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A B S T R A C T

Ultra-lean hydrogen flame is closely related to hydrogen safety. Recently, different types of hydrogen flame have 
been observed in experiments under ultra-lean conditions. However, the evolution and propagation of ultra-lean 
hydrogen flames are still not well understood. In this study, 3D simulations considering detailed chemistry and 
transport models are conducted for ultra-lean premixed hydrogen/air flames propagating in an open Hele-Shaw 
cell with isothermal walls. It is found that ultra-lean hydrogen flames are very sensitive to equivalence ratio, ϕ. 
As ϕ decreases from 0.225 to 0.21, different cellular flame regimes, including two-headed branching, two-headed 
finger and one-headed finger (ball-like flame) are sequentially observed. The cell size shows a decreasing ten
dency. Isolated ball-like flames and two-headed finger are stable in the ultra-lean mixture. During the flame cell 
propagation, both heat loss and heat release exhibit oscillatory characteristics since they are correlated with each 
other. The oscillation frequency is found to increase with ϕ. In order to balance the conductive heat loss to walls, 
two-headed flames split while isolated ball-like flames shrink, resulting in periodic changes in flame surface area 
and heat release rate. Moreover, ultra-lean flames are found to be characterized by high local equivalence ratio 
caused by strong differential diffusion of hydrogen over other species, highlighting the effect of diffusional- 
thermal instability (DTI) on sustaining the ultra-lean flame. Furthermore, stable ball-like flames and two- 
headed finger can exist simultaneously. Interestingly, flame instabilities play a stabilizing role in the ultra- 
lean flames. Darrieus-Landau instability (DLI) contributes to the stabilization of two-headed finger flames 
with strong mutual interaction between adjacent cells, whereas ball-like flames dominated by DTI tend to move 
away from each other to gain deficient fuel and drift in a zigzag manner. The present 3D simulations help to 
understand flame cell propagation and stabilization in ultra-lean hydrogen/air mixture within an open Hele- 
Shaw cell.

Novelty and Significance Statement

The novelty is that evolution of ultra-lean hydrogen/air flames in 
an open Hele-Shaw cell was studied and that cellular flame re
gimes were identified and interpreted. To our best knowledge, 3D 
simulations for ultra-lean premixed hydrogen/air flames propa
gating in an open Hele-Shaw cell considering detailed chemistry 
and transport were conducted for the first time. Different flame 
regimes were identified and interpreted. The counterintuitive role 
of hydrodynamic instability in stabilizing ultra-lean flame was 
discussed.

This study is significant because ultra-lean hydrogen flame 

relevant to safety is not thoroughly understood due to limitations 
in previous experiments and simulations. We analyzed the evo
lution of flame cells and found that heat loss and heat release are 
correlated with each other and revealed differences in various 
flame regimes. We also found that hydrodynamic instability sta
bilizes the two-headed finger flame. This work provides insights to 
hydrogen flame under near-limit condition.

1. Introduction

As a carbon-free, promising alternative fuel, hydrogen has received 
increasingly attention recently [1–3]. Compared to traditional 
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hydrocarbon fuels, hydrogen has a wider flammability range [4,5], 
which favors fuel-lean combustion with advantage in reducing emission 
and heat loss [6]. Due to the high diffusivity and reactivity and the small 
minimum ignition energy of hydrogen, accidentally released hydrogen 
is prone to be ignited inducing severe explosion [7]. These safety issues 
pose a serious challenge to industrial applications of hydrogen [1,8]. 
Even under ultra-lean conditions below the lean flammability limit (i.e., 
the unstretched planar flame cannot exist), curved hydrogen/air flame 
can still survive due to the Lewis number effect and propagate as isolated 
flame cells that are different from ordinary continuous flame front [9,
10]. These isolated flame cells drift in the space and act as ignition 
kernels as they propagate into mixtures with large equivalence ratio. 
Therefore, understanding ultra-lean hydrogen/air flame is important for 
the safe utilization of hydrogen.

There are several studies on ultra-lean premixed hydrogen/air 
flames. Previous experiments [11,12] in Hele-Shaw chambers showed 
that ultra-lean hydrogen/air flame can propagate as one-headed finger 
flame (ball-like flame, flame balls, flame caps, circular flame, or flame 
ring) or two-head finger flame (double-cell flame, bi-cellular flame). It 
was proposed that the ultra-lean hydrogen flame is mainly affected by 
two mechanisms: mass diffusion of hydrogen to increase the local 
equivalence ratio and heat loss to the wall [11,12]. Besides, the gravity 
was shown to affect the propagation of ultra-lean hydrogen flame since 
two-headed cells and one-headed ball-like flames are mainly observed in 
downwardly and upwardly propagating flames, respectively. More 
recently, Moskalev et al. [13] has studied the near fuel-lean limit 
hydrogen/air flames in a horizontal circular Hele-Shaw cell with a fixed 
width of 5 mm. Under this condition, the effect of gravity was greatly 
reduced. They found that as the hydrogen concertation increases, the 
premixed flame changes from discrete cells to quasi-continuous front. 
The ultra-lean hydrogen/air flame can form ray-like or dendrite-like 
traces, which are similar to experimental results in [11]. Due to the 
limited information recorded in experiments, the detailed structure and 
dynamics were not captured in [11–13]. Therefore, the propagation and 
evolution for ultra-lean hydrogen flame are still not well understood. 
Moreover, in previous studies [14,15] the thermoacoustic instability 
was considered to affect the oscillatory propagation of flame cells in a 
Hele-Shaw facility. Therefore, the gravity, conductive heat loss, acous
tics and their interaction may affect the evolution of ultra-lean hydro
gen/air flame, which makes the problem more complicated.

