolution of the flame radius (𝑅𝑓 , defined as the maximum heat release 
rate position) at three different 𝑅𝐻 , i.e., 𝑅𝐻 = 0.72, 0.76, and 0.8 mm. 
It is seen that for 𝑅𝐻 = 0.76 mm, the flame is successfully ignited, 
while for 𝑅𝐻 = 0.72 mm, the ignition fails. Therefore, it can be deduced 
that the critical 𝑅𝐻 , i.e., 𝑅𝐻,𝑐 , is equal to 0.76 mm with less than 
6% uncertainty. Then, Fig.  8 shows the temporal evolution of the 𝑅𝑓 , 
𝑆𝑐,𝑐𝑢𝑟𝑣, 𝑙𝑓,𝑐𝑢𝑟𝑣, 𝛿𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 and 𝛿𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 at 𝑅𝐻 = 𝑅𝐻,𝑐 = 0.76 mm. Two 
peaks are observed for the 𝑆𝑐,𝑐𝑢𝑟𝑣 curve. However, the first peak is 
largely influenced by the ignition kernel, and the flame is still not fully 
developed. Therefore, the second peak of 𝑆𝑐,𝑐𝑢𝑟𝑣 is defined as 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣, 
and 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣 is extracted from 𝑙𝑓,𝑐𝑢𝑟𝑣 curve at the same instant. 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣
and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 are obtained in the same way. All 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣, 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣, 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣

and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 are marked with pentagrams in Fig.  8.
Note that in the counter-flow twin premixed flames, 𝑆𝑐,𝑠𝑡𝑟 is found 

to be always smaller than 𝑆𝐿 at 𝑇𝑢 ≥ 473 K and atmospheric pressure. 
This phenomenon is also observed in the spherically expanding flames. 
For example, Fig.  9 shows the temporal evolution of 𝑅𝑓 , 𝑆𝑐,𝑐𝑢𝑟𝑣, and all 
flame thicknesses at 𝑅𝐻 = 𝑅𝐻,𝑐 for the case with 𝑇𝑢 = 573 K and 𝑃
= 1 atm. It is seen that the peak of 𝑆𝑐,𝑐𝑢𝑟𝑣 is smaller than 𝑆𝐿 (shown 
in a horizontal dashed line). Therefore, at this condition, 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟 = 𝑆𝐿, 
𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟 = 𝑙𝑓 , 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 = 𝛿𝑟,𝑓𝑤 and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 = 𝛿𝑟,ℎ𝑤 are specified, following 
the same strategy used previously for the counter-flow twin premixed 
flames.

3.3. Comparison on flame properties obtained from different critically 
stretched laminar flames

In this subsection, critically stretched flames’ properties computed 
in the stationary counter-flow and expanding spherical cases are com-
pared at different temperatures and pressures.

Fig.  10 shows 𝑆𝑚𝑎𝑥
𝑐,𝑠𝑡𝑟 and 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣, with both quantities being nor-
malized with the same 𝑆𝐿. Both 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟 and 𝑆𝑚𝑎𝑥
𝑐,𝑐𝑢𝑟𝑣 are decreased with 

increasing 𝑇𝑢, while are increased with increasing 𝑃 . This is consistent 
with results of previous simulations of twin counter-flow flames [42,49] 
and implies that the thermodiffusive effects are enhanced at high pres-
sures but suppressed at high temperatures. For the present study goals, 
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Fig. 4. Spatial profiles of FCR (a), temperature (b), and mole fraction of H2 (c) for twin premixed counterflow flames at three strain rates associated with points f1, f2, and f3. 
𝑇𝑢 = 300 K and 𝑃 = 1 atm.
Fig. 5. Variation of normalized reaction zone thickness 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟∕𝛿𝑟,𝑓𝑤 with normalized stretch rate 𝐾 ∗ 𝑙𝑓 ∕𝑆𝐿 in twin premixed counterflow flames. Squares represent 𝛿𝑟,𝑓𝑤,𝑠𝑡𝑟 at the 
flame stretch corresponding to 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟, i.e., 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑠𝑡𝑟.
it is of the most interest that 𝑆𝑚𝑎𝑥
𝑐,𝑠𝑡𝑟 and 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣 are close to each other 
across all thermochemical conditions, although the two consumption 
velocities are obtained from different flame configurations, where the 
flame is subject to different types of flame stretch. This finding could 
imply that the highest local flame consumption velocity is an intrinsic 
property of a complex-chemistry lean hydrogen–air mixture and can 
be reached in variously perturbed laminar flames. It is worth recalling 
that 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣 is substantially higher than 𝑆𝑚𝑎𝑥
𝑐,𝑠𝑡𝑟 in the case of a single-case 

