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The restart ability is a significant concern in the design of hypersonic inlets, but existing theoretical and empirical

formulas can hardly accurately predict the restart characteristics. To develop a universal rapid prediction method,

this paper explores the similarity law of the restart phenomenon at variable Mach numbers based on systematic

numerical simulation. The corrected contraction angle and internal contraction ratio (ICR) that reflect the influence

of multiple geometric and aerodynamic parameters are proposed, and an empirical formula for restart boundaries

is established and validated by the literature data. It is revealed that the restart boundaries obey an inherent

geometric similarity law, and the discrete relation between Mach number and ICR, emphasized by most existing

studies, is not essential. The restart-critical wall pressure characteristics are analyzed, and a self-similar pressure

criterion is obtained with the incident shock strength considered.

Nomenclature

A = area, m2

b = empirical parameter
Cf = coefficient of wall friction

d = empirical parameter
E = total energy, J∕kg
e = internal energy, J∕kg
f = function
hc = cowl lip height, mm
hce = equivalent cell size, mm
ht = geometric throat height, mm
ICR = internal contraction ratio
ICReff = effective internal contraction ratio
ICReffM = corrected internal contraction ratio
k = turbulent kinetic energy, m2∕s2
Lc = cowl length, mm
L�
c = dimensionless cowl length

Lf = length of upstream plate, mm

M = Mach number
Ncell = number of cells
p = static pressure, kPa
pmax -re = critical wall pressure peak, kPa
S = start ability index

Sμ = Sutherland constant

T = temperature, K
u = velocity, m∕s
x = X-coordinate, mm
α = empirical parameter
β = shock angle, deg
γ = specific heat ratio Φ
δc = entrance boundary-layer thickness, mm
δ�c = entrance displacement thickness, mm
θc = contraction angle, deg
θcM = corrected contraction angle, deg
θre-pl = platform of restart cowl angle, deg

μ = dynamic viscosity, kg∕�m ⋅ s�
ρ = density, kg∕m3

σij = molecular viscous stress, Pa

Φ = function
ω = specific turbulence dissipation rate, s−1

Subscripts

eff = effective quantity
max = pressure peak
re = restart boundary
rec = restart critical state
recM = corrected critical value
s = value of separation shock
0 = reference value
1, 2 = value before/behind cowl shock
∞ = freestream condition

I. Introduction

T HE hypersonic inlet has two operating states: the started and
the unstarted [1,2]. The unstart phenomenon, accompanied by

a catastrophic growth of boundary-layer separation, can decrease the
captured mass flow rate, increase thermal loads, and even cause flight
failure. Hence the restart (switching from unstarted state to started
state) ability is a major concern in inlet design. As shown in Fig. 1, the
restart phenomenon features as the regression of a massive separation
region. After extensive studies on restart boundary and mechanism
[3], researchers have realized that the restart characteristics of
hypersonic inlets depend on the internal contraction section, and
the dominant mechanism is shock-wave/boundary-layer interaction
(SWBLI) [4,5], which differs from the supersonic inlets with small
internal contraction angles [6].
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The restart ability can be improved by the auxiliary means such as

variable geometry [7–10], boundary-layer bleeding [11–13], and

mass injection [4,14]. These control strategies depend on an accu-

rate prediction of the restart boundary, from which the required

mechanical control quantity or suction/injection mass flow rate can

be calculated. However, there is not a universal estimation method

because the restart phenomenon is affected by both incoming flow

condition and geometric configuration of the inlet. As a result, a lot

of numerical simulation and wind tunnel tests are needed in the

design of scramjets, raising development cost.
The existing rapid prediction methods for the restart boundary

can be divided into three categories:
1) Kantrowitz equations

Kantrowitz theory [15] is based on a hypothetical critical starting
flow regime: a normal shock wave stands at the entrance of the
contraction duct, and the gas reaches sonic speed at the throat. The
restart internal contraction ratio (ICR) is

Ac

At Kantrowitz

� γ � 1

2� �γ − 1�M2
∞
⋅M

γ�1
γ−1
∞

⋅
2γ

γ � 1
M2

∞ −
γ − 1

γ � 1

1
1−γ

(1)

where Ac and At are the entrance and throat area of the contraction
duct, respectively. For two-dimensional cases, the entrance and the
throat height, hc and ht, are used, as illustrated in Fig. 1. As shown
in Fig. 2, the Kantrowitz equation cannot predict the highly discrete
restart boundaries. The reason is that the normal shock hypothesis
does not match the actual oblique-shock-wave/boundary-layer inter-
action, and the Reynolds number effect is ignored. Subsequent
studies extend Kantrowitz’s theory by considering the cowl shock
strength [16], curved compression surface [17], and external shock
waves [18,19]. These studies have great theoretical significance, but
the prediction methods still cannot meet the engineering demands.
2) Theoretical models of SWBLI

Another routine is theoretical modeling for SWBLI in the contrac-
tion duct, and thus the criteria for the regression of massive sepa-
ration region can be determined. Xie [20] and Yang [21] have made
positive attempts. However, their work oversimplifies the flow
structure by assuming the separation-shock-on-lip regime as the
only critical flow regime. Other researchers have reported the
critical state with a separation shock detached from the cowl lip
[22–28]. In addition, the existing models adopt a rough formula for
the pressure downstream of the separation region [20] and the
separation shock [21], which may lead to a narrow applicability
considering the various flow conditions [29–33].

