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The prediction of hypersonic inlet unstart has been a difficult aerodynamic problem over the past half century.
Different from inviscid unstart theories, this study develops empirical and theoretical prediction methods for
viscous flow. By proposing a corrected contraction angle and contraction ratio, a generalized similarity law for
unstart boundary is established and validated by sufficient numerical and experimental results, describing the
effects of aerodynamic and geometric parameters simultaneously. To explain the physical implications of the
generalized unstart similarity law, two-dimensional flow-based theoretical models are established for three
unstart modes using oblique shock relations, free interaction theory, and scaling laws for separation length. For
the short-cowl and long-cowl modes, the self-similarity of the unstart boundary is attributed to the separation scale
relative to the effective throat height and the mass-averaged throat Mach number accompanied by shock reflections,
respectively. The transitional unstart is triggered by the decrease of the shock-impingement distance relative to the
separation scale, and the self-similarity is broken by the wedge length independence and Reynolds number
dependence. Moreover, to facilitate unstart detection in wind tunnel or flight tests, the corrected dimensionless
pressure rise is proposed, correlating the critical wall pressure characteristics with the incident shock pressure rise
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and dimensionless wedge length.

Nomenclature
A = correction factor
B = correction factor
b = empirical parameter
Cy = coefficient of wall friction
d empirical parameter
he = cowl lip height, mm
h, = geometric throat height, mm
i = reference number of shock initiation points
ICR = internal contraction ratio
ICR ¢ = effective internal contraction ratio
ICR.mqy = corrected internal contraction ratio
L. = cowl length, mm
L. = dimensionless cowl length
Ly = length of upstream plate, mm
L; = length of shock wave, mm
Lo = shock impingement spacing, mm
Ly, = separation length, mm
M = Mach number
n, = total number of shock initiation points
p = static pressure, kPa
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Pmax -un critical wall pressure peak, kPa
Re = Reynolds number

S = area, m’

T = temperature, K

u = velocity, m/s

X = X-coordinate, mm

a = empirical parameter

s = shock angle, deg

4 = specific heat ratio

O, = entrance boundary-layer thickness, mm
5 = entrance displace thickness, mm
6. = contraction angle, degree

Om = corrected contraction angle, deg
u = dynamic viscosity, kg/m - s

p = density, kg/m?

Subscripts

c = value at the cowl lip position
eff = effective quantity

max = pressure peak

un = unstart boundary

unc = unstart critical state

uncM = corrected critical value

s = value of separation shock

t = value at the throat

0 = reference value

1,2, . = reference number of shock initiation point
00 = freestream condition

I. Introduction

HE supersonic flow characteristics in contraction ducts [1], as a
classic problem in aerodynamics, are significant to ramjets
(Fig. 1a) [2-4], oblique detonation engines [5—8], supersonic wind
tunnel diffusers [9-11], and turbomachinery [12]. The supersonic
contraction duct or diffuser has two operating states: the started state
(Fig. 1b) and the unstarted state (Fig. 1c). In the started state, the
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Fig. 1 Flow regimes of contraction ducts: a) schematic of a hypersonic airbreathing vehicle, b) started state, and c¢) unstarted state.

airflow capture characteristics at the entrance are not affected by the
downstream internal flow [4]. In the unstarted state, the airflow
capture and total pressure recovery decrease, and shock oscillation
occurs. With the growing concern over hypersonic airbreathing
propulsion [2,3,13], recent research on supersonic converging duct
flows has mainly focused on hypersonic inlets [14,15]. Figure la
shows a typical hypersonic inlet lying between the fuselage and the
cowl. As a key component of the propulsion system, the hypersonic
inlet captures and compresses air, which is then delivered to the
downstream combustor. The unstart phenomenon of the inlets is
accompanied by a catastrophic growth of the flow separation region
in the contraction duct, which can significantly reduce engine thrust,
increase thermal loads, worsen aircraft robustness, and even lead to
flight failure. Therefore, accurate prediction of the unstart boundary
is crucial to the design and control of hypersonic airbreathing
engines.

Theoretical and empirical investigations on the unstart boundary
of hypersonic inlets date back to the 1960s. Based on the one-
dimensional and inviscid flow assumptions, classical theories pro-
vided the isentropic limit and Kantrowitz limit [16,17], which were
regarded as the unstart boundary and restart boundary, respectively.
The corresponding curves are shown in Fig. 2. The isentropic
theory assumes that the airflow is isentropically compressed in the
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Fig. 2 Unstart boundaries in the literature [22-37] compared to theo-
retical and empirical equations.

contraction duct and experiences choking at the geometric throat,
leading to unstart. The following formula can be derived:

1
(5_) =L(_2 pr=t Mgo)“”" 1)
Sl Isentropic Moo y+ 1 y+ 1

where S. and S, are the entrance area and throat area of the
contraction duct, respectively. The entrance/throat area ratio is
known as the internal contraction ratio (ICR). Van Wie [4] obtained
an empirical formula of unstart area ratio about entrance Mach
number M, by data fitting:

s 052  3.65
(S—Z)un :OOS_M7W+M7%O, 2-5<Moo < 10 (2)

In Fig. 2, this formula is close to the isentropic limit.

According to Kantrowitz [16], a normal shock is assumed to
stand at the entrance when start occurs. The gas accelerates isen-
tropically to M = 1 in the internal duct, and the restart area ratio can
be obtained:

() b ()
S! Kantrowitz 2 + (7 - 1)M(2,o Y =+ 1 *© Y + 1
(3)

Subsequent researchers extend Kantrowitz’s theory in an inviscid
framework, considering the external compression shocks and
curved compression surface [17-20]. The empirically corrected
Kantrowitz limit is still used in the prediction of ODE unstart [7],
where the boundary-layer separation structure is oversimplified into
a Mach stem, and the multiple reflections of the incident wave are
ignored. Moreover, the unstart/restart boundaries are generally
unequal because of the unstart/restart hysteresis [21]. The deriva-
tives of the Kantrowitz limit are suitable to restart the boundary
rather than unstart the boundary. Hence, further modifications to the
aged Kantrowitz theory seems unphysical and unpromising.

In Fig. 2, the unstart boundaries obtained by experiments and
numerical simulation [22-37] are highly discrete, and neither theo-
retical nor empirical formulas give accurate predictions. Though
there are overlapping symbols, they don’t represent data collapse or
self-similarity. This is attributed to the shock-wave/boundary-layer
interaction (SWBLI) in actual inlets [38]. The cowl shock intensity,
varying with the contraction angle, influences the boundary-layer
separation flow significantly [26,27,39,40]. However, the effect of
contraction angle is ignored by Eqgs. (1-3). Additionally, viscous
effect is also considerable. Even if the incident shock intensity is
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fixed, the unstart contraction ratios are still discrete for varying
Reynolds numbers or entrance boundary-layer characteristics.

Due to the complexity of turbulent SWBLI, there has been no
complete theoretical model for the scale and dynamic behavior of
the boundary-layer separation region under the influences of multi-
ple variables. Hence, it is difficult to directly determine the trigger
for the catastrophic growth of the separation region from first
principles of fluid mechanics. Existing literature on the unstart
boundary is primarily based on empirical study. Emami [26]
observed in experiments that the unstart contraction angle is almost
unaffected by the cowl length within a certain range. Van Wie [27]
determined the unstart boundary of a contraction duct by rotating
the cowl plate and proposed a concept of hard/soft unstart, sug-
gesting that the hard unstart corresponds to relatively short cowl and
high lip cases, while the soft unstart is the opposite. Other literature
reported unstart caused by changes in Mach number [30-32,34],
contraction angle [35,41], angle of attack [33,42], and throat height
[29,36]. However, they only provide phenomenon descriptions and
qualitative trends within limited parameter ranges.