The early numerical study by Grcar [9] have shown that the 
diffusional-thermal instability (DTI) acts as a stabilizing factor during 
the ultra-lean flame cells propagation. Numerical simulations [16–19] 
considered a quasi-2D model and demonstrated that both stable 
two-headed and one-headed cells can exist without gravity. Through 
transport budget analysis, it was shown that the ball-like flame is 
balanced by reaction and diffusion, while for the two-headed finger 
flame the importance of convection increases [17]. It is also mentioned 
that the flame evolution can be affected by the initial perturbations on 
the ignition kernels [17,19]. By changing the ignition perturbation, 
different regimes can appear at the same equivalence ratio. The recent 
study [16] found that the formation of stable flame cells is attributed to 
the symmetry-breaking and reorientiation process after the transient 
ignition through the postprocessing of flow field. However, these 
quasi-2D simulations only considered simple transport model and 
one-step chemistry. Since ultra-lean hydrogen flame is very sensitive to 
the chemistry and transport model [20], transient simulations consid
ering detailed chemistry and transport should be conducted. Besides, 
since diffusion plays an important role in ultra-lean hydrogen flame [21,
22], the 3D curvature effect need to be taken into account, necessitating 
the use of 3D simulations. Moreover, the effect of equivalence ratio was 
not considered by 3D simulations considering detailed hydrogen 
chemistry and transport models. Therefore, in literature there is a lack of 
3D simulations with detailed chemistry and transport for ultra-lean 
hydrogen flames with different equivalence ratios.

The isolated ball-like/cap-like flames at ultra-lean condition are of 

great interest since they are similar to the classic flame balls which were 
first analyzed by Zel’dovich [23]. In microgravity experiments, Ronney 
et al. [21,24–26] found that stable flame balls can exist due to radiative 
heat loss. In the Hele-Shaw cell with cold side walls, the gravity effect 
can be diminished and conductive heat loss to wall becomes much more 
important than radiative heat loss. This conductive heat loss is also 
similar to the role of convection in the counterflow burner [27–29]. In 
the recent ground-based experiments on hydrogen flame propagation in 
narrow gaps, Veiga-López et al. [11,12] observed that the ball-like flame 
has curved and wavy trajectory, which is different from the two-headed 
flame cell that propagates along a straight line. Recent theoretical 
studies [30,31] with one-dimensional thermo-diffusive model have 
shown that the flame cell is a stable solution under heat loss and the size 
and speed of the flame cell are constant values. It is still not clear why 
there is such difference in trajectories of one-headed and two-headed 
flame cells. Besides, the dominant factor for stable two-headed finger 
flame structure with a straight trace requires further study. This motives 
us to study the propagation of flame cells and to clarify the differences 
between these two distinct regimes.

Based on above consideration, this study aims to investigate the 
evolution and propagation of ultra-lean hydrogen/air flames in an open 
Hele-Shaw cell. Specifically, 3D simulations on ultra-lean hydrogen 
flame propagation at different equivalence ratios are conducted by 
considering detailed chemistry and transport model. The remainder of 
the paper is structured as follows. Section 2 introduces the details of 
numerical model used in the simulations. Then in Section 3, the evolu
tion of ultra-lean hydrogen flames and the effect of equivalence ratio are 
discussed. Finally, in Section 4, the findings of this study are 
summarized.

2. Numerical model and methods

Here we consider ultra-lean hydrogen flame propagation between 
two parallel isothermal walls. Due to symmetry, only one-eighth of the 
physical domain is considered in 3D simulations as shown in Fig. 1. 
Similar to the experiments in [13], the half-length and half-height of the 
simulation domain shown in Fig. 1 are L = 7.5 cm and h = 2.5 mm, 
respectively. In Fig. 1, three symmetry boundaries are in blue color; 
while top isothermal, no-slip wall with fixed temperature of TW = 300 K 
is in grey. Fig. 1 also shows that outlet boundaries are enforced. 
Therefore, the effect of acoustic wave on flame evolution is not 
considered here.

The computational domain is initially filled with static, premixed 
hydrogen/air mixture at T0 = 300 K and P0 = 1 atm. The mixture 
composition is determined by the equivalent ratio, ϕ, to be specified for 
different cases. To initiate flame propagation, we set a hot spot with 
temperature of TH = 2000 K and radius of RH = 5 mm at the origin. Note 
that large hot spot size is used since it is difficult to ignite ultra-lean 
hydrogen/air [32]. Besides, the hot spot size is close to the ignition 
kernel size observed in experiments [13]. To promote flame instability 
and flame splitting, we enforce the following perturbation on the hot 

Fig. 1. Schematic of the 3D computational configuration. Due to symmetry, 
only 1/8 of the Hele-Shaw cell is shown.

L. Yang et al.                                                                                                                                                                                                                                    Combustion and Flame 281 (2025) 114444 

2 



spot surface: 

r = RH + Asin(4nθ) (1) 

where A = 0.1 mm is the amplitude of the initial perturbation, n the 
wavenumber, and θ the polar angle which is in the range of [0, π/2] for 
the computational domain shown in Fig. 1. Different equivalence ratios 
are considered in the simulations. We choose n = 3.5 unless otherwise 
specified. For ϕ = 0.210, additional cases with n = 1.5 and n = 2.5 are 
considered to study the effects of initial perturbation of the hot spot 
surface. In this study, a specific form of the ignition kernel perturbation 
is employed to excite the flame regimes observed in previous experi
ments. In future works, it will be interesting to assess the effects of initial 
perturbation (e.g., a fully random perturbation) on the transient evo
lution of flame cells. For each equivalence ratio, the corresponding 
hydrogen molar fraction, XH2, adiabatic flame temperature, Tad, and 
hydrogen Lewis number Le are listed in Table 1. It is seen that the 
adiabatic temperature based on total enthalpy conservation is <1000 K, 
which is around the crossover temperature of hydrogen (below which 
chain-branching reactions cannot sustain) [10]. Therefore, for such low 
equivalence ratio the unstretched planar flame cannot exist. Note that 
for all the equivalence ratios considered here, the Lewis is small but very 
close for all cases. This indicates that there is strong differential diffusion 
in all cases and that the different flame behaviors for different equiva
lence ratios are not caused by the difference in Lewis number, which was 
mentioned by Yáñez Escanciano et al. [12].