3) Empirical formulas
Considering the complexity of SWBLI theories, researchers have
been seeking empirical formulas for the restart boundaries. Mölder
[34] proposed the startability index S, which is essentially a linear
interpolation between the Kantrowitz limit and the isentropic limit:

At

Ac

� �1 − S� At

Ac Isentropic

� S
At

Ac Kantrowitz

(2)

Here the isentropic limit is

Ac

At Isentropic

� 1

M∞

2

γ � 1
� γ − 1

γ � 1
M2

∞

γ�1
2�γ−1�

(3)

Analogous to Van Wie’s formula for unstart boundaries [2], Sun

[35] developed a formula for self-starting (restart) boundaries,

representing the restart ICR as a function of the entrance Mach

number:

Ac

At re

� 0.933� Mc

6.87
� M2

c

40.9
; 1.65 < Mc < 4.68 (4)

In Fig. 1, Sun’s formula can be regarded as a bottom boundary for

the data points in the literature. Nevertheless, Eqs. (2–4) are only

capable of rough estimates because they ignored the effects of

contraction angle [36] and Reynolds number [37].
To overcome these defects, our previous studies [23,38] proposed

a similarity law based on the dimensionless cowl length L�
c and

effective contraction ratio ICReff :

L�
c � Lc

hc − δ�c
(5)

ICR−1
eff-re �

ht − δ�t
hc − δ�c

� 1 − L�
c sin θre (6)Fig. 1 Restart phenomenon in a contraction duct: a) unstarted state;

b) started state.

Fig. 2 Restart boundaries in the literature comparing to prediction
formulas [4,5,9,10,21,24–33].

Fig. 3 Schematic physical model of a simplified contraction duct
(Ref. [38]).
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Here Lc, hc, and δ�c are the cowl wedge length, entrance height of
the contraction duct, and the displacement boundary-layer thickness
at the cowl-lip position, as marked in Fig. 1. In Eqs. (5) and (6), δ�c in
the started state is adopted, which is essentially an approximation
to the characteristic displacement thickness near the separation point
in the unstarted state, δ�s . This is because the horizontal direction
distance between the unstarted separation point and the cowl lip,
xc–xs, is usually much smaller than the upstream plate length,
leading to a negligible difference between δ�c and δ�s .
L�
c is analogous to the startability index S in mathematical proper-

ties, but L�
c has clear physical implications. The self-similar empiri-

cal formula based on L�
c and ICReff is proved to be valid for fixed

Mach numbers. Nevertheless, there are multiple empirical parame-
ters depending on the Mach number in the formula, making it
inconvenient for variable Mach number situations. To develop a
prediction method balancing accuracy and practicality for the restart
phenomenon, this paper explores a more universal restart similarity
law based on the numerical simulation results. The similarity quan-
tities that reflect the Mach number effect are constructed, and the
wall pressure characteristics of the restart phenomenon are analyzed.

II. Numerical Method

A. Physical Model and Governing Equations

Figure 2 shows the physical model used in the numerical simu-
lation, which is consistent with Van Wie’s experiment [5]. The
wedge plate and the bottom flat plate form a contraction duct, and
the cowl can rotate anticlockwise around its leading edge, thus
decreasing the contraction angle θc and ICR. The supersonic airflow
enters the computational domain from the left. Table 1 lists the
inflow conditions, where the cowl lip Mach number of 3–6 corre-
sponds to the flight Mach number of 5–9. The incoming static
temperature is 107.7 K, which is the same as the experiment con-
dition [5]. The freestream turbulence intensity and turbulence length
scale are 4.5% and 5 mm, respectively. All the walls are adiabatic.
The thickness and displacement thickness of the entrance boundary
layer depend on the Reynolds number, and the characteristic length
of the Reynolds number is the length of the upstream flat plate, Lf,

which is fixed at 279.4 mm. Please note that hc∕δ�c � 4 ∼ 20 or
hc∕δc � 2 ∼ 8 is determined in the started state, and δ�c cannot reach
the entrance height hc, which accords with the value range in
practical flight (hc∕δc � 5 ∼ 10) and wind-tunnel conditions
(hc∕δc � 1.1 ∼ 3.9 [5]; 4.5 ∼ 16.7 [25]).
The finite volume method is used to solve the two-dimensional

compressible Reynolds-averaged Navier–Stokes equations. In
Cartesian coordinates, the governing equations may be written as

∂�ρ
∂t

� ∂
∂xi

�ρ ~ui � 0 (7)