Existing studies correlated the unstart boundary to dimensionless
variables such as ICR, the ratio of cowl length to entrance height
[26]/throat height [27]/boundary-layer thickness [39], the ratio of
cowl lip height to boundary-layer thickness [39,40], and the
entrance mass-averaged Mach number [22,27]. However, these
variables depend on model scale (Reynolds number) and are not
self-similar. Recent attempts in theoretical construction are also
limited by this issue. Yang [37] developed a rapid prediction method
for unstart Mach number. However, the Reynolds number was not
considered, and the unstart triggering conditions are oversimplified,
restricting the prediction accuracy over a wide range of aerodynamic
and geometric parameters. In recent years, researchers have utilized
machine learning methods in unstart detection and identification
[43,44]. But machine learning methods have not yet been practical
for the rapid prediction of unstart boundaries because of the high
cost of systematic training samples.

In order to develop a universal prediction method for the unstart
boundary, researchers have introduced the similarity analysis
(dimensional analysis) method. Chang [45] used dimensional analy-
sis to preliminarily investigate the influencing factors of the unstart
boundary but did not consider the impact of inlet configuration.
Tong [46] conducted systematic numerical simulations based on
Van Wie’s experimental model [27], dividing unstart into three
modes. Two key similarity parameters were proposed: the dimen-
sionless cowl length and the effective internal contraction ratio, and
an empirical formula was developed to simultaneously describe the
effects of multiple variables. However, this study incorporated the
influence of Mach number into the empirical formula through direct
data fitting, lacking clear physical implications.

In this study, the unstart characteristics of simplified two-
dimensional contraction ducts are numerically studied. By construct-
ing new similarity parameters, the similarity law for unstart boundary
is extended, and a physical interpretation of the similarity law is
provided using simplified theoretical models considering the critical
separation scale and shock wave reflections in a contraction duct. This
study can provide some basic principles for the design of hypersonic
airbreathing engines and a new viewpoint of SWBLI scaling laws.

II. Physical Model and Numerical Method
A. Simplified Contraction Duct

The physical model and numerical methods follow the previous
studies [46,47]. As shown in Fig. 3, the computational domain is a
two-dimensional rectangular region between two parallel walls. The
cowl (wedge plate) and the lower horizontal wall form a simplified
contraction duct, which corresponds to the internal contraction
passage of the inlet in Fig. 1a. Supersonic flow enters the computa-
tional domain from the left, and the height of the computational
domain is more than twice the maximum entrance height of the
contraction duct so that the blockage in the computational domain is
avoided, as well as the interference of the reflected waves from the
upper wall.
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Fig. 3 Physical model: a) computational domain, b) local grid around
cowl, and c¢) schematic of cowl rotation.

Table 1 Boundary-layer characteristics at the
entrance under different conditions

No. M. p..kPa Re,, 10" §., mm &%, mm

1 3.0 1877 1.433 4.82 1.52
2 3.0 9 0.687 5.10 1.57
3 3.0 30 2.290 4.60 1.25
4 4.0 1877 1.910 4.61 1.66
5 5.0 1877 2.388 4.38 1.91
6 6.0 18.77 2.967 4.11 2.15

Geometric parameters are labeled in Fig. 3a. The angle between
the cowl and the x-axis is the cowl angle 6. As shown in Fig. 3b, the
grid is generated using the overset grid method (commonly used in
the field of aerodynamics [48]), which consists of the background
and the region surrounding the cowl. The first-layer cells near the
wall have a height of 0.001 mm to ensure that the y+ of the entire
lower wall is less than 1. During the calculation, the cowl can rotate
around its leading edge to adjust the ICR, as shown in Fig. 3c, where
the red/blue lines denote pre/post rotation configuration. The airflow
capture area of the contraction duct remains unchanged during the
cowl rotation process in the started state, leading to a fixed mass
flow rate. The cowl length (wedge length) L. ranges from 12.7 to
101.6 mm, and the cowl lip height /. ranges from 7.62 to 30.48 mm.
The upstream flat plate length L is fixed at 279.4 mm.

The boundary-layer characteristics under different conditions are
listed in Table 1. The static temperature is 107.7 K. The character-
istic scale for the Reynolds number Re,. is the upstream plate length
L. In our previous work [46], the boundary-layer thickness was
verified with experimental data. At Mach 3, the entrance boundary-
layer thickness and Re,. vary with the incoming static pressure. For
a given flow condition, with L, fixed, the unstart boundaries are
sought at different /., and then different L. are examined in the
same manner. There are 136 groups of simulation cases in total with
various combinations of L. and &.. Please note that L. and &, are
fixed when adjusting €. in each group.

B. Numerical Method

The finite volume method is used to solve the two-dimensional
Reynolds-averaged Navier—Stokes equations, based on the second-
order total variation diminishing (TVD) scheme with the Harten—
Lax—van Leer—Contact (HLLC) Riemann solver. This method is
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widely used in hypersonic aerodynamic research. The time integra-
tion adopts the implicit dual time-stepping method for unsteady
simulations, with a time step size of 1e—06 s. The maximum number
of inner iterations per time step is set to 50 to ensure that the residual
reduces below 1e—05. Referring to existing studies [36,40,49], the
turbulence calculation employs the k — @ shear stress transport

M, po, T, Ly Le, e,
6,-started, 6,-unstarted

}

Onia = (6, +6,) /2

Numerical simulation

6,14 Operating state

Started

0, = Onia 0, = Onsia

M 0409 14 19 24 29 34 39 44 49 54

0, =10.5°
Started

6, =11.5°
Started

6, =11.95°

S
Started (critical) a:a ion region

—_——

6, =11.98°
Unstarted

Massive separation region

Shock wave reflection

0, =10.89°

Started (critical)

Fig. 4 Determination of unstart boundary: a) flowchart; b) flowfield
at different contraction angles (M, =5, L. =508 mm, h, =
17.78 mm), black lines denote the sonic position; c) flowfield at different
contraction angles (M, = 5, L, = 50.8 mm, h, = 12.7 mm).

(SST) model and solves-to-wall strategy to ensure the accuracy of
SWBLI calculations. All walls are adiabatic.

At the initial moment, the throat height 4, is large enough to
ensure that the initial state is started. The rotation of the cowl is
achieved by updating the grid. First, the flowfield is calculated to
convergence and saved for a given cowl angle, then a new grid with
a larger cowl angle is generated and replaces the existing grid, and
sufficient time steps are performed on the basis of the saved flow-
field. Repeat this operation until the contraction duct unstarts. The
cowl rotation process is quasi-steady, with each angle change not
exceeding 0.05°, thus eliminating the unsteady effects of cowl
rotation on unstart.

As shown in Fig. 4a, the bisection method is used to determine
the unstart boundary. Firstly, the initial values of the contraction
angles 6, and 6, are given, corresponding to the started and
unstarted states, respectively. Then, numerical simulations are car-
ried out to detect the flow state at the interval midpoint 0,4 =
(0, + 6,)/2.If 0,4 is unstarted, 6,,;4 is assigned to ;. Otherwise, it
is assigned to 6,. In this way, the rotation step size is continuously
reduced, and the unstart boundary 8, can be determined with an
accuracy of 0.05°.

The determination of the unstart boundary is demonstrated under
No. 5 inflow condition, and the flowfields at different contraction
angles are shown in Fig. 4b. As 6. increases, the cowl shock
strengthens, making the induced separation region on the lower
wall grow. When 6. increases to 11.98°, the separation region
suddenly enlarges, and the airflow between the separation shock
and the cowl lip no longer enters the internal duct, resulting in cowl
lip spillage. Cowl spillage marks the unstarted flowfield, and thus
6. = 11.98° is the unstart boundary. The state where .. is very close
to the unstart boundary before unstart occurs is defined as the
critical state, corresponding to the final 6, in Fig. 4a.

Compared to the flowfields at 4. = 17.78 mm, the duct with a
smaller /. shows a smaller unstart contraction angle (Fig. 4¢c). The
reason is that with the cowl length and the contraction angle fixed,
as the entrance height decreases, the impingement position of the
cowl shock moves upstream. As a result, the separation scale
relative to the entrance height increases or the mass-averaged Mach
number at the throat section decreases, triggering unstart earlier.
This trend is more distinctly shown in the unstart boundary distri-
butions in Sec. IILA.

