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Sliding ferroelectricity has garnered significant research interest in recent years, and the foundational bilayer
stacking ferroelectricity (BSF) theory [Ji et al., Phys. Rev. Lett. 130, 146801 (2023)] provides valuable guide-
lines for the design of sliding ferroelectrics. However, the current framework does not fully account for the
selection of rotation operators in bilayer stacking, and is unable to determine whether and how the direction
of polarization can be switched in polar bilayers. Here, we introduce two key improvements to the BSF theory
through a systematic group theory analysis. First, we develop a more general method for identifying possible
rotation operators, enabling a refined classification of the symmetries and polar states in bilayers that arise
when stacking monolayers from oblique and rectangular crystal systems. Second, we establish an approach to
determine the symmetry operators that connect the energetically degenerate configurations, thereby integrating
the determination of ferroelectric switching into the BSF theory. These enhancements make the theory more
comprehensive, providing a more robust and practical foundation for the design of sliding ferroelectrics.
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I. INTRODUCTION

Ferroelectric crystals exhibit switchable spontaneous po-
larization in response to an electric field. Recent advances
in achieving ferroelectricity in two dimensional (2D) mate-
rials, such as CuInP2S6 [1,2], α-In2Se3 [3–5], α-Bi [6], and
MoTe2 [7] monolayers, have inspired widespread exploration
of nonvolatile memory [8,9], photovoltaics [10–14], and other
applications at nanoscales. However, because ferroelectricity
requires the system to have noncentrosymmetric configura-
tion, excluding a large portion of known materials, the number
of 2D ferroelectrics discovered to date is very limited.

In 2017, Li et al. proposed the concept of sliding ferro-
electricity, offering a promising strategy to engineer bilayer
ferroelectrics from nonpolar monolayers [15]. In this scheme,
the spontaneous polarization occurs at the interface due to
a specific stacking sequence that breaks the symmetry un-
der appropriate conditions. Such a phenomenon has been
experimentally observed in multiple bilayer systems, includ-
ing BN [16–18], transition metal dichalcogenides (TMDs)
[19–23], and γ -InSe [24,25]. Theoretically, Ji et al. further
developed a bilayer stacking ferroelectricity (BSF) theory,
which addresses how polar states are induced by stacking two
monolayers with misalignments between their crystal struc-
tures [26]. The BSF theory provides a unified group theory
framework that encompasses all types of monolayers and the
possible types of stacking configurations, including rotations
and translations. It not only provides a clear understanding
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for some known sliding ferroelectrics like BN and MoS2, but
also guides the prediction of a series of different polar bilayer
materials [10,27–34].

However, the BSF theory needs further refinement for the
following two reasons. First, we found that the BSF theory
is not fully applicable to all materials. A notable example is
2D LiAuI4, which is a van der Waals (vdW) layered material
included in the MC2D database [35]. As shown in Fig. 1(a),
monolayer LiAuI4 belongs to the layer group (LG) of P1̄
(no. 2) and point group (PG) of Ci. According to the BSF
theory, when 2D materials with this symmetry are stacked
into a bilayer, it is supposed to exhibit one of three types of
PG symmetries, i.e., Ci, Cs, and C1 [see the blue region in the
inset table of Fig. 1(a)]. However, when a bilayer is formed via
direct exfoliation from the bulk phase of LiAuI4, it exhibits C2

symmetry instead. Such discrepancy implies that the current
BSF theory is incomplete. Second, not all bilayers with spon-
taneous polarization can be classified as ferroelectrics. For
instance, bilayer pentagonal PdSe2 exhibits the C2v symmetry
with in-plane polarization [36]. Nevertheless, this polar state
corresponds to only one ground-state stacking configuration
[Fig. 1(b)], which means that it is impossible to find an-
other energetically degenerate configuration with a different
direction of polarization via sliding. The current BSF theory
determines whether a bilayer structure exhibits polarization,
namely, addresses only the “electricity” aspect of “ferroelec-
tricity.” It does not assess whether the polarization direction
is switchable, leaving the “ferro” aspect, which is crucial for
applications such as sensor, and information storage, unexam-
ined. As a result, density functional theory (DFT) calculations
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FIG. 1. (a) Left: side view of the bulk LiAuI4. The exfoliated monolayer belongs to the PG of Ci, while the bilayer exhibits the C2

symmetry. The bilayer has a rectangular lattice with its top and bottom layers connected by the mirror plane m010. Blue region: all possible
bilayer symmetries predicted by the original BSF theory. Green region: additional bilayer symmetries from the improved theory. (b) Top:
calculated energy distribution of the bilayer PdSe2 with different interlayer translations. Bottom: top view of the unique ground-state stacking
configuration at translation point A.

are still needed to determine whether a polar bilayer structure
is ferroelectric.