∂
∂t

�ρ ~ui � ∂
∂xj

�ρ ~uj ~ui � −
∂ �p
∂xi

� ∂
∂xj

~σij − ρu′′j u
′′
i (8)

∂
∂t

�ρ ~E � ∂
∂xj

�ρ ~uj� ~E� �p� � ∂
∂xj

~ui� ~σij − ρu′′j u
′′
i �

� ∂
∂xj

κ
∂ ~T
∂xj

� ∂
∂xj

−cpρu′′jT ′′ � u′′i σij −
1

2
ρu′′ju

′′
i u

′′
i

(9)

in which �ρ, ~ui �p, ~E, and ~σij are density, velocity, pressure, total

energy, and viscous stress tensor with the overbar and tilde repre-
senting the time-averaged values and representing mass-averaged

values, respectively. For a perfect gas, the equation of state and the

total energy are

�p � �γ − 1��ρ ~e (10)

~E � ~e� 1

2
~ui ~ui � k (11)

Herein ~e � cv ~T is the specific internal energy for calorically a
perfect gas, and k is the turbulent kinetic energy, and cp and cv
are the specific heat capacities at constant pressure and volume,

respectively. The real-gas effect can be ignored at relatively low

temperatures, and hence the calorically perfect gas model with a
specific heat ratio γ of 1.4 is used.
Based on the constitutive model of Newtonian fluid, the mean

molecular viscous stress is given by

~σij � μ
∂ ~ui
∂xj

� ∂ ~uj
∂xi

−
2

3

∂ ~uk
∂xk

δij (12)

The molecular viscosity μ depending on temperature is solved with

Sutherland’s formula:

μ

μ0
� T

T0μ

1.5 T0μ � Sμ
T � Sμ

(13)

where T0μ and μ0 are reference values, and Sμ is an effective

temperature named Sutherland constant. The thermal conductivity

is also obtained by Sutherland’s formula. The shear stress transport
(SST) k − ω turbulence model with a solve-to-wall strategy is

adopted to close the governing equations.
A second-order total variation diminishing (TVD) scheme based

on Harten–Lax–van Leer–Contact (HLLC) Riemann solver is
employed. The implicit dual-time step method is used for time

advancement, with a time step size of 1e−06 s. The internal iter-

ations up to 50 steps for a single time step are set to reduce the
residual error to below 1e–05. The numerical method used in this

work is the same as that in existing studies [23,38], and it is verified

using experimental results of SWBLI and moving shock wave
[38,39].

B. Grid Convergence

To assess the grid dependence, four grids with different cell
numbers Ncell are generated. The Lc and hc are 25.4 and

17.78 mm, respectively. The contraction angles θc are 11° and 6°,
and the initial flowfields are started and unstarted, respectively. The

region where shock waves exist (x � 220–400 mm, y � 0–33 mm)
is mainly refined with the first cell height fixed at 0.001 m, and the

equivalent cell size hce is obtained within this region. The hce of the
densest grid is about 1/100 of the entrance boundary-layer thick-
ness. Table 2 lists the grid characteristics.
The SWBLI flowfields are simulated using these grids at the No.

1 flow condition, and the pressure distributions on the lower wall are
compared in Fig. 4a. The pressure curves of different grids well

coincide for both the started and unstarted states. Regarding the

results of the densest grid as a benchmark, the relative errors of wall
pressure peaks are calculated. Figure 4b illustrates the relative errorsTable 1 Boundary-layer characteristics at the

entrance under different conditions

No. M∞ p∞, kPa Rexc, 10
7 δc, mm δ�c , mm

1 3.0 18.77 1.433 4.82 1.52
2 3.0 9 0.687 5.10 1.57
3 3.0 30 2.290 4.60 1.25
4 4.0 18.77 1.910 4.61 1.66
5 5.0 18.77 2.388 4.38 1.91
6 6.0 18.77 2.967 4.11 2.15

Table 2 Grid characteristics and calculated wall pressure peak

Grid Ncell, 10
6 hce, mm δc∕hce pmax -st, kPa pmax -un, kPa

Coarse 0.66 0.141 34.2 66.301 78.084
Moderate 1.2 0.094 51.3 65.988 77.213
Refined 2.3 0.068 70.9 65.789 76.659
Dense 4.0 0.051 94.5 65.595 76.304
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of pressure peaks pmax -st and pmax -un varying with hce. The errors
are within 3% and converge with second order, which matches the
design order of the spatial discretization scheme. The moderate grid
is chosen to ensure the accuracy and save computing resources.