C. Grid Convergence

The numerical method employed in this paper for the unstart
phenomenon has been validated for shock-wave/boundary-layer
interaction (see Appendix A), and the grid sensitivity of the wall
pressure distribution has been investigated [46,50]. To further evalu-
ate the dependence of the computed unstart boundary on grid
density, the unstart cowl angle was obtained using three grids for
the No. 1 inflow condition. The minimum cell height near the wall is
0.001 mm, and the maximum wall y* is 0.8. The region where the
shock wave exists (x = 220 —400, y = 0 — 33 mm) was refined,
and the refinement strategies are as follows: coarse grid (970 x 305,
dx = 0.186 mm), medium grid (1400 x 480, dx = 0.128 mm), and
dense grid (1900 X 655, dx = 0.096 mm). The cell numbers of the
three grids are 600,000, 1,200,000, and 2,200,000, respectively. The
numerical results at Mach 3 (Fig. 5 and Table 2) and Mach 6
(Table 3) indicate that the unstart boundary varies slightly with grid
density. The maximum deviation relative to the dense grid does not
exceed 3%. Therefore, the medium grid was chosen to ensure
accuracy while saving computational resources.

III. Generalized Similarity Law for Unstart Boundary
A. Unstart Boundary Represented by Contraction Angle

Similarity analysis [51,52] on the unstart characteristics obtained
from CFD simulations was conducted to obtain self-similarity laws
and empirical formulas. The unstart contraction angle 6,, was
obtained under different flow conditions, as shown in Fig. 6. Note
that 9, decreases with increasing cowl length L, and increases with
entrance height #., Mach number M, and Reynolds number Re,,.
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©)
Fig. 5 Critical and unstarted flowfields varying with grid density
M, =3, L, =254 mm, k =17.78 mm): a) coarse grid, b) medium
grid, and c¢) dense grid.

Table 2  Sensitivity of unstart boundary to grid density
My, =3,L, =254 mm, h =17.78 mm)

Cell number = Cell number = Cell number =

Parameter 0.6 x 10° 1.2 x 10° 2.2x10°
Oy, deg 13.52 13.49 13.40
Error of 0, deg 0.12 0.09 —_—
Error of 0,,, % 0.90 0.67 —_—

Table 3  Sensitivity of unstart boundary to grid density
M, =6,L, =101.6 mm, & = 12.7 mm).

Cell number = Cell number = Cell number =

Parameter 0.6 x 10° 1.2 x10° 2.2x10°
Oy, deg 6.53 6.46 6.35
Error of 0, deg 0.18 0.11 —_—
Error of 8,,, % 2.83 1.73 —_—

(related to static pressure). The discrete distribution caused by £, is
explained by Fig. 4. For a given h,, the variation of 6,, with L,
depends on the relative length relationship between the cowl and the
separation region.

The horizontal axis of Fig. 6 is replaced by the dimensionless
cowl length L} [46], as shown in Fig. 7. L} is defined as

Li=1—%

c c
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Fig. 6 Unstart boundaries obtained by numerical simulation.
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Fig. 7 Unstart boundary correlated with dimensionless cowl length.

In Fig. 7, the data points for different Mach numbers fall onto
separated curves, i.e., 0, is a function of (L}, M), exhibiting
limited self-similarity. Referring to the similarity theory [51,52],
there are two kinds of self-similar solutions. The self-similarity of
the first kind can be obtained by dimensional analysis, such as the
specific unstart similarity law. The self-similarity of the second
kind, taking the form IT/n* = f (¢/5*), cannot be fully determined
by dimensional analysis. Here IT and £ are dominant variables, f'is a
function with the invariable formula, and a and x are exponents.

In the field of aerodynamics, variables can be corrected by a
power form of Mach number, leading to self-similarity. One exam-
ple is the compressibility correction that establishes a similarity
relationship between incompressible and compressible flowfields
(Prandtl-Glauert [53] and Karman-Tsien [54,55]). The modified
form of the airflow deflection angle (relative to the x-axis) is given
by 6* = 6/(1-M?)'/2. Another example is the separation length
correlation in hypersonic flow [56].

Considering the positive correlation between the unstart contrac-
tion angle and the incoming Mach number, a corrected contraction
angle 6,y is proposed:

_ O
unM — 3oy
M

0 &)

The exponent « that enables data collapse, i.e., 8./M% = f(L}),
is sought empirically, as with traditional practices. Nowadays the
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data-driven neural network can also be used to solve such problems.
An optimal solution is

04, 0<L’<25
a=105 25<Lf<43 (6)
06, Lf>43

The three values of a correspond to three unstart modes: the short-
cowl, transitional, and long-cowl unstart.

The critical flowfields for the three modes are displayed in Fig. 8.
For the short-cowl critical state, there is a large separation bubble in
the duct, and the separation shock is close to intersecting with the
cowl tail. The transitional critical state exhibits a flat separation
region with the reflected separation shock impinging on the leeward
side of it. The critical separation region is almost independent of the
cowl length or throat height for medium L} (6,, decreases from
11.98 to 11.89° as L} increases from 3.2 to 4.0), resulting in the
plateaus of 6, in Fig. 7. Hence, the onset of this unstart mode is
mainly decided by the inherent self-sustaining mechanism of the flat
separation region rather than the relative separation scale, which
brings difficulties to theoretical analysis. The long-cowl type shows
no obvious separation but has a subsonic region near the throat.
Detailed descriptions of the critical states and unsteady processes for
the three types can be found in Ref. [46]. The differences in unstart
mechanisms (related to the number of shock reflections within the
duct) lead to different forms of 6,,,, which will be discussed
in Sec. IV.

Replacing the longitudinal axis of Fig. 7 by 6,,\ gives Fig. 9a.
The data points of different M., converge onto the same curve,
despite the insignificant discrete distribution within L} = 2.5 ~4.3
causes by the plateaus of 6,,,;. As discussed in Sec. IV, the plateaus
can be correlated with the relative entrance height 4, /8, or h./5,.
For brevity, the corrected unstart angle 6, is regarded as a one-
variable function of L}, exhibiting self-similarity. The unified fitting
formula is

21.9
O = 7
unM L: +08 ( )

Overall, the Mach number effect is indirectly reflected through
the modified contraction angle 6. For different Mach numbers,
the distribution of unstart boundaries follows a unified geometric
principle. In contrast, the traditional theoretical framework repre-
sents the unstart boundary (ICR) as a function of Mach number
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Fig. 8 Critical flowfields of different unstart types (M, =S5,
h, = 17.78 mm).
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Fig. 9 Extended similarity relationship and fitting formula.

(Fig. 2), breaking the self-similarity based on 6, and L}. Equa-
tions (5—7) provide a new perspective on the unstart phenomenon.
Note that the similarity in the unstart phenomenon is limited to the
same unstart mode. For example, a duct satisfying the short-cowl
unstart condition is similar to another duct that also belongs to the
short-cowl unstart rather than the other types.

Since the formulation is based on the two-dimensional frame,
three-dimensional effects of SWBLI [57,58] may bring considerable
errors for practical inlets unstarting [59,60]. To ensure accuracy, it is
suggested that the prediction method in this paper can be used in the
rectangular-section inlets with a width-to-height ratio over 3.
Despite that the similarity law proposed in this paper cannot cover
various practical inlets (e.g., circular-section ducts), it provides a
baseline for inlet design, from which the exact unstart characteristics
can be obtained with much fewer computing or wind-tunnel
resources.

B. Unstart Boundary Represented by Internal Contraction Ratio

The internal contraction ratio (ICR) of a duct is a crucial dimen-
sionless parameter for the unstart phenomenon and is widely used in
engineering design. The ICR is defined as the ratio of the cowl lip
height to the throat height, and its reciprocal is commonly
employed:

h
ICR™! =~
h

c

®

The traditional ICR is an inviscid concept that does not account
for the boundary-layer effect and lacks self-similarity. This neces-
sitates the creation of databases for different model scales or Reyn-
olds numbers, consuming significant resources. To address this
issue, the previous study [46] has proposed an effective ICR to
achieve self-similarity. The effective ICR is defined as the ratio of
the inviscid inlet height to the inviscid throat height (subtracting
the displacement thickness of the boundary layer). Considering
that the displacement thickness at the throat §; is approximately
equal to the value at the entrance J;, the expression is

hy— 5}
ICRC_I%"Un = ht —_ 6;

=1-L!siné,, ©)]

However, the self-similarity of effective ICR is irregular for different
Mach numbers (Fig. 10).