In this work, we first demonstrate the limitations of the
BSF theory arising from the insufficient selection of rota-
tion operators in bilayer stacking, and then propose a more
general method for determining possible types of rotation op-
erators in bilayer stacking with unchanged cell size. Using this
approach, we revisit the BSF framework for 2D materials be-
longing to oblique and rectangular crystal systems, and show
that bilayer stacking can exhibit more diverse polar states
as compared to the original theory. We further extend the
theory on determining whether the polar bilayers can exhibit
ferroelectricity and how the direction of polarization switches
among the energetically degenerate configurations by solving
the symmetry relationships among the sliding vectors. The
improved BSF theory is more general and more efficient for
the design of bilayer sliding ferroelectrics.

II. COMPUTATIONAL DETAILS

Energy distribution of bilayer PdSe2 for different inter-
layer translations were calculated by using density functional
theory within the Vienna Ab Initio Simulation Package [37]
and the projector augmented wave method [38]. The Perdew-
Burke-Ernzerhof functional within the generalized gradient
approximation [39] was employed to describe the electronic
exchange-correlation interactions. A plane-wave energy cut-
off of 500 eV was used, and the Monkhorst-Pack k-point mesh
was sampled with a density of 2π × 0.01 Å–1 [40]. Full struc-
tural optimization was carried out with convergence criteria of
0.01 eVÅ–1 for atomic forces and 1 × 10–4 eV for total energy.
To eliminate spurious interactions between periodic images, a
vacuum layer of 15 Å was introduced along the nonperiodic

direction. van der Waals interactions were accounted for using
the DFT-D3 correction method.

III. RESULTS AND DISCUSSION

A. Improvement 1: Selection of rotation operators
for bilayer stacking

In this section, the original BSF framework is first intro-
duced, followed by a clarification of 2D crystal systems and
lattice systems to illustrate its limitation. Then, we propose a
more general method for determining possible rotation oper-
ators. By using this method, the symmetries and polar types
of the bilayer formed by stacking monolayers belonging to
oblique and rectangular crystal systems are resummarized.

1. Limitations of the original BSF theory

According to the BSF theory [26], a 2D monolayer is
denoted as S with its corresponding PG and LG represented by
GS0 and GS , respectively. A bilayer (B) system formed from S
is denoted as B = S + S′, where S′ is obtained by applying a
stacking operator τ̂zÔ on S. Ô = {O|τO} consists of a rotation
operator O and an in-plane translation operator τO, while
τ̂z = {E |τz} is an out-of-plane translation operator that does
not affect the symmetry of B. Therefore, once GS , O, and τO

are known, the symmetry and polar type of B are determined.
Based on this framework, the BSF theory explores all possible
polar types of the bilayers formed from monolayers belonging
to all 80 LGs.

Note that, to enhance the polarization of stacked bilayers,
the BSF theory focuses on the bilayer structures without
expanding the cell size, i.e., S and B share identical lattice
vectors. In this case, the possible rotation operators O
are derived from the distinct coset representatives of
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FIG. 2. (a) 2D crystal system, classified based on the rotation or improper rotation in the PG of the material. (b) 2D Bravais lattice, defined
by the lattice shape.

the factor group GL/GS0, where GL represents the PG
of the Bravais lattice of S. For example, in rectangular
1T′-WTe2 [23,41,42], GS0 = C2h = {E , m100, I, 2100}, and
GL = D2h = {E , I, 2001, 2010, 2100, m100, m010, m001}, where
E represents the identity operator, I denotes the inversion
operator, and other symmetry operators follow Seitz notation
[43] (see Sec. I of the Supplemental Material [44]). This
yields GL/GS0 = {{E , m100, I, 2100}, {m001, 2001, m010, 2010}}.
Therefore, one can choose the representative element E
or m001 as O forming two distinct stacked bilayers while
maintaining the cell size unchanged. Next, we show that this
method cannot give all possible O for some LGs due to the
distinction of the crystal system and the lattice system, hence
resulting in the limitations of the original theory.

2D materials may have finite thickness along the non-
periodic direction, thus GS0 is one of the 27 PGs of three
dimensions, excluding T, Th, O, Td , and Oh [45]. 2D materials
with these 27 PGs are classified into four crystal systems
based on symmetry characteristics [Fig. 2(a)]: those with 3001

or −3001 belong to the hexagonal crystal system; those with
4001 or −4001 belong to the square crystal system; those lack-
ing these symmetries but featuring 2100 or m100 belong to the
rectangular crystal system; and all others are classified into the
oblique crystal system. For monolayer S with a certain PG, its
corresponding crystal system can be identified according to
such a principle.