C. Determination of Restart Boundary

Utilizing the overset grid method, the cowl is rotated with a quasi-
steady strategy to determine the restart boundary. The grid consists
of two parts: the cowl grid and the background grid. At the initial
stage, the throat height ht is sufficiently small to ensure that the inlet
is unstarted initially. For a given contraction angle, calculations are
conducted until convergence, and the flowfield is saved. Sub-
sequently, a new grid with a smaller contraction angle is generated
to replace the existing grid. Iterations are then carried out for
adequate time steps based on the saved flowfield. This process
continues until the massive separation region disappears. The cor-
responding contraction angle is denoted as θre, i.e., the restart
boundary, and the unstarted flowfield with a θc very close to θre
is defined as the critical state.
Figure 5 illustrates the determination of the restart boundary. In

the unstarted state, as the contraction angle decreases, the separation
region on the upper surface disappears first, and the cowl lip spillage
reduces because of the shrinking of the separation bubble. In Fig. 5a,
the separation shock nearly intersects with the cowl lip at θc � 6.8°,
and the restart occurs at θc � 6.13°. After the restart boundary
is obtained at a given entrance height hc, the other case groups
of different hc are conducted with the same Lc, for instance, hc �
30.48 mm (Fig. 5b). In Fig. 5b, the separation shock impinges
downstream of the cowl lip at θc � 6.8°, the restart occurs at
θc � 6.45°.

A comparison of Figs. 5a and 5b reveals that the higher cowl lip
precipitates the occurrence of restart. The reason is that the separa-
tion scale is proportional to the characteristic boundary-layer dis-
placement thickness, δ�c [20,25]. For a given Lf, if the incident
shock waves have the same deflection angle θc (i.e., the same shock
intensity) but different initiation points, the separation scale relative
to the entry height will decrease as hc increases. Hence, at a larger
hc, the separation bubble will earlier reach the position where a
mismatch occurs between the intensity of the cowl shock system
and the separation scale [23], resulting in a restart.

III. Extended Similarity Law for Restart Boundaries

A. Restart Boundaries Represented by Contraction Angle

1. Specific Similarity Law

The restart boundaries under different Mach numbers as functions
of cowl length are displayed in Fig. 6. The restart phenomenon is
influenced by multiple geometric and aerodynamic factors. For
shorter cowls, higher entrances, higher static pressure, or incoming
Mach numbers, the restart is more likely, and larger θre are achieved.
The data tendency is consistent with the experimental results [5,25].
For each hc, the drop-plateau-drop trend of θre caused by the
increasing Lc is attributed to the relative length relationship between
the cowl and the separation region [23]. With Lc fixed, the discrete
distribution of θre is caused by the relative entrance height, as
illustrated in Fig. 5.
To describe the effects of multiple factors in a unified formula, the

abscissa of Fig. 6 is replaced by L�
c utilizing Eq. (5). In Fig. 7a,

the data points of different Mach numbers fall onto four curves,

Fig. 4 Grid convergence analysis: a) wall pressure distribution; b)
errors of wall pressure peak varying with characteristic cell size.

Fig. 5 Determination of restart boundary (M∞ � 5, Lc � 50.8 mm,
black lines show sonic location): a) hc � 17.78 mm; b) hc � 30.48 mm.
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respectively, and θre presents a drop-plateau-drop trend as L�
c

increases for each curve. The plateau contraction angle for restart

θre-pl is extracted and shown in Fig. 7b, indicating an increasing

trend with the relative cowl lip height hc∕δ�c and Mach number.

Though data collapse is achieved using these dimensionless param-
eters, the data of the same L�

c or hc∕δ�c but different Mach numbers

remains discrete, indicating that the existing similarity law is spe-
cific rather than universal.
The critical flowfields of the three restart modes are shown in

Fig. 8, corresponding to the three segments of curves in Fig. 7a. In

the critical states of short-cowl and transitional modes, a massive
separation bubble stands at the entrance of the duct. The separation

bubble of short-cowl mode is affected by the expansion waves from
the cowl tail, and there is competition between the incident cowl

shock and the trailing expansion waves. For the transitional mode,
the separation bubble is sustained by the cowl shock wave and the
reflected separation wave together, but it is decoupled from the

expansion waves. Hence, the restart contraction angle is indepen-
dent of the cowl length and throat height. For the long-cowl restart,

the long separation region is sustained by the throat flow choke and
the cowl shock wave together. The detailed critical flow structures
and unsteady processes of the three restart modes are analyzed in

our previous study [23].

2. Generalized Similarity Law

The similarity of the restart boundary stems from the critical
flowfields. Taking the short-cowl restart as an example, the mecha-

nism is discussed as follows. Figure 9 illustrates the flowfields near
the restart boundary with L�

c ≈ 1.6. At M∞ � 6, for the given L�
c ,

the position and scale of the unstarted separation bubble relative

to the duct entrance remain unchanged in the critical state (Figs. 9a
and 9c), regardless of the entrance height hc. Thus, geometric

similarity is satisfied. The influence mechanism of hc can also be
explained based on Figs. 9a and 9c. In the critical state, if hc
increases with θc fixed, the impingement position of the trailing

expansion waves will move upstream and destabilize the separation
region. Consequently, a longer cowl plate is required to keep the

expansion waves distant from the leeward surface of the separation
region, and the massive separation region is sustained.
On the other hand, with L�

c fixed, the restart contraction angle θre
is smaller at Mach 3 (Figs. 9f and 9g); the reason is that at the same