In this paper, based on 6., a corrected ICR is defined to
describe the Mach number effect. The expression for the corrected
unstart area ratio is
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Fig. 10 Effective throat entrance area ratios for unstart at different
Mach numbers.
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Fig. 11 Extended throat entrance area ratios for unstart.

9
ICRG} = 1 = L sin (ﬁg) (10)

The unstart boundaries are processed by the modified area ratio
(Fig. 11). The data points generally converge to a single curve. The
above-curve area represents the dual-solution regime, while the
unstart region locates below the curve. The maximum deviation
from the empirical formula is about 0.06.

Having achieved a unified description of multivariable effects on
the unstart phenomenon, we now present the conversion relation-
ships among the ICR, effective ICR, and corrected ICR for ease of
application. Firstly, based on Eq. (9), ICR.; can be derived from
ICR:

ICR™! — 5% /h,
ICRGr = l—5*./h/. b

Utilizing that sin(6, /M%) ~ 6./M®*, ICR ¢\ can be calculated from
ICR:

11
ICRG ~ 1 =5 + 97 (1 - L26.)
1

o (1-1cr3Y) .

=1-
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(]
0.8 % g* \ ]
o O A\ <
= v B F.e0- < 1
TF T *
A O Ce®q <
O 06F Numerical study
=
% Chang 2009 [30]
L Fan 2009 [31]
Experiments <« Li2016 [32]
¥ Cnossen 1964 [22] 4 Guo 2017 [33]
04+ Unstart region O Emami 1995 [26] X Su2017 [34]
O Van Wie 1996 [27] ® Reardon 2021 [35]
| < Li2012 (28] Jin 2022 [36]
Y Jin 2023 [29] Yang 2023 [37]
1 1 1 1 1 1 1 1 1 J
2 4 6 8 10
()CM (deg)

Fig. 12 Empirical formula of unstart boundary represented by 6.\
compared to literature data [22,26-37].

If a specific configuration’s ICR is required for a given ICR ¢y, the
conversion process is the reverse of Eqs. (11) and (12):

ICR;} = M°ICRy + 1 — M* 13)
5\ 8
ICR™ = ICR;f'f(l - h—) + h— (14)

Using Egs. (11) and (12), the unstart boundaries in the literature
(see Appendix B) are converted into corrected ICR and presented in
Fig. 12. Because of the shoulder or curved surface in practical inlets,
it is difficult to accurately define L}, and the contraction angle
is more commonly used. Hence, the horizontal axis in Fig. 12 is
represented by 6., which is equivalent to Fig. 11. Employing
Eq. (7) to express L} as the inverse function of 6., and substituting
it into Eq. (10), an empirical formula can be established (the dash-
dotted line in Fig. 12). The unstart boundaries obtained by experi-
ments and numerical simulation [22,26-37] generally fall onto the
empirical formula, with a maximum deviation within 0.1, which can
satisfy the requirement of engineering estimation.

IV. Theoretical Model for Unstart Boundary

The similarity law based on 6, and L} is essentially an empiri-
cal correlation, not directly derived from the first principles of fluid
mechanics. Specifically, L} characterizes the relationship between
the contracted duct length and the effective capture flow rate or
separation scale [46,50], while 6, as a key parameter for unifying
Mach number effects, the significance of its formula form is unclear.
Therefore, simplified theoretical models are established for the three
unstart modes to reveal the physical implications of the similar-
ity law.

The similarity of oblique shock angles at the same corrected
contraction angle 64, is examined. The expression for 6. is
consistent with Eq. (2).

0. = OcmMG, 15)

For a given 6., and Mach number, the shock angle f, is obtained by
oblique shock relation:

M?sin? f — 1
M?*(y + cos2p) + 2

tanf = 2cot (16)

Figure 13 shows the influence of @ on cowl shock angle at
different Mach numbers. Without correction (¢ = 0), the curves
do not intersect. As a increases, the curves begin to intersect
(marked by the ellipse), and the 6, at the intersection point
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Fig. 13 Relation between cowl shock angle and corrected contraction
angle.

gradually decreases. For a = 0.4 and 0.6, the dense regions of the
curves are (O = 13-18° and 7-10°), respectively, which do not
match the ranges of 6, values for the short-cowl and long-cowl
unstart modes in Fig. 8 (6. > 7.5° and 6. < 4.0°), respectively.
Moreover, the intersection is minimal. Therefore, the convergence
of cowl shock angles alone is insufficient to explain the similarity of
unstart boundaries caused by the correction factor 1/M?. The
SWBLI and shock reflection in the contracted duct must be con-
sidered.

A. Short-Cowl Unstart

According to our previous research, the short-cowl unstart is
caused by the reflection of the separation shock at the cowl tail.
This reflection is affected by three mechanisms (Fig. 14): Firstly, in
the started state, as the contraction angle increases, the incidence
point of the cowl shock moves forward, and the entire separation
region moves upstream. Secondly, since the length of the separation
region is positively correlated with the cowl shock strength, at larger
contraction angles, the starting position of the separation shock is
further upstream, bringing the separation shock closer to the trailing
edge of the cowl. In addition, the expansion waves from the cowl tail
act on the leeward surface of the separation region, weakening the
streamwise pressure difference imposed on the separation region
and limiting the separation scale. Based on the above mechanisms, a
simplified physical model of the critical state can be established, as
shown in Fig. 14.

The critical flow structure of the short-cowl unstart mode is
shown in Fig. 14, where h_;,, represents the inviscid entrance
height by subtracting the boundary-layer displacement thickness:

h AN .
c-inv v\, Expansion waves
" NN,

FRN
RN
VN,
\

\

Fig. 14 Schematic critical flow structure of short-cowl unstart.

hc—inv = hc - 6: (17)
The inviscid throat height of the duct is £,.,,:

Bpiny = Reiny — Lo sing, (18)

t-inv

The cowl shock and the separation shock intersect at point D,
with a vertical coordinate of

1 1
hD = Lsep/(tanﬁs + tanﬂc) (19)

The separation length L., is defined as the distance between the
separation initiation point S and the reattachment point R. The
separation shock angle f; can be obtained according to the free
interaction theory [38]. The expression is

p in |+ ;L) (20a)
; = arcsin , [—— ot a
’ M (M - 1)0B

where C; is related to the wall friction coefficient. According to
Wang’s experimental results [61], for y = 1.4, Eq. (20a) can be
approximated as

. 1 1
ﬂs /A arcsin \/M—z + W (20b)

In Fig. 15, the predicted results of Eq. (20b) agree well with CFD
results, and the influence of Reynolds number on the separation
shock angle is not significant.

The projected height of the deflected separation shock at the
throat position is denoted by /;o.. When unstart is triggered, shock
DI reflects at point O at the cowl trail, so kg /h,4,, > 1 is taken as
the unstart trigger. Conversely, in the started state, ko' /b,y < 1.

hor = hp + (Lsor = hp/ tan ;) tan (fp; — 6,.) 21

Here, Lgo- is the distance from the leading edge of the separation
bubble to the throat,

LSO’ = Lsep + L. cos Hc - hc-inv/tanﬁc (22)

and 6, is the angle between the downstream flow direction and the
x-axis at point D, which can be approximated by

0,0, -0, (23)
30 , :
.Y
3 [m} =
\\ % M=3
| \8 O M=3,p _=9%kPa | |
> M=3,p =30kPa
25+ e |
0 M=5
£ M=6
S0 | == Eq 20(b) 1
QU

20| . ]

15 L L L L

Fig. 15 Separation shock angle varying with Mach number.