chemistry and a low Lewis number [40].
In contrast, as shown in Fig.  11, considerable difference is ob-

served between the normalized thermal flame thicknesses 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟∕𝑙𝑓  and 
𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣∕𝑙𝑓 . Specifically, 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟∕𝑙𝑓  is smaller than 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣∕𝑙𝑓  at most condi-
tions. In addition, the dependence of the thermal flame thickness on 
temperature and pressure is also different from the flame consumption 
velocity. With increasing 𝑇𝑢, the thermal flame thickness is increased, 
while with increasing 𝑃 , it is decreased.

The results reported in Figs.  10 and 11 are presented in another form 
in Fig.  12. This figure clearly reveals a negative correlation between the 
consumption velocities and thicknesses of critically stretched flames. 
Note that, for the spherically expanding flame, the normalized thick-
ness 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣∕𝑙𝑓  smoothly decreases from unity as 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣∕𝑆𝐿 is increased, 
while for the counter-flow twin premixed flame, a sharp drop in the 
thickness is observed.
6 
Similar analyses can also be performed for the reaction zone thick-
ness. Fig.  13 compares reaction zone thicknesses of the critically 
stretched flames, obtained using two different definitions (“ fw” vs. 
“ hw”) from two different flame configurations (“ str” vs. “ curv”). Two 
observations are worth noting. First, the normalized 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 and 
𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 are almost identical, while there are noticeable differences 
between normalized 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑠𝑡𝑟 and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑠𝑡𝑟. This indicates that, unlike 
the counter-flow twin premixed flames, the critically stretched reaction 
zone thickness for spherically expanding flames is not influenced by 
boundary conditions, making it less sensitive to the definition of 𝛿𝑟. 
Second, when using the full width definition of 𝛿𝑟, the results obtained 
from counter-flow twin premixed flames and spherically expanding 
flames are generally closer, but the differences are larger when the 
half width definition of 𝛿𝑟 is applied. Nevertheless, the differences are 
sufficiently small even in the latter (“ hw”) case.

Finally, Fig.  14 examines correlations between the reaction zone 
thickness and consumption velocity of critically stretched flames. The 
data points obtained from spherically expanding flames clearly show 
a negative correlation between the reaction zone thickness and flame 
consumption velocity, regardless of the definition of 𝛿𝑟. However, 
when using the counter-flow twin premixed flame configuration, the 
results from the full width definition do not show a clear correlation. 
This is due to large uncertainties introduced during the determination 
of 𝛿𝑚𝑎𝑥 . In contrast, the results obtained adopting the half width 
𝑟,𝑓𝑤,𝑠𝑡𝑟
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Fig. 6. Variation of normalized reaction zone thickness 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟∕𝛿𝑟,ℎ𝑤 with normalized stretch rate 𝐾 ∗ 𝑙𝑓 ∕𝑆𝐿 in twin premixed counterflow flames. Squares represent 𝛿𝑟,ℎ𝑤,𝑠𝑡𝑟 at the 
flame stretch corresponding to 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟, i.e., 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑠𝑡𝑟.
Fig. 7. Temporal evolution of the flame radius (𝑅𝑓 ) induced by different ignition kernel 
sizes (𝑅𝐻 ). 𝑇𝑢 = 300 K and 𝑃 = 1 atm.

definition exhibit a similar negative correlation to that observed in 
spherically expanding flames.

4. Scaling of turbulent burning velocity

Regarding an empirical model of 𝑆𝑇 , the following general power-
law scaling relation is considered: 
𝑆𝑇
𝑢′

∝
(

𝑢′

𝑆𝐿

)𝛼 ( 𝑙𝑇
𝑙𝑓

)𝛽
. (4)

While many models are based on 𝐾𝑎, 𝐷𝑎, or the turbulent Reynolds 
number 𝑅𝑒𝑇 , they are subsumed by Eq. (4), because 𝐾𝑎, 𝐷𝑎, and 𝑅𝑒𝑇
are functions of 𝑢′∕𝑆𝐿 and 𝑙𝑇 ∕𝑙𝑓  if variations in the flame Reynolds 
number 𝑅𝑒𝐹 = 𝑆𝐿𝑙𝑓∕𝜈 are disregarded. Here, 𝜈 is unburned gas 
viscosity.