θc, both the cowl shock angle β2 and the separation shock angle βs
increase as the Mach number decreases. This makes the apex of the

large separation region located further upstream and more difficult
to recede at low Mach numbers (Fig. 9e shows that cowl spillage
still exists at Mach 3, θc � 7°), thereby necessitating a further

reduction in θc to achieve restart. This leads to the question of
whether there is a similarity relationship between critical contraction

angles at different Mach numbers. The stabilization mechanism of
the critical separation bubble involves the relative separation scale to
the contraction duct, as well as the competition between the cowl

shock system and the trailing expansion waves. Given the difficulty
in predicting the restart phenomenon using first-principles analysis,

similarity analysis methods are considered to simplify the problem.
Fig. 7 Data collapse in restart boundaries: a) restart contraction
angles; b) plateau angles.

Fig. 8 Typical critical flowfields of different restart modes (M∞ � 5,
green dashed line shows the first expansion wave from the cowl tail).

Fig. 6 Restart boundaries varying with Mach number.
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Similarity theory indicates that self-similar solutions can be divided

into two categories [40,41]. Self-similar solutions obtained through

dimensional analysis belong to the self-similarity of the first kind,

with similarity relationships expressed as Π � Φ�θ�. The self-

similarity of the second kind, referred to as nontrivial, cannot be fully

determined by dimensional analysis alone. Its similarity relationship

takes the formΠ∕ηα � Φ�ξ∕ηκ�, and it can be further categorized into
Class A and Class B based on whether the exponents are constant.
Returning to the existing specific similarity laws, the restart

contraction angles are functions of the dimensionless cowl length:

θre � f1�L�
c �; M∞ � M1;

θre � f2�L�
c �; M∞ � M2; : : :

(14)

The functions f1, f2, : : : have similar forms at each Mach number,

and the influence of Reynolds number is incorporated into L�
c

through δ�c . Therefore, the restart boundary may possess a higher

level of symmetry, enabling data collapse in a wider range. A trial

power function about M∞ can be used to construct a new similarity

parameter:

θreM � θre
Mα

∞
� Φ L�

c or
hc
δ�c

(15)

in which θreM is the modified contraction angle. If the self-similarity

of the second kind exists, the function Φ will remain invariant at

different Mach numbers, so that θreM can be a univariate function of

L�
c or hc∕δ�c.
Based on the numerical results, the exponent α is sought by

empirical attempts. Certainly, a data-driven neural network [41]

can also be used. It is found that α depends on the restart modes

or L�
c :

α �
0.6; L�

c < 2

0.75; 2 < L�
c < 6

0.9; L�
c > 6

(16)

The invariance of Φ is then examined under the given α. The
ordinate of Fig. 6 is replaced by θreM, as shown in Fig. 7. The three

sections of the curve with different slopes denote three restart

modes. For L�
c < 2.0 and L�

c > 6.0, the data points fall onto the

same curve (Fig. 10a), i.e., θreM is a single-variable function of L�
c .

For 2.0 < L�
c < 6.0, the plateau angle θre-plM is a single-variable

function of hc∕δ�c (Fig. 10b).
Figure 10 confirms that the effect of M∞ is decoupled from L�

c

and hc∕δ�c , and hence a unified fitting equation is established:

θreM �

2.5

L�
c

� 0.7; L�
c < 2

1.24
hc
δ�c

0.16

; 2 < L�
c < 6

8.7

L�
c

; L�
c > 6

(17)

Fig. 9 Similarity in critical flowfields (black lines show sonic location): a–d) M∞ � 6.0; e–g) M∞ � 3.0.

Fig. 10 Modified similarity law and fitting curve: a) restart contraction
angles; b) plateau angles.
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The curve of Eq. (17) closely matches the data points. According to

the data in Fig. 10, typical critical flowfields of the three restart

modes are selected, as shown in Fig. 11. Figures 11a–11c belong to

the short-cowl restart. Fixing L�
c around 1.17 with a variation

of �2.6%, the corrected contraction angle for restart, θreM, remains

at 2.76° � 1.4% regardless of the entrance Mach number. The

critical flowfields of transitional restart (Figs. 11d–11f) show a

couple of invariable parameters: hc∕δ�c � 10.37 � 3.3%, and

θreM � 1.86° � 2.1%. Hence, they exhibit a form of generalized

similarity at the same (hc∕δ�c , θreM) regardless of M∞ and Lc∕δ�c .
The long-cowl restart (Figs. 11g and 11h) also obeys the similarity

relationship based on (L�
i , θreM). It is worth noting that the similarity

relationship is valid only for the same restart mode; there is no

similarity relationship between the critical flowfields of different

restart modes.

B. Restart Boundaries Represented by Internal Contraction Ratio

Compared to the cowl length, ICR is more commonly used

in the inlet design. Hence, the self-similar form of ICR is explored.