Downloaded by Peking University on January 19, 2026 | http://arc.aiaa.org | DOI: 10.2514/1.J065313

4690 TONG ET AL.

The separation angle 6, is obtained by substituting M, and f
into Eq. (16). The flow deflection angle of shock DI is

HDI = 0(‘ - 6(1 ~ 6.\‘ (24)

The shock angle fpy; is obtained by substituting the Mach number

M . behind the cowl shock and 8p; into Eq. (16). The expression of
M, is

, M2, +,_L1 (M, cos §,.)?
T Mgsing ) -1 (M sing)? 1

(25)

The estimation of separation scale is crucial to the model accu-
racy. For simplicity, it is assumed that the reattachment point of the
separation bubble coincides with the impingement point of the cowl
shock. According to numerical results, this assumption is generally
valid for critical flowfields with strong tail expansion waves. The
distance between the impingement point of the cowl shock and the
separation point is the separation length L.,. Existing research on
separation length in turbulent flow is still insufficient. Zhao [62]
proposed a self-similar formula for turbulent SWBLI based on
Katzer’s laminar SWBLI study [63].

Lo = A8, /Re M3 (26)

where A is a function of contraction angle:

4

A= 1-2(49¢ - Wﬂo [4.2 1g(Re,.) — 27.5]) 7

However, Eqgs. (26) and (27) do not reflect the effect of the tail
expansion waves (see Appendix C). According to Grossman [64,65]
and Fan [66], the expansion waves reduce the separation length.
Since the expansion wave angle, impingement position, and pres-
sure ratio are coupled with Mach number, throat height, and con-
traction angle, it is hard to give the streamwise pressure difference of
the separation region in a simple formula and thus determine the
separation scale. In this paper, Egs. (26) and (27) are modified to
obtain the distribution law of separation length under the expansion
wave effect.

120 + Fq. 26 with 27

------- M=3
1001 == M=3,p =9kPa
------- M=3, /)t:30kl’a

E 80t M=4

& | - M=5

gg- Pl M=6

L\a
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(=]

10 12 14 16 18 20 22
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Fig. 16 Corrected relation between separation length and contraction
angle (legend of data points is the same as Fig. A1: magenta—M = 3,
P = 18.77 kPa; blue—M_ =3, p., =9 kPa; green—M_ =3,

P = 30 kPa; light blue—M _, = 4; red—M_, = 5; yellow green—
M, =6).

2

L
0.0435 ¢ L*<25
B = Fiheam T 29)

1, L:>25

Processing the data in Appendix C with Eqgs. (28) and (29) gives
Fig. 16. The vertical axis is the ratio of the separation length L, to
the correction factor B (i.e., Lyp), which leads to a self-similar
formula. The curves in Fig. 16 are obtained by Egs. (26) and (27).
For each incoming flow condition, the data points converge onto the
corresponding curve, roughly satisfying self-similarity. However,
the curve values are higher than CFD data when 6. > 20°, which
needs to be improved in future research.

From Egs. (18), (19), (21), and (22), the ratio of the projected
height of the separation shock to the throat height can be obtained:

ho' _ hp + (Lso' — hp/ tan B) tan (fp; — 6,.)

Riiny Reiny — L, sin @,

Luggltan . + tan (5o — 0]/ (1 +

B, iy
:1"12) + (LC cosf, — tanﬂt) tan (Bp; — 0,)

(30a)

Neiny — L, siné,

Both the right-hand-side numerator and denominator are divided by #_.;,,. For the short-cowl cases (L} < 2.5), substituting Eqs. (4), (28),

and (29) gives

by 0043512 50 [tan i+ tan (B — 0] / (1 + 28) + (L cos . — b) tan (o — 0,)

ht-inv

The separation lengths in the started state varying with the con-
traction angle, entrance height, wedge length, Mach number, and
Reynolds number are given in Appendix C. Since the separation
length is affected by the cowl length more significantly than the
entrance height, L} is chosen to represent the relation between the
cowl length and the entrance height, and then a correction factor B
can be derived by multiplying L} and the cowl length scaled by
displacement boundary-layer thickness L./éc*. In this way, the
separation length is estimated by Eqs. (28) and (29).

Ly = ABS, \/Re M3 (28)

1—-Lksind,

(30b)

The variation of &g/ /h,.,, With 8 can be derived by substitut-
ing Egs. (15), (16), (20b), and (23-27) into Eq. (30b), as shown in
Fig. 17. It is worth noting that if the separation point is downstream
of the throat (Lsg < 0), h1g' /h,;ny Will reach negative values. Thus,
hio'/hiiny 18 presumed to be zero for simplicity. In Fig. 17, for a
fixed O., Mo/ hyiny increases with LY, causing a leftward shift of
the curve. The curves of the same L} cluster, particularly within
L} = 0.6-1.5. The abscissa of the intersection point between the
curve and the horizontal line hyq /h,;,, = 1 corresponds to the
unstart contraction angle 6,,,;. The scatter of 6, under different
flow conditions is small (0.2-0.8°), indicating that 6, is approx-
imately a function of L} only.
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Fig. 17 The ratio of the projected height of the separation shock to the
throat height varying with corrected contraction angle.
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Fig. 18 Short-cowl unstart boundaries predicted by theoretical model
compared to empirical formula, CFD data points, and experimental
data [27].

The process of seeking the intersection points in Fig. 17 is as
follows: for different 6., values, determine the corresponding L}
such that the left side of Eq. (30b) equals 1. Numerical methods
(e.g., the bisection method) can be used to solve the equation. The
unstart boundaries for various flow conditions are represented as
L} — 0.\ curves (Fig. 18). The horizontal and vertical axes in
Fig. 18 are swapped based on Fig. 8. If a parameter point enters
the region above the curve from the lower region, unstart occurs.
The curves converge near the empirical formula (7). Compared to
CFD results, the maximum deviation measured by 6, is about 1.1°
with a relative error of 15%, which satisfies engineering estimation
requirements. However, the deviation relative to Van Wie’s experi-
mental results [27] is 16-18%, which may be caused by the
three-dimensional effects in the wind tunnel. For smaller 6., the
theoretical model gives optimistic predictions, and the self-similarity
is broken. The reason is that the critical flow regime deviates from the
hypothesis in Fig. 14 near the unstart mode transition point.

In Figs. 13 and 16, the shock angle and separation scale are not
self-similar with the Mach number separately; however, the theo-
retical model combining these two components exhibits self-
similarity. Therefore, the self-similarity of 6, originates from
the coupling between the cowl shock angle and the geometric
characteristics of the separation region.

B. Transitional Unstart

Compared to the short-cowl unstart, the transitional unstart is
accompanied by shock reflection within the duct, besides the
oblique-shock-induced separation. For simplicity, an idealized
model for shock reflections is first presented, as shown in Fig. 19.
The shock initiation points (reflection points) are numbered 1-4,
with the lengths of the shock segments denoted as L,—L3, and the
distances between the shock initiation points denoted as L3 and
L,,4. The total number of shock initiation points within the contrac-
tion duct is n,. According to CFD results and unstart mode theory, n,
equals 3 for the transitional unstart.

More generally, indexing the reflection points by i, the shock
length L; and the distance between two adjacent shock reflection
points L; ;,, can be expressed as follows:

hc-inv .
: , i=1
I sin 3
i o sin (,ﬁl -0, sin (,ﬂi_l -0, - 1 i1
sin f; sinf;_; sinp;
(3D
Lijpa =Licos (B —0.) + Liyicosfii (32)

Using oblique shock relations, one can obtain the shock angle f5; and
subsequently obtain the Mach number behind the shock M;:

M?_sin?p; — 1
tanf, = 2 cot f; izl : 33
b M2 (y + cos2B;) +2 (33)
M2+ %1 (M;_, cos 3;)?
2 r i1 8P (34)

(Mg sini)? =1 5H (M, sinf)* + 1

M;_, is replaced by M, when i = 1.