Within the framework of leading point concept, 𝑆𝐿 and 𝑙𝑓  in Eq. (4) 
should be substituted with the corresponding flame properties obtained 
7 
from the critically stretched flames [5,21]. Therefore, Eq. (4) is changed 
to: 
𝑆𝑇
𝑢′

= 𝑎
(

𝑢′

𝑆𝑚𝑎𝑥
𝑐

)𝛼
(

𝑙𝑇
𝑙𝑚𝑎𝑥𝑓

)𝛽

(5)

where 𝑎 is a constant, and 𝑆𝑚𝑎𝑥
𝑐  and 𝑙𝑚𝑎𝑥𝑓  represent the consumption 

velocity and thickness of a critically stretched flame. Note that the 
critically stretched flame can be either a counter-flow twin premixed 
flame or a spherically expanding flame, and the flame thickness can 
be either the thermal flame thickness or the reaction zone thickness. 
This results in six different combinations of 𝑆𝑚𝑎𝑥

𝑐  and 𝑙𝑚𝑎𝑥𝑓 , leading to 
six empirical models in total.

To determine the optimal values of the power exponents 𝛼 and 𝛽, a 
methodology used in Refs. [21,34] is directly adopted. First, the ratio 
𝑟 = 𝛽∕𝛼 is varied with the step size of 𝛥𝑟 = 0.01. Next, a least square 
fit is applied to all 𝑆𝑇  data to determine 𝑎(𝑟) and 𝛼(𝑟) for each value of 
𝑟. Finally, the specific ratio 𝑟𝑚 and the corresponding 𝑎(𝑟𝑚) and 𝛼(𝑟𝑚)
that minimize the following error function 
𝜖 = 𝛴[ln(𝑆𝑇 ∕𝑢′) − ln(𝑎) − 𝛼 ln(𝑢′∕𝑆𝑚𝑎𝑥

𝑐 ) − 𝛽 ln(𝑙𝑇 ∕𝑙𝑚𝑎𝑥𝑓 )]2 (6)

are selected.
Fig.  15 presents the obtained relationships between ln(𝑆𝑇 ∕𝑢′) and 

ln[(𝑢′∕𝑆𝑚𝑎𝑥
𝑐 )(𝑙𝑇 ∕𝑙𝑚𝑎𝑥𝑓 )𝑟𝑚]. It can be observed that, across all six combi-

nations of 𝑆𝑚𝑎𝑥
𝑐  and 𝑙𝑚𝑎𝑥𝑓 , the proposed scaling parameter effectively 

collapses the DNS data points onto a linear function with a goodness 
of data fitting (𝑅2) higher than 0.92. It is important to note that, for 
all DNS cases considered, 𝑢′∕𝑆𝐿 and 𝑙𝑇 ∕𝑙𝑓  are held constant. Therefore, 
the conventional empirical Eq. (4) will yield the same value of 𝑆𝑇 ∕𝑢′

for all cases. Moreover, significant variations in 𝑆𝑇 ∕𝑢′ computed in the 
DNS are difficult to link with small variations in 𝐿𝑒 from case to case. In 
this regard, the good performance of Eq. (5) supports the leading point 
concept by showing that 𝑆𝑇  of lean premixed hydrogen/air flames at a 
wide range of temperatures and pressures can be accurately predicted 
highlighting characteristics of critically stretched laminar premixed 
flames.

Table  2 summarizes the fitted values of 𝑎, 𝛼, and 𝛽 in Eq. (5), 
used to create Fig.  15, as well as the corresponding coefficients of 
determination 𝑅2, for each combination of 𝑆𝑚𝑎𝑥

𝑐  and 𝑙𝑚𝑎𝑥𝑓 . When the 
reaction zone thickness is used as the characteristic flame length scale, 
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Fig. 8. Temporal evolution of the flame radius (𝑅𝑓 ), flame consumption velocity (𝑆𝑐,𝑐𝑢𝑟𝑣), thermal flame thickness (𝑙𝑓,𝑐𝑢𝑟𝑣), and reaction zone thicknesses 𝛿𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 and 𝛿𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 at 
𝑅𝐻 = 𝑅𝐻,𝑐 . 𝑇𝑢 = 300 K and 𝑃 = 1 atm.