In Fig. 12a, the existing effective throat-entrance area ratio

[Eq. (6)] keeps self-similar only at specific Mach numbers. To

overcome this shortcoming, a corrected area ratio can be defined

based on θreM:

ICR−1
eff-reM � 1 − L�

c sin
θre
Mα (18)

Figure 12b illustrates the data processed by the corrected area ratio,

where the θreM of the transitional restart is fixed at 1.75° for

simplicity. The data points converge to a single curve with a relative

error within 5%.
Thus, the extended similarity law has achieved a unified descrip-

tion of Mach number effects. Previous studies in the traditional

theoretical framework has been dedicated to establishing a func-

tional relation between the area ratio and Mach number. However,

the self-similar function obtained in this paper is independent of the

Mach number, indicating an inherent geometric similarity law for

the restart phenomenon. Its physical mechanism, rooted in SWBLI,

needs further study.
Considering the compatibility of ICR and ICReff , a conversion

method for the corrected contraction ratio ICReffM is provided.

Fig. 11 Critical flowfields of the generalized similarity (length dimension in mm): a–c) short-cowl restart, θre � 5.25°, 6.40°, and 7.15°;
d–f) transitional restart, θre � 4.13°, 5.37°, and 6.17°; g–h) long-cowl restart, θre � 3.38° and 4.71°.

Fig. 12 Restart boundaries represented by area ratio: a) effective area
ratio; b) corrected area ratio.
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Firstly, the ICReff is yielded from the traditional ICR and relative

entrance height hc∕δ�c :

ICR−1
eff �

ICR−1 − δ�c∕hc
1 − δ�c∕hc

(19)

Then using sin�θc∕Mα� ≈ θc∕Mα, the ICReffM is obtained:

ICR−1
effM ≈ 1 −

1

Mα �
1

Mα �1 − L�
cθc� � 1 −

1

Mα �1 − ICR−1
eff� (20)

The restart boundaries in the literature are extracted and processed

by Eqs. (19) and (20) to further validate the extended similarity law.

The experimental [4,5,10,24,25] and numerical results [9,21,26–33]

are listed in Tables 3 and 4, respectively. The necessary geometric

and aerodynamic parameters are supplemented according to the

literature.

The corrected area ratios in Tables 3 and 4 are illustrated in
Fig. 13. The abscissa is the corrected contraction angle θcM as it
is easier to determine θcM rather than L�

c in engineering. Figure 13
indicates that the corrected area ratio lies between 0.8 and 0.92, and
most data points belong to the short-cowl unstart. It is worthy to note
that the ICReffM of the transitional restart increases suddenly
within θcM � 1.5° ∼ 2.4°.
An empirical equation can be established by representing L�

c as
an inverse function of θreM [Eq. (17)] and substituting it into
Eq. (18). This formula has a relative error within 10% for the
simplified inlets without an expansion corner, while the maximum
error for the inlets with an expansion corner is about 19% (the data
points in the ellipse). The reason is that two-dimensional numerical
simulation tends to give a conservative prediction of restart boun-
daries compared to experiments [25], and the expansion corner
reduces the pressure downstream of the separation region and
facilitates the restart [42]. Therefore, the parameters in the current
formula are modified for three kinds of inlets:

Table 3 Restart boundaries obtained by experiments [4,5,10,24,25]

Ref. M∞ θc, deg α θcM, deg hc, mm ICR−1 δ�c , mm ICR−1
eff ICR−1

effM

Emami 1995 [4] 3.22 4.5 0.75 1.872 15.14 0.671 0.914 0.650 0.854
3.22 3.0 0.9 1.047 15.34 0.662 0.914 0.641 0.874
3.22 2.9 0.9 1.012 15.81 0.642 0.914 0.620 0.867
3.22 3.7 0.75 1.539 14.26 0.712 1.854 0.669 0.862
3.22 2.7 0.6 0.943 14.83 0.685 1.854 0.640 0.874
3.22 2.3 0.6 0.803 14.65 0.695 1.854 0.649 0.878

Van Wie 1996 [5] 2.9 11 0.6 5.807 17.78 0.796 1.51 0.777 0.882
2.9 8.6 0.6 4.540 17.78 0.786 1.51 0.767 0.877
2.9 6.2 0.75 2.790 17.78 0.769 1.51 0.747 0.883
2.9 8.7 0.6 4.593 12.7 0.773 1.51 0.742 0.864
2.9 6.2 0.6 3.273 12.7 0.784 1.51 0.755 0.871
2.9 5.5 0.75 2.475 12.7 0.712 1.51 0.674 0.853
2.9 4.0 0.9 1.534 7.62 0.767 1.51 0.710 0.889
2.9 10.3 0.6 5.437 17.78 0.808 1.76 0.787 0.888
2.9 5.4 0.9 2.071 17.78 0.798 1.76 0.776 0.914
2.9 5.6 0.75 2.520 12.7 0.804 1.76 0.773 0.898
2.9 4.7 0.75 1.803 12.7 0.713 1.76 0.667 0.872

Li 2012 [24] 4.0 14.0 0.6 6.094 28.57 0.657 1.97 0.632 0.840
Yue 2018 [25] 3.9 9.0 0.6 3.977 40 0.741 2.6 0.723 0.875