The transient flame propagation process is simulated using the open- 
source code, PeleLMeX [33], which solves the Naiver-Stokes equations 
for a multi-component reactive flow in the Low-Mach number limit. 
Acoustic waves are filtered out and thereby the flame propagation is not 
affected by thermoacoustic instability. The details on governing equa
tions, numerical methods and code validation for PeleLMeX can be 
found in [33] and thereby are not repeated here. The detailed kinetic 
model for hydrogen oxidation from FFCM-1[34] and the 
mixture-averaged transport model are used in all simulations. As a first 
step to understand 3D ultra-lean hydrogen flames in a Hele-Shaw cell, in 
simulations here the gravity and radiative heat loss are not considered, 
which need to be explored in future studies.

To accurately and efficiently simulate the transient flame propaga
tion, we use adaptive mesh refinement with the finest grid size of Δx =
80 μm. The reaction zone is fully covered by the finest grids and well 
resolved. Grid convergence is achieved and demonstrated in the Sup
plementary Material. It is noted that symmetry boundary conditions 
may influence various instabilities [35] by altering spatial scales. To 
validate their use in this study, additional simulations are conducted 
without applying symmetry boundary conditions in the xy-plane and 
z-direction, respectively. These results (provided in the Supplementary 
Material) demonstrate that symmetry boundary conditions do not affect 
the evolution of isolated flame cells.

3. Results and discussion

3.1. Flame cell evolution and different regimes

Fig. 2 shows the evolution of two-headed branching flame cell for ϕ 
= 0.225. The flame cell is represented by the isosurface of temperature 
at 1000 K. To distinguish different instants, the contour of heat release 
rate (HRR) and vorticity is presented alternatively in Fig. 2. The smooth 

and continuous flame front quickly splits into two large cells after 
ignition. As they propagate outwardly, flame cell expands and splits 
again, forming four smaller cells. This stage with four cells also appears 
in other cases with different ϕ. Therefore, flame evolution in the early 
stage is similar, which might be affected by ignition and initial pertur
bation imposed on the initial hot spot. The ignition effect quickly decays 
as flame propagates outwardly.

In the late stage, it is interesting that two adjacent flame cells always 
propagate outwardly in pair and they do not move away from each 
other. This indicates that there is strong mutual interaction between 
these two adjacent flame cells. As shown in Fig. 2, large HRR mainly 
appears on the head of the flame cells, while much lower HRR appears 
on the tail and top side of the flame cell. The top side of the flame cell 
suffers strong heat loss to the isothermal wall. Due to mutual interaction, 
HRR is enhanced on the cell head. Owing to the balance between heat 
and mass diffusion, these two flame cells do not merge with each other. 
This two-headed finger flame is similar to the structure of flame finger 
observed in thermo-diffusively unstable flames [36,37], indicating the 
significant influence of thermal-diffusively instability on the ultra-lean 
hydrogen mixture.

In the previous study on the mutual interaction among flame balls by 
Ronney et al. [26], it is mentioned that when two adjacent flame balls 
are close to each other, their mutual interaction increases the temper
ature in the region between them and thereby results in relatively large 
HRR therein. Therefore, these two flame balls tend to move towards 
each other. On the other hand, due to the depletion of fuel, these two 
flame balls tend to drift apart to gain more fuel. The net effect is mutual 
repulsion between flame balls. Obviously, this mechanism is not appli
cable for the two-headed finger flame in this study which propagates 
straightly in a stable structure. This indicates that processes other than 
diffusion and heat loss must be considered in the propagation of the 
two-headed finger flame. The mechanism of stabilizing two-headed 
finger flame will be discussed later.

Due to cell expansion, Fig. 2 shows that cyclical cell splitting happens 
on the tails of the two-headed cell. The small flame pockets move to
wards the burned gas immediately after the cell splitting. They quickly 
extinguish and disappear due to the wall heat loss and the lack of 
hydrogen in the burned gas. However, at late stage separated flame 
pockets can last for relatively long period since the amount of unburned 
hydrogen increase with flame radius. These isolated flame pockets 
expand and then propagate towards the unburned gas.

Fig. 2(b) shows that strong vorticity appears on the cell top, which is 
induced by the no-slip wall. Therefore, the flow in the z-direction is 
complicated and affects the flame cell evolution, which cannot be 
captured by previous quasi-2D simulations. This also highlights the 3D 
nature of flame cell propagation in the narrow Hele-Shaw cell.

To show the details on the cell splitting process, a representing 
splitting process for ϕ = 0.225 is shown in Fig. 3. In Fig. 3(a), the 
temperature (which also reflects the flame intensity) on the head of 
near-diagonal cells is relatively uniform due to small flame size, while 
for the near-axis cells the temperature in the middle part is relatively 
low. Since each branch of the two-headed flame cell has a trend to 
expand outwardly, the flame cells are elongated as they propagate, 
resulting in a large cell size for near-diagonal cells or a long tail for near- 
axis cells, as shown in Fig. 3(a) and (b). It is noted that for the elongated 
flame cell, the curvature in the middle part is reduced. The flame in
tensity reduces due to negative stretch rate there, resulting a small cusp 
in the middle of flame cell, as shown in Fig. 3(b). Once the cusp is 
formed, the local negative stretch further suppresses chemical reaction 
near the cusp, causing a deeper cusp shown in Fig. 3(c). Consequently, 
cell splitting starts to occur near the deep cusp. Finally, Fig. 3(d) shows 
that isolated flame pockets form. Due to the heat loss to wall and lack of 
hydrogen, the separated flame pocket cannot sustain for long period of 
time and it quickly extinguishes. Nevertheless, the cell splitting reduces 
the flame cell size and thereby increases the curvature of the flame cell. 
This helps to improve the flame intensity and HRR since the Lewis 

Table 1 
The hydrogen molar fraction XH2, adiabatic flame temperature Tad, and 
hydrogen Lewis number Le for mixtures with different equivalence ratios ϕ.