Fig. 9. Temporal evolution of the flame radius (𝑅𝑓 ), flame consumption velocity (𝑆𝑐,𝑐𝑢𝑟𝑣), flame thickness (𝑙𝑓,𝑐𝑢𝑟𝑣), and reaction zone thicknesses 𝛿𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 and 𝛿𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 at 𝑅𝐻 = 𝑅𝐻,𝑐 . 
𝑇𝑢 = 573 K and 𝑃 = 1 atm.

Fig. 10. Variations of 𝑆𝑚𝑎𝑥
𝑐,𝑠𝑡𝑟∕𝑆𝐿 and 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣∕𝑆𝐿 with 𝑇𝑢 and 𝑃 .
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Fig. 11. Variations of 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟∕𝑙𝑓  and 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣∕𝑙𝑓  with 𝑇𝑢 and 𝑃 .
Fig. 12. Variations of normalized thermal flame thickness with normalized flame 
consumption speed, extracted from the two types of critically stretched flames.

the exponent 𝛽 is positive, in line with positive values of 𝑙𝑇 ∕𝑙𝑓  re-
ported in previous studies, e.g., [28,29,53]. In contrast, negative 𝛽 is 
observed when the thermal flame thickness is employed. In addition, 
𝛽 exhibits strong sensitivity to the flame configuration when using the 
thermal flame thickness, while 𝛽 remains nearly identical across two 
flame configurations when using the reaction zone thickness. Based 
on these observations, the reaction zone thickness is preferred as the 
characteristic flame length scale for modeling 𝑆𝑇 . Among the two 
definitions of reaction zone thickness considered, (1) the half width def-
inition is less affected by boundary conditions in the counter-flow twin 
premixed flames, and (2) empirical models employing the half width 
definition achieve higher 𝑅2 values. Therefore, 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑠𝑡𝑟 and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 are 
recommended for the modeling purpose.

It is worth noting that the length scale ratio was neglected in several 
previous applications of the leading point concept to parameterizing 
experimental data [12–14,33]. Following this approach, the empirical 
models that do not account for the flame thickness are also considered 
in this work. By manually setting 𝛽 = 0, the following two models that 
9 
Table 2
Constants used in Eq. (5) for all combinations of 𝑆𝑚𝑎𝑥

𝑐  and 𝑙𝑚𝑎𝑥𝑓 .

 Model# Flame properties 𝑎 𝛼 𝛽 𝑅2 Fig.#  
 1 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟, 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟 2.61 −0.72 −0.28 0.96 Fig.  15(a) 
 1 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣, 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣 2.08 −0.51 −0.06 0.92 Fig.  15(b) 
 2 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟, 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑠𝑡𝑟 1.58 −0.47 0.31 0.95 Fig.  15(c) 
 2 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣, 𝛿𝑚𝑎𝑥𝑟,𝑓𝑤,𝑐𝑢𝑟𝑣 1.57 −0.42 0.32 0.98 Fig.  15(d) 
 3 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟, 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑠𝑡𝑟 1.04 −0.37 0.40 0.96 Fig.  15(e) 
 3 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣, 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣 1.11 −0.39 0.39 0.98 Fig.  15(f)  
 4 only 𝑆𝑚𝑎𝑥

𝑐,𝑠𝑡𝑟 2.08 −0.50 – 0.92 Fig.  16(a) 
 4 only 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣 2.03 −0.48 – 0.91 Fig.  16(b) 

only include 𝑢′∕𝑆𝑚𝑎𝑥
𝑐  are obtained: 

𝑆𝑇
𝑢′

= 2.08

(

𝑢′

𝑆𝑚𝑎𝑥
𝑐,𝑠𝑡𝑟

)−0.50

, (7)

and: 
𝑆𝑇
𝑢′

= 2.03

(

𝑢′

𝑆𝑚𝑎𝑥
𝑐,𝑐𝑢𝑟𝑣

)−0.48

. (8)

Fig.  16 shows that these two simplified models still perform well 
on characterizing 𝑆𝑇 . Although the 𝑅2 values are lower compared 
to those obtained using 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑠𝑡𝑟 and 𝛿𝑚𝑎𝑥𝑟,ℎ𝑤,𝑐𝑢𝑟𝑣, they remain above 0.9. 
These results highlight the robustness of incorporating the leading 
point concept into the empirical modeling of 𝑆𝑇 , even when the flame 
thickness is not explicitly considered.