The triggering of the transitional unstart is related to L,,. As 6,
increases, the shock angles f;, f,, and S5 all increase, making Lo,
decrease. Due to the small separation bubble upstream of reflection
point 2 and the adverse pressure gradient imposed by shock L3 on
the downstream boundary layer, a continuous separation region
forms between points 2 and 4 for relatively large .. Existing
literature has noted that, as the spacing between shock reflection
points decreases, two small separation bubbles merge with a sudden
increase in separation size [67—69]. It can be inferred that as Lo,
further decreases, the high pressure at point 4 propagates through
the subsonic region to point 2, which drives the separation region to
grow and then triggers unstart. Therefore, Ly, scaled by L, (the
separation length induced solely by the cowl shock) can be regarded
as the governing variable for the transitional unstart. Assuming that
unstart occurs when Ly /L, < k (k is an empirical value), the
simplified model in Fig. 19 can be modified to account for the
separation bubble, as shown in Fig. 20.

In Fig. 20, because the separation bubble is small, the deflection
of the separation shock at the intersection point can be ignored, and
the shock angle /3, is approximately equal to f3,. The shock lengths
L,,, and L3, are increased compared to those in Fig. 19, and the
expressions are

h,

c-inv

B/ tanfy It

Fig. 19 Shock reflection regime in contraction duct.
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Ly Loy

Fig. 20 Schematic shock reflection structure with separation bubble.

sin 6,

L2m = LZ + Lsep~—C (35)
sin f3,

sin@, sin(f, — 6,)

sinf},  sinfi;

L3m = L3 + Lsep (36)

The modified distances between shock reflection points are

L13m = Ll cos (ﬁl - gc) + L2m cos ﬁZ - Lsep Cos 90 (37)

L24m = L2m cos (ﬁZ - GL) + L3m C05ﬁ3 - Lsep (38)

Figures 8 and 11 indicate that the data points of the transitional
unstart are discrete to some extent and not strictly self-similar. There
are two reasons. Firstly, with the fixed number of shock initiation
points, n;, of 3, Loy, /Ly, does not vary with L, within a certain
range. Hence, a single 6,,,; may correspond to several L} in the
critical state. The cowl length range for n, = 3 is

ﬂ < Lf < (@ + L24m)/(hc-inv cos eL) (39)
e iny sin
The right-hand side corresponds to the situation where the wedge
tail and point 4 share the same x-coordinate.

Secondly, 6,y is inherently not self-similar for the transitional
unstart. Loy is related to .y, and L, depends on incoming flow
condition and shock strength. Thus, Ly, /Ly, is not reducible to a

univariate function like A/ h.iny. The expression of Loy, /L is

Loy _ Lycos (fy —6.) + Lycos f;
Lyep AS./Re ;MO

sin@, sin (f, — 6,)
—0,) 27
sin 3, [COS (P2 =60 + tan S5
h >-inv
=;5—f3(0mMoosRexc)+f4(90’Moo)_ 1 (40)

Here, L, and Lj are both proportional to /._;,,. The first term on the
right side of Eq. (40) can be transformed into the product of
Neiny/6. and function f5.

Figure 21 shows the variation of Ly, /Ly, With 6y for different
incoming flow conditions. For each case, A ,,/d, takes on values
of 1, 3.5, and 6. For M, = 3, despite h_;,, /5. is fixed, the curves
scatter under different Reynolds numbers Re,. (see function f5 in
Eq. (40)). The scattering of curves for different M, can also be
explained by Eq. (40). Taking the empirical value k =5 as the
unstart trigger, the abscissa of the intersection point between the
curves and the horizontal line Ly, /L, = 5 corresponds to Oyny.
In Fig. 21, 6,,v increases with Re,. and & ;,, /6. and decreases
with M .

To determine the relationship between 0, and L7, the left side
of Eq. (40) is set to 5, and the equation is solved using numerical
methods. For a given incoming flow condition, the 6., that satisfies
the requirements is sought in the range of A, /6, = 1.0-6.5
(which is close to the parameter range used in the numerical
simulations of this paper), and the corresponding L} range is given
by Eq. (39). In this way, two 0., — L} curves are obtained for each
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c-nv c-inv ¢
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Fig. 21 Scaled distance between reflection points Ly, /L., as func-
tions of corrected contraction angle 6,,.
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Fig. 22 Transitional unstart boundary predicted by theoretical model
(heiny/0. = 1.0-6.5) compared to empirical equation, CFD data, and
experimental data [22,26].

flow condition (Fig. 22). The six quadrilateral regions in Fig. 22 are
unstart regions. If the parameter point enters the regions from below
or left, an unstart occurs.

For 2.5 < L} < 4.3, most data points are located within the cor-
responding unstart region, and only a few data points deviate from
both the quadrilateral regions and the empirical formula. As M,
increases, the unstart region moves toward the upper left and
narrows. As Re,. increases, the upper and lower boundaries of
the transitional unstart region remain unchanged, while the left
and right boundaries move to the right simultaneously. In summary,
for 2.5 < L} < 4.3, a higher M, allows a larger L} and a smaller
6.\ in the stated state, while a higher Re,. allows a smaller L} and a
larger O\
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Compared to experimental results [22,26], the model can capture
a part of transitional unstart boundaries; hence, it can meet the
accuracy requirements of rapid estimation. A refined model would
need to explain the physical significance of the critical shock
reflection point spacing and provide a more reasonable value of k
(it possibly depends on M, and Re,.), which awaits further
research on the separation caused by two incident shocks [70-72].

C. Long-Cowl Unstart

Based on the classical isentropic theory, the mechanism of long-
cowl unstart can be proposed considering the total pressure loss and
flow parameter discontinuities caused by the shock waves. The
multiple reflections of the shock wave in the contraction duct
decelerate the airflow and reduce the mass-averaged Mach number
at the throat position M,. Flow choke will occur when M, is too low.
In this paper, M, = 1 is assumed to be the trigger of unstart.

For long-cowl cases, the contraction angle is generally small
(Bunm < 4°), and the shock-induced separation can be ignored.
Based on the number of shock initiation (reflection) points 7, in
the flow path, a series of simplified regimes can be obtained, as
shown in Fig. 23. For simplicity, the streamwise boundary-layer
thickening caused by shock reflections is not considered. When the
cowl is very long, the terminal shock approaches a normal shock,
and the boundary layer near the throat thickens significantly, with

M, approaching 1. Therefore, this paper assumes that unstart will
occur directly when n, > 6. The following analysis only includes
the cases of n, = 1-6.

The throat Mach number is related to n,, which needs to be
determined first. For a given flow condition (M, Re,., or d})
and configuration (4., 6.), the following geometric relationship
can be derived:

1, O<L*<1/(tanp, cos0,.)
L
2, 1/(tanp, cosf,) <L* < 13
hc-inv
Ly heiny
3, m < Lf < (ﬁ —+ L24 /(hc-inv COS 61)

n, = heiny Liz+Lss
4, \—F+L he 0.)<Li<——>=
(Sll’lﬂ] + 24)/( c-inv €08 L) c hc-inv

L L he
5, % < Lf < (Sl;’;/;\; + L24 + L46)/(hc-inv COS 90)
c-inv
6 L*>(hc-inv+L +L )/(h . COS@)
’ c Sil’lﬂl 24 46 c-inv c

(41

Fig. 23 Flow structure of shock wave reflections in contraction duct (n, = 1 — 6).
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In Eq. (41), the variables are obtained from Eqgs. (31-34). According
to Egs. (31) and (32), L;;,, is directly proportional to h,,, and
hence h.;,, is actually eliminated.

The formula of M, depends on the parity of n,. In Fig. 23, when
n, is odd, the terminal shock reflection point upstream of the throat
is located on the upper wall, while when #, is even, it is located on
the lower wall. The projected height of the last shock wave at the
throat is denoted by hjg:

{ (hc/tanﬂl + L24+ e +Ln,—l,n,+l - Lc COSQC) tanﬂnp
10" =

while the effect of shock reflection is secondary. This allows a larger
Ouum for a fixed LY. Because such long inlet ducts are seldom used
in engineering, the theoretical model can be simply modified to
further approach the empirical formula. Assuming that M, = 0.6
when unstart occurs, the theoretical curves of small 6., are raised
(dashed line in Fig. 25), reducing the deviation of 8, to 0.15 and
0.27° compared to Eq. (7) and CFD data, respectively. Generally,
the present model agrees well with the experimental data [22,27].

n,=135...
42)

[LocosO. — (h./tanfy + Log+ --- +L, 5 ,)]tan (B, —0.), n,=2,46...