ϕ 0.225 0.220 0.215 0.210

XH2 8.63 % 8.46 % 8.28 % 8.10 %
Tad (K) 988 976 959 947
Le 0.337 0.335 0.335 0.334
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number is very small. Therefore, the two-headed cell can increase its 
intensity through cell splitting on its tails and thereby sustain in the 
ultra-lean hydrogen/air mixture. To maintain its size/curvature, cell 
splitting happens periodically during its propagation (see Fig. 2). It is 
worth noting that the flame cell branches are asymmetric in Fig. 3, 
differing from the splitting process of classical flame balls in [38,39]. 
This asymmetry originates from the non-uniform curvature distribution 
on the two-headed flame finger front. Flame branching tends to occur on 
the tail of the flame cell where curvature and chemical heat release are 
lower than on the head. This contrasts with the splitting process of 
classical flame balls, which exhibit spherical symmetry and commonly 
display symmetric branching.

Apart from the two-headed branching flame regime discussed above, 
other flame regimes including two-headed finger and one-headed finger 
are observed for other equivalence ratios. This is similar to results from 
experiments [13]. To compare with the condensed water streaks 
recorded in experiments [11,13], Fig. 4 shows the recorded history of 
maximum water vapor mass fraction, Y(H2O), for different values of ϕ. 

For ϕ = 0.225, Fig. 4(a) shows that the flame cell propagation forms a 
two-headed branching trajectory, consisting of two trunks with small 
bifurcated branches along each side, like fern and leaves. Obviously, the 
fern is caused by the two-headed cell while the leaves correspond to 
small separated flame pockets. As explained before, in the late stage the 
bifurcated flame pockets can exist for relatively long time and thereby 
form relatively large leaves on the trajectory.

For ϕ = 0.220 and ϕ = 0.215, Fig. 4(b) and (c) show that their tra
jectories are similar and both can be categorized into the two-headed 
finger regime. It is seen that both sides of each straight trajectory are 
wavy but there is no bifurcated cell. This phenomenon is slightly 
different from the experiment observation [11,12], in which the trace of 
condensed water is straight with nearly constant width. In fact, close 
observation of the supplementary material for Ref. [11] indicates that 
the two-headed cell exhibits weak variation in its width, which is 
consistent with simulation results reported here. Besides, in experiments 
[11] there might be weak cell splitting occurring on the tail. However, 
flame extinction happens quickly, making the wavy trajectory not 

Fig. 2. Temporal evolution of the temperature isosurface colored by (a) heat release rate (HRR) and (b) vorticity for ϕ = 0.225. The animation is in the Supple
mentary Material. The corresponding instants are t = 0.010 s, 0.058 s, 0.110 s, 0.154 s, 0.198 s, 0.241 s, 0.284 s, 0.325 s, and 0.367 s.

Fig. 3. Evolution of the temperature contour on the symmetry plane, z = 0, 
during the cell splitting process for ϕ = 0.225: (a) t = 0.12 s, (b) t = 0.134 s, (c) t 
= 0.142 s and (d) t = 0.15 s. The animation is provided in the Supplemen
tary Material.

Fig. 4. The recorded history of the maximum water vapor mass fraction (Y 
(H2O)) on the symmetry plane, z = 0, for (a) ϕ = 0.225, (b) ϕ = 0.220, (c) ϕ =
0.215 (d) ϕ = 0.210. The animation is provided in the Supplementary Material.

L. Yang et al.                                                                                                                                                                                                                                    Combustion and Flame 281 (2025) 114444 

4 



obvious.
When the equivalence ratio is further reduced to ϕ = 0.210, Fig. 4(d) 

shows a new flame regime with one-headed finger trajectory. The ball- 
like flame trajectory is shown to be characterized by two distinguish
ing stages: the first stage exhibits a narrow trace with wavy structure on 
its sides, while in the second stage the trajectory is quite smooth. 
Interestingly, Fig. 4(d) shows that as the ball-like flames propagate 
outwardly, they tend to distribute uniformly on a circle. This is 
reasonable because such uniform distribution helps to consume as much 
hydrogen as possible. The detailed ball-like flame evolution will be 
discussed in Section 3. 4.

3.2. Analysis on flame cell propagation

The animations for the flame cell propagation at different equiva
lence ratios are provided in the Supplementary Material. To quantify the 
flame cell propagation, in Fig. 5 we plot the temporal evolution of the 
leading points and its propagation speed for a flame cell near the x-axis. 
Note that the leading point is defined as the farthest point from the 
origin on the isosurface with c = (T-T0)/(Tmax-T0) = 0.8. As expected, the 
leading point for higher ϕ moves faster along the x direction due to the 
stronger reactivity. Though the selected leading points are closed to the 
x-axis and have small displacement in the y direction, the drifting dis
tance along the y direction is the largest for ball-like flame with the 
smallest ϕ. This can also be observed in Fig. 4 that the trajectories for 
ball-like flames are significantly curved. Fig. 5(b) also shows that the 
oscillation along y direction becomes stronger for lower ϕ. This simu
lation results agrees well with the experimental observation that ball- 
like flames tend to drift in a zigzag manner in the early stage of prop
agation [11,12]. Moreover, Fig. 5(c) shows that the speed of the leading 
point increases monotonically with ϕ. This is consistent with results in 
Fig. 5(a) since the propagation in the x direction dominates for the 
selected flame cell near the x-axis. Besides, Fig. 5(c) shows that there is 
obvious oscillation in the propagation speed. It is found that the prop
agation speed reaches its local minimum after cell splitting or shrinking, 
demonstrating the oscillatory feature is caused by the unsteady cell 
evolution.

To quantify the overall combustion process, we calculate the integral 
heat release rate, iHRR, within the whole domain and the conductive 

heat loss to the cold wall, QW. The results are shown in Fig. 6(a) and (b). 
As expected, it is seen that the higher the ϕ, the larger the iHRR and QW. 
Meanwhile, oscillation is observed for both iHRR and QW and the fre
quency is shown to increase slightly with ϕ. This is because the cell 
evolution is more active at larger ϕ. The characteristic frequency f can be 
roughly estimated by the rate between propagation speed u shown in 
Fig. 5(c) and the separated flame pocket size d. It is noticed that d is 
almost the same for the narrow range of ϕ considered here while there is 
obvious increase of u with ϕ according to Fig. 5(c). Consequently, the 
frequency of the oscillation induced by cell splitting increases with ϕ.