5. Conclusions

Inspired by leading point concept of premixed turbulent combus-
tion, characteristics of 1-D critically stretched laminar flames, including 
the flame consumption velocity and differently defined flame thick-
nesses, were investigated using two canonical flame configurations: 
counter-flow twin premixed flames and spherically expanding flames. 
Lean premixed hydrogen/air mixtures were considered across a wide 
range of temperatures and pressures, matching the thermochemical 
conditions addressed in recent direct numerical simulations [42]. The 
results show that the critically stretched flame consumption velocities 
obtained from these two flame configurations are closely aligned, ex-
hibiting a decreasing trend with temperature while an increasing trend 
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Fig. 13. Variations of normalized reaction zone thickness of critically stretched flames with 𝑇𝑢 and 𝑃 . Results computed using the full width and half width definitions are plotted 
in solid and dashed lines, respectively.
Fig. 14. Variations of normalized reaction zone thickness with normalized flame consumption speed, extracted from critically stretched flames. (a) full width, (b) half width.
with pressure. In contrast, the critically stretched flame thicknesses 
show an opposite dependence on temperature and pressure compared 
to the flame consumption velocity. In addition, the thermal flame thick-
ness obtained from the spherically expanding flames is considerably 
greater than that from the counter-flow twin premixed flames.

The ability of these flame characteristics to capture variations of 
the magnitude of thermodiffusive effects on 𝑆𝑇  with pressures and 
temperatures was assessed by incorporating the aforementioned char-
acteristics into an empirical scaling model for the 𝑆𝑇  dataset obtained 
in the aforementioned DNS study [42]. Various definitions of stretched 
laminar flame thickness were also examined. The use of characteristics 
of critically stretched laminar flames, obtained from both flame config-
urations, allowed us to well parameterize variations of the computed 
𝑆𝑇  with pressures and temperatures. Among the flame thickness defini-
tions considered, the reaction zone thickness defined as the half width 
at half maximum of the fuel consumption rate profile, was found to 
outperform the others, as it yielded more robust model constants and 
better performance.
10 
These findings not only support the leading point concept of pre-
mixed turbulent combustion, but also underscore that the spherically 
expanding flame can also serve as a good candidate of the critically 
stretched laminar flame to characterize the local burning rate at the 
leading edge of a turbulent lean hydrogen flame. These findings also 
imply that approximately the same highest local flame consumption 
velocity could be reached in various configurations of strongly per-
turbed complex-chemistry lean hydrogen–air laminar flames. Future 
work could extend this analysis to conditions more representative of 
practical engine environments.

While the present study is restricted to a single moderate value of 
Karlovitz number, the reported results considered jointly with results 
of two recent applications of leading point concept to parameteriz-
ing experimental data obtained from expanding statistically spheri-
cal H2/O2/𝑁2 (𝜙 = 0.45) flames [21] and statistically stationary 
NH3/H2/N2/O2 (0.355 ≤ 𝜙 ≤ 0.765) jet flames [34] show a wide range 
of the concept utility, e.g., Karlovitz number was varied from 0.6 to 
1670 in the latter measurements. It is also worth noting that charac-
teristics of critically stretched laminar flames, adopted to parameterize 
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Fig. 15. All DNS 𝑆𝑇  data fitted using Eq. (5) with 𝑆𝑚𝑎𝑥
𝑐,𝑠𝑡𝑟 and 𝑙𝑚𝑎𝑥𝑓,𝑠𝑡𝑟 (left column) and 𝑆𝑚𝑎𝑥

𝑐,𝑐𝑢𝑟𝑣 and 𝑙𝑚𝑎𝑥𝑓,𝑐𝑢𝑟𝑣 (right column). Plots placed in different rows show results obtained using 
different flame thicknesses specified in each plot.
data on 𝑆𝑇 , are independent on turbulence characteristics, but vary 
with variations in mixture composition, pressure, and unburned gas 
temperature. 
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Fig. 16. All DNS 𝑆𝑇  data fitted using Eqs. (7) and (8), respectively.
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