In Eq. (42), if n, = 1 or 2, the terms about reflection points spacing L,y ... L; ;, are redundant. The mass-averaged Mach number at the throat is

Mn,—lpn,—l Un,—l th’ + Mn,pnt Un, (ht - th/) COS 90

U h , n,=1,35...
M[ _ Pl (43)
Mn,—lpn,—lUn,—l(ht - th’) Cos 90 + Mn,pnt Un,th’ no—=2.4.6
poo UOOhL‘ ’ ! ’ ’ o
Here, the flow velocity U; is 6 ' ' ' ' ' ' '
N (44) ’
Pi

The density p; and static pressure p; behind the shock are determined
by oblique shock relation:

Unstart boundary
i DM sing)? wo
pict 24 (r = D(M;_; sin ;)

P _ PP (45b)
P Pi-1 F 2 S el et ial 3 Suluial 57 el \So? iatalniaial NS ¥ Sttty
L'=6
\C
. 2 X
Lo (M sing? - 1] (462) 4
Pi-1 r+1
Fig. 24 Mass-averaged throat Mach number as functions of corrected
bpi _ P o Pr (46b) contraction angle.
P Pi-1 P

For different L, the variation of M, with . is calculated by
Eqgs. (31-34) and (41-46), as displayed in Fig. 24. With L} fixed, as
6. increases, the curves of different M, first converge and then
diverge, and the curves roughly intersect at M, = 1, which is the
unstart boundary. Figure 24 indicates that although the 0., correction
fails to achieve similarity in the first shock angle (Fig. 13), the throat
Mach number M, after multiple shock reflections exhibits self-
similarity within a specific 6.y, range. The abscissa of the intersection
point between the curves and the M, = 1 horizontal line is 8, of
which the scatter range is about 0.1-0.3°. As L} increases, &yu
decreases, consistent with the data trend in Fig. 9.

Setting the left side of Eq. (43) equal to 1, for different 6., the
solution represented by L is sought (Fig. 25). The curves converge
near the empirical Eq. (7), but as L} becomes very large, the
theoretical curves fall below Eq. (7) and exhibit a divergent trend.
For L} < 15, compared to Eq. (7) and CFD data, the maximum
deviation of 6,y is 0.21 and 0.35°, which corresponds to errors of
0.62 and 1.02° in 6, respectively. The reason for this deviation
may be that when the cowl is very long, the streamwise development
of the boundary layers on the upper and lower walls becomes
significant [39]. The boundary-layer development dominates the
Mach number distribution at the throat and the trigger of unstart,

25 . : ‘
— M=3, Mt:I.O
M=4, Mt:I.O
>¥ —M=5,M=1.0
20 Py t _
M=6,M=1.0
———-M=3, Mt:0‘6
oo -M=4, M=0.6
715+ Ms. =06 |
Cnossen 1964 [22] M=6, M=0.6
M34 | Eq. 7
10 & 1964 [22]
Started state nOSS(]S‘t/;4 A [22]
Van Wie 1996 [27] — g
5 : . |
1 L5 2 2.5 3 35

0 (deg)

Fig. 25 Long-cowl unstart boundary predicted by theoretical model
compared to empirical formula, CFD data points, and experimental
data [22,27].
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V. Extended Similarity Law for Critical Pressure Rise

Existing studies have pointed out that, for different unstart modes,
the growth of the separation region is essentially driven by the
streamwise pressure difference [46,50]. Wall pressure is an impor-
tant parameter in SWBLI and a primary criterion for the operating
state of actual hypersonic inlets [21,45,73,74]. Therefore, this paper
analyzes the wall pressure characteristics under various conditions
and explores their similarity law. Similar to Sec. IV, this section
focuses on the critical conditions.

Figure 26a shows the wall pressure curves in critical state for
various configurations at M, = 5. The initial pressure rise of each
curve corresponds to the separation point, and the wall pressure
peak pn. occurs near the throat, with the wall pressure rapidly
decreasing downstream of the pressure peak. For the same entrance
height 4., as the cowl length L. increases, the separation point
moves downstream, and p,,., increases. Keeping L. constant, as &,

4695

increases, the separation point moves upstream, and p,.. changes
slightly. Therefore, the pressure rise characteristic of the separation
region is related to L}. According to existing research, the relative
streamwise pressure difference, p.c/pe—1, is used to approxi-
mately characterize the separation scale. The p,../p—1 for differ-
ent Mach numbers are shown as functions of L} in Fig. 26b. The
critical pressure difference increases with Mach number and L}, and
the curves are discretely distributed.

Based on the correlation between the streamwise pressure differ-
ence and the characteristic separation scale [75-77], the self-similar
pressure rise py,. has been proposed in our previous study [46,50]
by correlating the separation scale with the entrance height:

P* — (pmax-un _ l)h § - Lsep-un
unc

. . ; A7)

Lep-un 1s the critical characteristic separation length. For Mach 3,
b = 3. For other Mach numbers in this paper, b can be obtained by
data fitting.
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The data in Fig. 26b are processed by Eqs. (47) and (48) and shown
in Fig. 27a. The curves converge for the same M, but still scatter
for different M.

To develop a wall pressure criterion for variable Mach numbers, a
simple assumption is made that the separation scale at a given con-
traction angle is mainly decided by the cowl shock strength [78].
Therefore, the cowl-shock pressure rise p;/p. can be incorporated

into pg.., and a new similarity variable p? ./ can be constructed:

o Pmaxn O P1
Punc f( Peo he Do

49)

A trial power function of p;/p. — 1 is chosen to further modify pJ,.

10
*

b) L,

Fig. 26 Wall pressure characteristics in unstart critical state: a) wall

pressure curves varying with contraction angle and entrance height
(M, = 5); b) dimensionless pressure peaks under different conditions.
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Fig. 27 Self-similar wall pressure characteristics in critical state:
a) specific similarity law for different Mach numbers; b) extended
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(SZ (pmax-un/poo - l)b
x o= oc Pmaxun/ P = ) 50
Punen hc (pl/poo - l)d ( )

in which p; /p, is obtained by 8. and M, Eq. (46a). The exponent d
depends on unstart mode:

1.2, O0<Li<25
d=4165 25<L*<43 51
1.8, L¥>43

Finally, the critical pressure rise can be correlated with L}. The
reason is that the critical (i.e., maximum-allowable) separation scale is
also related to the shock-reflection or expansion-wave regimes, which
are affected by the cowl length. The data processed by Eqgs. (50) and
(51) are illustrated in Fig. 27b. In the logarithmic coordinate system,
the data points fall onto two straight lines, indicating that the corrected
pressure rise py v €xhibits exponential growth as L} increases. An
empirical formula can be obtained:

L*1A66
;4 , 0<L:<25
Punem = L*.3‘35 (52)
< L¥>25
9.6 ¢

The slope of short-cowl unstart significantly differs from the other
two types, indicating that more shock reflection points lead to a higher
growth rate of pZ ., and the number of shock reflections has no
significant effect on the growth rate of p7; ., when n, > 3. The critical
empirical line roughly (Fig. 27b), despite that the literature data for the
long-cowl unstart are rare. The self-similarity of pj . is clearly
related to the separation length and shock reflection. More compre-
hensive verification and the underlying physical implications require
further investigation.

It should be noted that the critical pressure rise in this paper is
merely a derivative of the critical SWBLI flow. In contrast, for the
straight duct (or isolator) unstart [79], the backpressure (related to
the blockage ratio) dominates the SWBLI flow. The formation
mechanisms and physical implications of the critical pressure are
different. Hence, in the field of hypersonic inlets, unstarts induced
by upstream geometric/aerodynamic parameters and backpressure
are usually studied separately [14].