Figs. 6(a) and (b) also show that there is a phase lag in QW compared 
to iHRR for ϕ≤0.220. When the iHRR reaches its peak, QW increases 
until it reaches the local maximum. This indicates that the chemical heat 
release and conductive heat loss are correlated with and restricted to 
each other. As shown in the inserts in Fig. 6(a), the iHRR reaches local 
maximum/minimum value when flame cells are large/small. Peak QW 
appears at the moment immediately before cell splitting happens (see 
the inserts in Fig. 6b). However, the minimum value of QW is reached 
when the flame cell starts to expand in size.

Fig. 6(c) and (d) plot the total flame surface area, Af, and averaged 
heat release rate, q, which is defined as q = iHRR/Af. Here the flame 
surface is defined as the isosurface with the progress variable of c = 0.8. 
Note that Af and q approximately quantify the flame cell size and the 
flame intensity, respectively. Comparison between Fig. 6(c) and (a) in
dicates that the evolution of Af is almost synchronized with the iHRR. 
Therefore, the increase in iHRR is mainly caused by the growth of the 
flame surface area, which is caused by the expansion of flame cells. On 
the contrary, the evolution of q is almost in the opposite trend compared 
to Af and iHRR. This can be explained as follows. After splitting for two- 

Fig. 5. Change of the leading point position (xf, yf) and corresponding propa
gation speed u with time for different equivalence ratios.

Fig. 6. Evolution of (a) integral heat release rate, iHRR, (b) conductive heat 
loss on the wall, QW, (c) total flame surface area, Af, and (d) averaged heat 
release rate, q, for different equivalence ratios. The inserts are temperature 
contours on the symmetry plane at z = 0 for two instants marked by circle 1 and 
2 in Figs. (a) and (b).
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headed cells, the cell continuously shrinks until iHRR and Af reaches 
their local minima. During this process, Af decreases while q increases 
gradually, indicating the enhancement of local chemical reaction. Due to 
weak flame caused by decreasing iHRR and flame surface area Af, the QW 
also decreases during the shrinking of flame cell. At certain instant, 
flame cell no longer shrinks, and both iHRR and Af begin to increase. 
Then QW reaches its minimum value and begins to increase until the next 
splitting happens. This process occurs periodically, causing the oscilla
tory evolution shown in Fig. 6. In summary, the correlation and 
competition between the chemical heat release and wall heat loss 
dominate the evolution of ultra-lean flame cells and leads to the oscil
latory features in iHRR, QW, cell speed and size.

On the other hand, it is noticed from Fig. 6 that the instant when QW 
reaches its peak value is slightly behind that for Af. This indicates that 
flame cells tend to reduce heat loss by reducing their surface area or size. 
Specifically, for two-headed cells the splitting on the tail helps to reduce 
heat loss, while for ball-like flames the shrinking helps to reduce the heat 
loss.

According to the trajectory width shown in Fig. 4 and the opposite 
trends for Af and q respectively shown in Figs. 6(c) and (d), it can be 
concluded that the cell size is an important parameter to characterize the 
ultra-lean hydrogen/air flame. To explain this, we plot the HRR in terms 
of the mean curvature κ and local equivalence ratio ϕc in Fig. 7. This 2D 
histogram shows the distribution of average HRR as a function of mean 
curvature and local equivalence ratio. The mean curvature κ is the 
arithmetic average of the two principal curvatures at a point on the 
surface and it is calculated based on the isocontour lines of Y(H2O), i.e., 

κ = ∇⋅ n→/2 with n→= − ∇Y(H2O)/|∇Y(H2O)| (2) 

where n→ is the unit normal vector of the flame surface pointing toward 
the unburned gas. To quantify the effects of differential diffusion of 
hydrogen on the mixture composition, we calculate the local equiva
lence ratio ϕc based on the element molar fraction of hydrogen and 
oxygen, XH and XO: 

ϕc = XH/(2XO) (3) 

For ϕ = 0.225, Fig. 7(a) shows that the HRR is non-negligible for a 
wide range of κ and ϕc. When ϕc equals the overall equivalence ratio ϕ =
0.225, the HRR is almost negligible. The HRR peaks around ϕc≈0.3, 
indicating that the differential diffusion of hydrogen can greatly 

increase the local equivalence ratio and thereby is important for the two- 
headed branching regime. In fact, for ultra-lean hydrogen, a slight in
crease in equivalence ratio can greatly improve the burning rate [10]. By 
contrast, for ball-like flames in Fig. 7(b) the large values of HRR are 
restricted to a relatively narrow region with large κ and ϕc, highlighting 
that chemical heat release occurs only in regions with both high cur
vature and high local equivalence ratio. Besides, the peak HRR occurs at 
ϕc≈0.38 for ϕ = 0.210, which is much higher that ϕc≈0.3 for ϕ = 0.225. 
This indicates that stronger differential diffusion of hydrogen happens to 
ball-like flames. This is reasonable since the smaller ϕ leads to reduction 
in mixture reactivity, necessitating stronger differential diffusion of 
hydrogen to increases the local equivalence ratio ϕc.

It is noteworthy that for different equivalence ratios considered here, 
their Lewis numbers are close (see Table 1), but the flame regimes are 
quite different (see Fig. 4). Therefore, the flame regime is not deter
mined by the Lewis number. Nevertheless, the differential diffusion 
quantified by Lewis number is crucial for ultra-lean hydrogen flame 
[12]. The decreasing trend in cell size with a decreasing equivalence 
ratio ϕ can be interpreted by the Lewis number effect. Due to small Lewis 
number, the differential diffusion facilitates the ultra-lean flame with 
large curvature. As ϕ decreases, the mixture reactivity and heat release 
decrease and thereby the relative importance of heat loss increases. 
Therefore, the chemical reaction is restricted to a narrow region with 
very large mean curvature as well as relatively high local equivalence 
ratio. Since the Lewis number of ultra-lean mixture is close (see Table 1), 
larger curvature of flame surface is required for smaller ϕ. For small ϕ, 
the flame curvature distribution tends to be more concentrated, which is 
the feature of ball-like flames. This also explains the experimental results 
that as the heat loss effect further increasing by decreasing the gap 
distance, flame cells appear in the regimes of isolated ball-like flames 
[11].