3.9 11.0 0.6 4.861 40 0.833 2.6 0.821 0.921
3.9 15.0 0.6 6.629 40 0.8 2.6 0.786 0.905
3.9 7.0 0.9 2.057 20 0.667 3.45 0.597 0.882
3.9 7.0 0.9 2.057 20 0.781 4.13 0.724 0.919
3.9 7.0 0.9 2.057 30 0.571 3.8 0.509 0.856
3.9 9.0 0.6 3.977 30 0.833 3.8 0.809 0.915
5.9 7.0 0.9 1.417 20 0.410 2.42 0.328 0.864
5.9 15.0 0.6 5.171 20 0.741 2.42 0.705 0.898
5.9 9.0 0.75 2.377 20 0.595 4.4 0.481 0.863
5.9 11.0 0.6 3.792 20 0.781 4.4 0.719 0.904
5.9 13.0 0.6 4.482 20 0.769 4.4 0.704 0.898

Jin 2023 [10] 2.47 8.0 0.75 4.060 24.16 0.676 0.72 0.666 0.830

Table 4 Restart boundaries obtained by numerical simulation [9,21,26–33]

Ref. M∞ θc, deg α θcM, deg hc, mm ICR−1 δ�c , mm ICR−1
eff ICR−1

effM

Chang 2009 [26] 2.68 10.0 0.6 5.535 19.36 0.723 2.55 0.681 0.823
Fan 2009 [27] 2.99 7.0 0.75 3.077 17.05 0.645 2.66 0.579 0.815
You 2011 [28] 3.34 8.6 0.6 4.171 74.4 0.833 7.5 0.814 0.910

5.82 8.6 0.6 2.989 74.4 0.625 8.3 0.578 0.853
6.57 8.6 0.75 2.096 74.4 0.5 8.9 0.432 0.862

Li 2016 [29] 3.47 14.0 0.6 6.635 15.30 0.654 1.76 0.608 0.814
Guo 2017 [30] 4.25 14.0 0.6 5.874 17.70 0.565 1.85 0.515 0.796
Su 2017 [31] 3.57 9.0 0.6 4.195 21.30 0.704 1.83 0.676 0.849
Xie 2020 [32] 3.76 8.0 0.6 3.616 17.06 0.668 3.25 0.590 0.815
Reardon 2021 [9] 3.22 3.0 0.9 1.047 16.01 0.635 0.88 0.613 0.865
Jin 2022 [33] 2.42 10.0 0.6 5.884 74.9 0.763 1.49 0.758 0.858

3.0 10.0 0.6 5.173 74.9 0.8 1.68 0.795 0.894
Yang 2024 [21] 2.58 13.8 0.6 7.815 24.0 0.714 2.74 0.677 0.817

2.94 12.8 0.6 6.702 24.0 0.714 3.05 0.672 0.828
3.77 10.8 0.6 4.871 24.0 0.714 3.05 0.667 0.850
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ICR−1
effM �

0.86; θcM < 1.75

1−
5.5

θcM − 0.3
sinθcM; θcM > 1.75

0.82; θcM > 1.75; Expansion corner

(21)

For the inlets with an expansion corner, the corrected area ratio of
0.82 is taken as the restart boundary, while the expansion corner
effect is negligible for small contraction angles. The modified
empirical equation has an error within 5%. In contrast, Kantrowitz
and Sun’s equations show errors up to 33 and 43%, respectively
(Fig. 1).

IV. Wall Pressure Characteristics of Restart
Phenomenon

In the flight tests of hypersonic air-breathing propulsion, the wall
pressure signal is the main criterion for the operation state of the
inlets [3]. Therefore, the critical wall pressure curves are analyzed to
explore the similarity law at variable Mach numbers. The wall
pressure distributions of various configurations at a fixed Mach
number are displayed in Fig. 14a. For each curve, the upstream
pressure step corresponds to the initiation of the separation shock,
and the pressure peak pmax occurs downstream of the separation
region. For different Mach numbers, the dimensionless streamwise
pressure difference pmax∕p∞ − 1 is extracted, which is related to the
separation scale. Figure 14b indicates that the pressure difference
in the critical state increases with Mach number and L�

c in a
discrete form.
The previous study proposed a self-similar dimensionless pres-

sure rise at specific Mach numbers [38] based on the correlation
between the characteristic separation length and the pressure differ-
ence [43]. The expression is

p�
rec �

pmax -re

p∞
− 1

b δ�c
hc

(22)

Here b is an empirical parameter that can be fitted by a function of
Mach number according to the data in Fig. 10b:

b � 2.77� 0.2 × 0.5M∞−3 (23)

In Fig. 15, p�
rec still illustrates a discrete distribution for different

Mach numbers. Because the separation scale is mainly decided by
the cowl shock strength, the pressure rise of the cowl shock can be
incorporated in the p�

rec, and a new similarity quantity p�
recM can be

constructed:

Fig. 13 Empirical formula of corrected area ratio for restart compar-
ing with literature data [4,5,9,10,21,24–33].