VI. Conclusions

In order to reveal the physical mechanisms and quantitative laws
of unstart phenomena in two-dimensional contraction ducts in
supersonic flow, the transition from started to unstarted states has
been triggered by increasing the contraction angle under different
Mach numbers, Reynolds numbers, entrance heights, and wedge
lengths, and the unstart boundaries have been determined. By
introducing the corrected cowl angle 0.y and corrected internal
contraction ratio ICR, the existing unstart similarity laws are
extended to different Mach numbers. The complete statement of the
similarity law is as follows: if two contraction ducts share the same
Bems LE), (@, ICRgm), or (LY, ICRpy), their unstart character-
istics are identical. Based on this, a universal empirical formula that
agrees well with CFD results and literature data is established. The
conversion relationships among the corrected internal contraction
ratio ICR ¢y, effective internal contraction ratio ICR., and internal
contraction ratio ICR are also obtained.

To reveal the physical significance of the generalized similarity
law, theoretical models of critical flow structure are established for
three unstart modes, and the quantitative unstart triggers are pro-
vided. The models are generalizable because of their self-similarity.

For the short-cowl unstart model, the free interaction theory is
used to calculate the separation shock angle f;. Empirical formulas
related to the incoming Mach number, Reynolds number, and flow
deflection angle are employed to calculate the separation length L,
under the influence of expansion waves. The unstart trigger is that

the projected height of the separation shock at the throat, hg/,
increases to the effective throat height #,;,,. The self-similarity of
the short-cowl unstart boundary stems from the coupling between
the cowl shock angle . and the separation region size.

The transitional unstart model considers the separation length
Ly, that is not affected by expansion waves. It is assumed that
unstart is triggered when the relative shock reflection spacing
Logm/Lgep teduces to a certain value. The unstart boundaries for
the transitional mode are not strictly self-similar. The reason is that
Ly /Ly, depends on the relative entrance height 4,y /8., Mach
number, and Reynolds number simultaneously, and it is independent
of L, within a certain range.

For the long-cowl unstart model, the shock-induced separation
can be ignored, and instead, the shock reflections in the duct are
considered. Unstart is triggered as the throat mass-averaged Mach
number M, drops to 1 or lower. M, is self-similar only within a
certain range of 0.y;.

Compared to the authors’ previous research, this study establishes
a theoretical foundation for the unstart similarity law. The empirical
and theoretical prediction methods in this work are both applicable
to engineering estimation, providing principles to the design and
control of supersonic/hypersonic inlets. Besides, the extended sim-
ilarity law for the critical wall pressure peak is given, which can
serve as a supplementary criterion for inlet state monitoring. Strictly
speaking, this paper establishes engineering models inspired by first
principles since empirical corrections are made for SWBLI. The
present work can be improved in the precise modeling of separation
length coupled with expansion waves and shock reflection, dynam-
ics of separation region growth, and three-dimensional flow effect.
Moreover, it is meaningful to extend the nonreacting similarity law
to the oblique detonation engine by considering chemical reactions.

Appendix A: Numerical Method Validation

To guarantee the reliability of the numerical method, the flow-
fields of shock-induced separation are simulated, and the results are
compared to the wind tunnel experiments [80]. The physical model
is shown in Fig. Ala, in which the shock impingement position is

shock generator

L. = 300mm
y
T inviscid shock
(0,0) d=™ .
- 350 N
500 |
|
a)
60 F | © 6 =10°Exp. 1
c _rrmaRR0ono
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0c=10" SA
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2 <
§ 30t |~ 90—14 RKE
a _66=14" SST
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=
15
0 L | L L
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Fig. Al Validation case for incident-shock-induced separation:
a) schematic of physical model; b) wall pressure distribution.
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fixed at x =350 mm for different contraction angles .. The
incoming Mach number, static pressure, and static temperature are
5, 4007 Pa, and 68.3 K, respectively.

The applicability of three common turbulence models (Spalart-
Allmaras (S-A), Realizable k — ¢, and SST k — w) is examined. The
pressure distributions on the lower wall are shown in Fig. Alb. The
pressure curve obtained by the SST model shows a better coinci-
dence with the experimental data than the S-A and Realizable k — ¢
models, especially for the separation initiation point and pressure
curve slopes. The other two models give a more conservative
prediction of separation scale. Hence, the SST model is adopted

Table B1  Unstart boundary obtained by experiments [22,26-29]

0., Oom e, o,
Reference M, deg a deg mm ICR™' mm ICRG ICRjy
Cnossen 340 5.0 0.6 2.399 12.70 0.463 2.178 0.352 0.689
[22] 340 10.0 0.5 5.680 12.70 0.625 2.467 0.535 0.736
490 5.0 0.6 1.927 12.70 0.251 2.540 0.064 0.639
490 10.0 0.5 4.518 12.70 0.549 4.064 0.704 0.701
Emami 322 9.8 0.5 5461 2097 0485 0914 0.461 0.700
[26] 3.22 10.5 0.5 5.851 28.21 0.360 0.914 0.339 0.631
3.22 10.0 0.5 5.723 29.57 0.344 0914 0.323 0.623
322 9.2 0.5 5.127 2031 0.500 1.854 0.450 0.693
322 9.1 0.5 5.071 25.83 0.393 1.854 0.346 0.636
322 83 0.5 4.625 2629 0.386 1.854 0.340 0.632
Van Wie 2.85 13.2 0.4 8.682 17.78 0.755 1.51 0.733 0.824
[27] 2.85 7.5 0.5 4443 17.78 0.534 1.51 0491 0.698
2.85 10.6 0.4 6972 12.70 0.724 1.51 0.687 0.794
2.85 5.1 0.6 2721 1270 0.556 1.51 0.496 0.731
2.85 6.2 0.6 3307 7.62 0550 1.51 0439 0.701
2.85 6.3 05 3.732 17.78 0.608 1.76 0.724 0.742
Li [28] 4.00 14.0 0.4 8.041 25.00 0.400 1.97 0.343 0.626
Jin [29] 2.47 13.0 0.4 9.055 24.16 0.513 0.72 0.498 0.650

Table B2  Unstart boundary obtained by numerical simulation
[30-37]

ec’ ch’ hc’ 5§5
Reference M, deg a deg mm ICR™' mm ICRG ICRGhy
Chang [30] 2.27 10.0 0.4 7.204 1936 0.723 245 0.683 0.772
Fan [31] 251 7.0 05 4422 17.05 0.645 2.66 0.579 0.736
Li [32] 249 14.0 0.4 9.713 1530 0.654 1.59 0.613 0.732
Guo [33] 2.86 14.0 0.4 9.196 17.70 0.565 1.68 0.519 0.684
Su [34] 2.12 9.0 0.4 6.187 21.30 0.704 146 0.682 0.781
Reardon 322 9.8 0.5 5461 29.18 0.348 0.880 0.328 0.625
[35] 322 11.0 0.5 6.130 31.49 0.322 0.880 0.304 0.611
Jin [36] 242 10.0 0.5 6.428 7490 0.510 1.49 0.500 0.679
Yang [37] 2.14 10.0 0.5 6.836 23.989 0.714 1.88 0.690 0.787
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Fig. C1 Separation region affected by expansion waves (M, = 5).

in this paper. The validation results indicate that the numerical
method is valid and appropriate.

Appendix B: Unstart Boundary Data in the Literature

The unstart boundary data in the literature [22,26-37] are ana-
lyzed, including experimental and numerical results (Tables B1 and
B2). This paper focuses on the unstart phenomena induced by
varying Mach number, attack angle, or geometric configuration.
The inlet unstart as a result of throat blockage or high backpressure
is not considered because this kind of unstart is not dominated by
upstream flow condition or duct configuration.
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Fig. C2 Separation length varying with incoming flow condition and
configuration: a) M, =3,b) M, =4,c) M, =5,and d) M, = 6.
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Fig. C2 (Continued).

Appendix C: Separation Length Data

The separation length is affected significantly by the expansion
waves from the wedge tail. As illustrated in Fig. C1, at the same
incoming flow condition, the longer cowl plate causes a larger
separation bubble because of the distanced expansion waves and
incident shock wave. According to the numerical results, the separa-
tion length is measured under different flow conditions and expressed
as functions of cowl length and cowl lip height, as shown in Fig. C2.
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