3.3. Effect of hydrodynamic instability on stable two-headed finger flame

Although changing the equivalence ratio can lead to different flame 
regimes, it is found that the perturbation on the ignition hot spot can 
also affect the flame evolution regimes. In this section, we do not aim to 
comprehensively explore the impact of initial perturbations on flame 
evolution. A slightly different initialization from that used in previous 
sections is employed to obtain both one-headed and two-headed finger 
flames under the same equivalence ratio. This approach can remove the 
influence of equivalence ratio on flame regimes and effectively high
lights the differences between the two flame regimes.

Fig. 8 shows the recorded history of the maximum water vapor mass 
fraction on the symmetry plane for ϕ = 0.210 and n = 2.5. The flame 
propagation exhibits a hybrid regime including both the one-headed 
finger and two-headed finger flame cells. Different regimes in the 
near-diagonal and near-axis directions are reasonable since the ignition 
kernel is not equivalent in these two directions. Note that in Fig. 4(d) the 
flame regime is one-headed finger for ϕ = 0.210 and n = 3.5. Therefore, 
the ultra-lean flame is also sensitive to the ignition process. Equivalence 
ratio ϕ can affect the flame regimes, but it is not the only factor that 
distinguishes these two stable regimes. This is also mentioned in the 
recent study [19]. It is also noted that the formation of these two stable 
regimes can be reproduced using different initial perturbations and 
without applying symmetry boundary conditions, indicating that these 
regimes are not numerical artefacts. Previous experiments and simula
tions [11,19] have also demonstrated the existence of such flame 
regimes.

As shown in Fig. 8, the two-headed finger flame propagates faster 
than the ball-like flames (one-headed finger flame). To quantify the 
propagation speed or drifting speed of flame cells, the evolution of 
drifting speed for two-headed finger and ball-like flames is plotted in 
Fig. 9. In the early stage (t < 0.3 s), the flame propagation speed is 
relatively large since it is affected by the transient ignition process. Then 
the drifting speed exhibits an oscillatory feature, which is caused by the 

Fig. 7. The 2D histogram of the HRR as a function of the mean curvature κ and 
local equivalence ratio ϕc at nearly the same flame radius for (a) ϕ = 0.225 at t 
= 0.304 s and (b) ϕ = 0.210 at t = 0.871 s. The dashed white lines represent the 
global equivalence ratio, ϕ. The inserts are the corresponding temperature 
contours on the symmetry plane at z = 0.
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competition between wall heat loss and flame stretch effect. In the late 
stage of flame evolution (t > 0.5 s), the amplitude of drifting speed 
oscillation decreases. The drifting speed of ball-like flames approaches a 
constant value, while that of two-headed finger increases slightly. This is 
because ball-like flames reach their steady state earlier than the two- 
headed finger as the flame cells drift away from each other. In Fig. 8, 
wavy structure disappears on the traces of ball-like flames, demon
strating the steady state is reached. At the end of flame cells propaga
tion, the propagation speed of two-headed finger is approximately twice 
as that of the ball-like flames. This result agrees with the previous study 
[19]. Note that the slight increase in drifting speed of two-headed finger 
flame cells is reasonable since more fuels can be supplied to the flame 
cells as they drift apart.

The evolution of the maximum of temperature Tmax and heat release 
rate HRRmax near the ball-like flame and the two-headed finger is shown 
in Fig. 10. After ignition, Tmax and HRRmax decrease gradually. For the 
near-axis ball-like flames, Tmax and HRRmax reach constant values as 
ball-like flames are in steady state. However, slight increase in Tmax and 
HRRmax indicates that the two-headed finger becomes stronger as it 
propagates outwardly. This is consistent with the trend of drifting speed 
which increases in the late stage for the two-headed finger flame cell. In 
the late stage of flame cell propagation, Tmax for ball-like flames and 

two-headed finger are around 1230 K and 1250 K, respectively. This 
shows that chemical reactions near the two-headed finger is slightly 
more intense that those near the ball-like flames. The Tmax is much 
higher than the adiabatic temperature after complete reaction, demon
strating that DTI is vital for the sustainment of ultra-lean flames.

It is interesting to mention that the propagation of two-headed finger 
structure in both two-headed finger and the two-headed branching re
gimes forms a straight trace. On the contrary, the propagation of ball- 
like flames often leaves a curved trace due to its zigzag motion. There
fore, there exists a stabilizing mechanism for the two-headed finger 
structure. Both regimes can form at the same equivalence ratio shown in 
Fig. 8, providing a suitable configuration to clarify the stabilizing 
mechanism.

It is found that the hydrodynamic instability (DLI) significantly af
fects the propagation of two-headed finger flame. Note that for the ultra- 
lean hydrogen considered in this study, DTI is definitely an important 
factor influencing flame cell sustainment and propagation. Nevertheless, 
DLI also plays a role in affecting flame propagation through stabilizing 
effect and its synergistic interaction with DTI.