Fig. 14 Critical wall pressure characteristics: a) wall pressure distri-
bution varying with contraction angle and entrance height (M∞ � 5);
b) dimensionless streamwise pressure difference.

Fig. 15 Similarity law of critical pressure rise at specific Mach
numbers.
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p�
recM � f

pmax -re

p∞
;
δ�c
hc

;
p2

p1

(24)

The p1 and p2 are the static pressures before and behind the cowl

shock, respectively.
The p2∕p1 is calculated according to the critical flow structure

shown in Fig. 16. For brevity, the short-cowl restart is analyzed, and

the other two modes share the same method. First, the flow param-

eters behind the separation shock are obtained by the free interaction

theory [44]. The separation shock angle depends on the incoming

Mach number:

βs � arcsin
1

M2
∞
� Cf

γ � 1

�M2
∞ − 1�0.25 (25)

Here Cf is the coefficient of wall friction [42]. Then the separation

wedge angle θs and the Mach number behind the separation shock

M1 are yielded by the oblique shock relation:

tan θs � 2 cot βs
M2

∞ sin2 βs − 1

M2
∞�γ � cos 2βs� � 2

(26)

M2
1 �

M2
∞ � 2

γ−1
2γ
γ−1 �M∞ sin βs�2 − 1

� �M∞ cos βs�2
γ−1
2
�M∞ sin βs�2 � 1

(27)

The flow deflection angle is the sum of the contraction angle and the

separation angle:

θ2 � θc � θs (28)

Employing Eqs. (26) and (27) once again with M1 and θ2 gives the
cowl shock angle β2, and the pressure ratio is

p2

p1

� 1� 2γ

γ � 1
�M1 sin β2�2 − 1 (29)

The similarity quantity p�
recM can be constructed by adding a

power function of p2∕p1 − 1 to Eq. (22):

p�
recM � δ�c

hc

�pmax -re∕p∞ − 1�b
�p2∕p1 − 1�d (30)

Here d is an empirical parameter depending on the restart mode

according to the numerical results:

d �
3.0; L�

c < 2

3.2; 2 < L�
c < 6

3.9; L�
c > 6

(31)

The pressure rise reprocessed by p�
recM is illustrated in Fig. 17, in

which the data points converge to a three-segment curve (green

dash-dot line). Generally, p�
recM is a function of L�

c only:

p�
recM �

�L�
c − 0.7�0.4 − 0.1; L�

c < 2

0.85; 2 < L�
c < 6

2.2L�
c − 9; L�

c > 6

(32)

The practical inlets usually belong to the short-cowl restart (L�
c < 2).

Note that the p�
recM of the transitional restart (2 < L�

c < 6) presents a
plateau because the characteristic separation scale is proportional to
the effective entrance height but independent of the cowl length. The
curve of long-cowl restart (L�

c > 6) is the steepest as a result of the
shock wave reflection in the duct.
The error of the fitting curve is within 15% except in the region

near the switching point. The current empirical formula can be a
supplementary criterion for inlet operation state, and the accuracy
can be improved by introducing detailed theoretical models of the
critical separation scale.

V. Conclusions

To develop a universal prediction method for restart phenomenon
of hypersonic inlets, two-dimensional RANS numerical simulation
on simplified contraction ducts is conducted. The restart is imple-
mented by rotating the cowl anticlockwise around the cowl lip, and
the similarity in restart boundaries at variable Mach numbers is
explored.
The similarity of the restart boundary stems from the critical

flowfields. When exploring the restart similarity law and construct-
ing similarity parameters, the assumption of the second kind of self-
similarity is adopted. By proposing the corrected contraction angle
and contraction ratio, this paper extends the existing similarity law for
hypersonic inlet restart to variable Mach numbers. The complete
statement of the similarity law is as follows: if two contraction ducts
share the same (θcM, L

�
c ), or (θcM, ICReffM), or (L

�
c , ICReffM), their

restart characteristics are identical. The empirical equation based on
the extended similarity law shows a maximum deviation of 5% from
the literature data. For practical use, conversion formulas between the
traditional ICR, effective ICR, and corrected ICR are given.
To facilitate restart detection in wind-tunnel and flight tests, a

self-similar wall pressure criterion for restart, p�
recM, is established

by correlating the critical wall pressure rise with the cowl shock
strength in the form of a power function. The corrected pressure
criterion is a one-variable function of dimensionless cowl length,
which can be used in the situations with varying Mach numbers. The
physical implications of the similarity law may be explained with
more profound theoretical tools of SWBLI in future studies. More-
over, the prediction method can be improved by considering the
restart auxiliary means, such as expansion corners and boundary-
layer bleeding.
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Fig. 16 Schematic shock wave system at the entrance in critical state.

Fig. 17 Unified similarity law for restart-critical wall pressure rise
(the symbol legend is the same as in Fig. 12).
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