To explain the role of DLI, streamlines superimposed on the vorticity 
magnitude contour near the symmetry plane (z = 0) are shown in 
Fig. 11. As mentioned in [40–43], although both DTI and DLI can pro
duce wrinkles on the flame front, the vorticity production is a defining 
feature for DLI. Therefore, the vorticity near the flame front can be used 
as an indicator of DLI. It is seen from Fig. 11(a) that the magnitude of 
vorticity near the ball-like flames are much smaller than that near the 
two-headed finger flame. The streamlines divergence phenomenon in 
Fig. 11 clearly shows stronger flame-flow interaction near the 
two-headed finger flame, demonstrating the effect of DLI during flame 
cell propagation. Moreover, for the two-headed finger, the magnitude of 
vorticity near the two middle branches forming the cusp is larger, 
indicating that mutual interaction between two flame branches can 
enhance the flame-flow interaction as well as the DLI instability. This is 
reasonable since the two adjacent cells of the two-headed finger flame 
form a large flame segment with a deep cusp, which strongly affects the 
flow field near the flame cell. Note that these two flame cells have a 
tendency to drift apart to gain more fuel. The formation of strong vortex 
near the cusp tends to merge the two adjacent cells and prevent their 
separation. Therefore, DLI helps to form a stable two-headed finger 
structure. For the ball-like flames, the cusp structure cannot form. The 
flame-flow interaction is weak and the streamlines near ball-like flames 
are different from those near the two-headed finger flame, as shown in 
Fig. 11. Therefore, ball-like flames are less affected by DLI during the 
propagation.

Fig. 8. The recorded history of the maximum water vapor mass fraction (Y 
(H2O)) on the symmetry plane, z = 0 for ϕ=0.210 and n = 2.5.

Fig. 9. Evolution of drifting speed of the ball-like flame (near axis) and the two- 
headed finger (near diagonal) flame cells for ϕ = 0.210 and n = 2.5.

Fig. 10. Evolution of the maximum of temperature Tmax and heat release rate 
HRRmax near the ball-like flame and the two-headed finger flame.
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Fig. 12 shows the temporal evolution of maximum vorticity near 
ball-like flames and two-headed finger flame. It is seen that in the late 
stage of flame propagation, the vorticity near the two-headed finger 
flame is consistently larger. This implies that DLI for the two-headed 
finger flame will be more pronounced than that for ball-like flames 
when they finally reach the steady states. Note that DLI may have syn
ergetic interaction with DTI, favoring the propagation of two-headed 
finger flame, as the directions of streamlines ahead of the flame cells 
are different (see in Fig. 11(a)). Similar phenomena are explained in the 
previous studies [36] for fuel-lean hydrogen/air flame. This also ex
plains why the drifting speed of the two-headed finger flame is faster 
than that of the ball-like flames, as shown in Fig. 9.

It is generally accepted that for the fuel-lean hydrogen/air flame, the 
DTI dominates over DLI. The formation of flame finger is purely 
attributed to DTI [36]. However, the present results show that DLI may 
be also important for ultra-lean flames as it helps to stabilize the 
two-headed finger flame. Note that the DTI, rather than the DLI, is the 
primary mechanism responsible for the formation of isolated flame cells 
under ultra-lean conditions. The formation of two-headed finger flames 
does not necessarily require the presence of DLI, as demonstrated in a 
previous study [44], where the double-cell structure was captured using 
a purely diffusive-thermal model without accounting for flow effects. 
However, hydrodynamic instability contributes to the stabilization of 

two-headed finger flames by modifying the local flow field. Flow ac
celeration near the center of two-headed finger flames forms a 
low-pressure region, as shown in Fig. 11(b). This pressure gradient tends 
to draw the two branches closer together, promoting a more stable 
structure. This is also supported by the simulation [16] that considers 
thermal expansion effects, where a higher expansion ratio favors the 
evolution of two-headed finger flame cells. It is also noteworthy that the 
enhancement of DLI is not through promoting gas expansion across the 
flame front, as the expansion ratio (see Tmax in Fig. 10) is almost the 
same for ball-like flames and the two-headed finger flame. In fact, DLI is 
enhanced by forming larger flame segments with a cusp through mutual 
interaction. The isolated ball-like flames cannot form a cusp and thereby 
suppress the development of DLI.

In short, both two-headed finger flame and ball-like flames can 
appear simultaneously at the same equivalence ratio. The flame prop
agation regime is affected by both equivalence ratio and the initial 
ignition kernels. The two-headed finger flame formed through mutual 
interaction between its two cells acts as a cusp-like structure and thereby 
induces stronger DLI. Therefore, the DLI can stabilize the two-headed 
finger flame and helps to form a straight trace. Synergistic interaction 
between DTI and DLI leads to higher drifting speed of two-headed finger 
flame.

3.4. Evolution of ball-like flames

One difference between two-headed finger and one-headed finger is 
that the trajectory for ball-like flame is curved due to the zigzag motion. 
This phenomenon was mentioned by Kagan and Sivashinsky [45]. 
Recent experiments [11] clearly showed that after ignition, ball-like 
flames move alternatively toward the left and right sides. However, in 
the late stage the ball-like flame trajectory is almost straight. Fig. 13
shows the zigzag propagation of the ball-like flames with two initial 
perturbations of n = 3.5 and n = 1.5. The zigzag propagation is caused 
by the weak splitting of ball-like flames. When the elongated flame cell 
evolves into a spherical ball through similar but weak splitting mecha
nism in Fig. 3, the ball-like flame propagation direction changes. This is 
because only part of the cell exists after the elongated flame cell evolves 
to ball-like flame.

Fig. 13 also shows that the ball-like flame evolution in the late stage 
is quite different from two-headed flame cell shown in Fig. 2. First, two 
adjacent cells near the diagonal move away from each other quickly. 

Fig. 11. Streamlines superimposed on the contours of (a) vorticity and (b) hydrodynamic pressure near the symmetry plane z = 0 at t = 0.73 s for ϕ = 0.210 and n =
2.5. Circles denote the isocontour of T = 1000 K.

Fig. 12. Evolution of maximum vorticity near ball-like flames and two-headed 
finger flame.

L. Yang et al.                                                                                                                                                                                                                                    Combustion and Flame 281 (2025) 114444 

8 



This indicates that there exists mutual interaction between these two 
ball-like flames. Consequently, the distance between two ball-like flames 
increases as they propagate outwardly. This is similar to the mutual 
propulsion in microgravity experiments in [26]. Second, there is no 
obvious cell splitting. Though elongated ball-like flames can be observed 
in the early stage in Fig. 13, cell splitting doesn’t happen in the late 
stage. Third, the flame cell size is smaller than that for ϕ = 0.225. This is 
because chemical reaction occurs only in regions with very large flame 
curvature, which is explained in Section 3.2.

Fig. 14 shows the temporal evolution of the drifting speed and mean 
radius of ball-like flames for two initial perturbations of n = 3.5 and n =
1.5. The ball-like flame radius is calculated based on the volume within 
the isosurface of c = 0.8. Fig. 14(a) shows that the ball-like flames near 
the diagonal and near x-axis tend to evolve into the same steady state. 
Before that, these two ball-like flames drift outwardly maintaining its 
spherical shape, with periodic expansion and contraction. This is mainly 
due to the competition between chemical heat release and conductive 
heat loss to walls. The ball-like flame tends to expand itself during 
drifting. However, the expansion enhances wall heat loss and in turn 

reduces the reaction rate and ball-like flame expansion, as shown in 
Fig. 6. This process continues until the ball-like flame reaches the steady 
state. For n = 3.5, the mean radius and corresponding drifting velocity 
approach constant values of r = 1.5 mm and u = 4.5 cm/s) after long 
time evolution. This value agrees well with the experimental measure
ment that the propagation speed of ball-like flames is in the range of 4~6 
cm/s [19,46]. However, for n = 1.5, the limit value is not observed due 
to the limited computational domain size. Nevertheless, the drifting 
speed approaches 4.5 cm/s. Therefore, the evolution of ball-like flames 
is sensitive to the initial perturbation but the final size and drifting speed 
seem to be unaffected by the initial perturbation.

4. Conclusions

We conduct 3D simulations for ultra-lean premixed hydrogen/air 
flames propagating in an open Hele-Shaw cell with isothermal walls. 
Detailed chemistry and transport are considered in simulations. By 
changing the equivalence ratio, different flame regimes reported in 
previous experiments are observed in our simulations. The flame cell 
evolution subjected to combined effects of strong diffusional-thermal 
instability (DTI) and wall heat loss is analyzed.

It is found that the equivalence ratio ϕ has great impact on the 
propagation of ultra-lean hydrogen/air flames. As ϕ decreases, regimes 
including two-headed branching, two-headed finger and one-headed 
finger (ball-like flame), are sequentially observed. To enhance heat 
release rate affected by curvature and differential diffusion, two-headed 
and one-headed flame cells tend to reduce the cell size and balance the 
conductive heat loss in different ways. For two-headed flame cells, heat 
release rate increases through cell splitting; while for one-headed cells, 
heat release rate increases by shrinking the ball-like flame size. The 
integral heat release rate and conductive heat loss are found to correlate 
with and restrict to each other. Oscillation in total heat release rate, wall 
heat loss and total flame surface area is observed and the oscillation 
frequency slightly increases with ϕ. For the first time, it is found that the 
mutual interaction between the two branches of a two-headed finger 
flame leads to a large flame segment affected by DLI. Counterintuitively, 
DLI acts as a stabilizing factor for the two-headed finger flame propa
gating in a straight path. Synergistic interaction between DLI and DTI 
can increase the drifting speed of two-headed finger flame. The effect of 
DLI should be taken into account when modeling the evolution of two- 
headed finger flame. In addition, the ball-like flames tend to evolve into 
a steady state with constant size and drifting speed. Though the initial 
perturbation affects the evolution process, it does not change the final 
state. Besides, the zigzag motion of ball-like flames before reaching the 
steady state is caused by cell elongation, weak splitting and subsequent 
shrinking to ball-like shape.

This work is a first step towards a better understanding of the very 
interesting flame cell propagation in ultra-lean hydrogen/air mixture 

Fig. 13. Temporal evolution of the temperature isosurface colored by heat release rate (HRR) during ball-like flame propagation in the H2/air mixture with ϕ =
0.210 for (a) n = 3.5 and (b) n = 1.5. The animation is provided in the Supplementary Material.

Fig. 14. Evolution of the drifting velocity and mean radius of ball-like flames 
for ϕ = 0.210. The inserts show initial perturbation on the ignition kernel.
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within an open Hele-Shaw cell. In future works, it would be interesting 
to study the flow/flame ball interaction as well as the effects of radia
tion, gravity and water vapor condensation on walls.
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[22] Z. Zhou, Y. Shoshin, F.E. Hernández-Pérez, J.A. Van Oijen, L.P.H. De Goey, Effect 
of Lewis number on ball-like lean limit flames, Combust. Flame 188 (2018) 77–89.

[23] Y.B. Zeldovich, Theory of Combustion and Detonation of Gases, Academy of 
Sciences, USSR, 1944.

[24] J. Buckmaster, P. Ronney, Flame-ball drift in the presence of a total diffusive heat 
flux, Symp. Int. Combust. 27 (1998) 2603–2610.

[25] P.D. Ronney, Understanding combustion processes through microgravity research, 
Symp. Int. Combust. 27 (1998) 2485–2506.

[26] P.D. Ronney, M.-S. Wu, H.G. Pearlman, K.J. Weiland, Experimental study of flame 
balls in space: preliminary results from STS-83, AIAA J 36 (1998) 1361–1368.

[27] A. Tsunoda, T. Akiba, H. Nakamura, Y. Morii, T. Tezuka, K. Maruta, Computational 
study on lean and rich combustion of flame ball, counterflow flame and planar 
flame: their limits and stoichiometries, Proc. Combust. Inst. 39 (2023) 1937–1944.

[28] R. Fursenko, S. Minaev, H. Nakamura, T. Tezuka, S. Hasegawa, T. Kobayashi, 
K. Takase, M. Katsuta, M. Kikuchi, K. Maruta, Near-lean limit combustion regimes 
of low-Lewis-number stretched premixed flames, Combust. Flame 162 (2015) 
1712–1718.

[29] T. Okuno, T. Akiba, H. Nakamura, R. Fursenko, S. Minaev, T. Tezuka, S. Hasegawa, 
M. Kikuchi, K. Maruta, Broken C-shaped extinction curve and near-limit flame 
behaviors of low Lewis number counterflow flames under microgravity, Combust. 
Flame 194 (2018) 343–351.
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