Distinct from the crystal system, the lattice system re-
flects the translational symmetry within the periodic plane
[Fig. 2(b)]. There are five types of 2D Bravais lattices,
primitive oblique (oP), primitive rectangular (rP), centered
rectangular (rC), primitive square (sP), and primitive hexag-
onal (hP) [46]. They are classified based on the primitive
vectors a and b and the angle γ between them. For the hP

lattice, the lattice symmetry (GL) is D6h, which includes 3001

and 2100. Therefore, monolayers belonging to the hexagonal,
rectangular, and oblique crystal systems can all adopt the hP
lattice, while those belonging to the square crystal system
cannot, as 4001 or −4001 are incompatible with the hP lattice
symmetry. For the sP lattice, GL = D4h, which includes 4001

and 2100. This indicates that monolayers belonging to the
square, rectangular, and oblique crystal systems can all adopt
the sP lattice, while those from the hexagonal crystal system
cannot due to the incompatibility of 3001 with the sP lattice
symmetry. For a similar reason, monolayers belonging to the
oblique crystal system may also adopt the rectangular lattice.

Returning to the example of LiAuI4, monolayer LiAuI4

has the PG symmetry of Ci (i.e., GS0 = Ci), thus belonging to
the oblique crystal system. However, this material possesses
a rectangular lattice rather than oblique one, as shown in
Fig. 1(a). In the original BSF theory, when a monolayer with
PG of Ci is stacked into a bilayer, the rotation operator O is
determined by constructing the factor group C2h/Ci, where it
implicitly assumes that such a material have an oblique lattice
(GL = C2h). However, the real rectangular lattice possesses
higher symmetry (GL = D2h), which allows more choices of
O for bilayer stacking of LiAuI4, because the factor group
D2h/Ci = {{E , I}, {2001, m001}, {m100, 2100}, {m010, 2010}} con-
tains more elements as compared to C2h/Ci = {{E , I},
{2001, m001}}. From Fig. 1(a), one can see that the top and
bottom (S’ and S) layers of bilayer LiAuI4 are related by the
m010 mirror plane, a rotation operator O that is excluded in
C2h/Ci but included in D2h/Ci.

The above discussion shows that when searching for all
possible O, it is supposed to consider the specific lattice type
(the minimal 2D Bravais lattice) corresponding to the stud-
ied monolayer, because a 2D material belonging to a certain
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FIG. 3. (a) Top views of monolayer WTe2 and MoH3, both with same crystal symmetry but different lattice symmetry. (b) Possible O for
WTe2 bilayer stacking. CO1 and CO2 are two elements in factor group D2h/C2h. (c) Possible O for MoH3 bilayer stacking. CO1, CO2, CO3, and
CO4 are four subsets of D4h, each of which defines a distinct bilayer configuration of MoH3 as plotted in the corresponding below image.

crystal system does not necessarily mean it has a lattice with
the same name. Specifically, for the monolayers belonging
to the oblique crystal system (LG-1 to 7), the selection of
O should be considered under the rectangular, square, and
hexagonal lattices in addition to the oblique one. Similarly,
for the monolayers belonging to the rectangular crystal system
(LG-8 to 48), one needs to consider the cases under the square
and hexagonal lattices apart from the rectangular one; as for
the square and hexagonal crystal systems (LG-49 to 80), the
monolayers can only adopt the lattice type that shares the
same name as their crystal system, because of the high crystal
symmetry. Based on this, our first improvement to the BSF
theory is to identify all additional symmetry operators for
bilayer stacking of 2D materials belonging to oblique and rect-
angular crystal systems as their lattice symmetry GL increases.

2. A more general approach in determining
the rotation operator O

The construction of factor group GL/GS0 requires that
GS0 must be an invariant subgroup of GL. However, as the
lattice symmetry increases, GS0 may no longer remain an
invariant subgroup of GL, making the method for identify-
ing representative elements in the factor group GL/GS0 not
fully applicable. To illustrate this, we present two examples
of 2D materials, WTe2 and MoH3, as shown in Fig. 3(a).
Both monolayers belong to the same symmetry group (i.e.,
GS0 = C2h and GS = LG-15). Monolayer WTe2 has a rP
lattice [23,41,42], where GL = D2h. Since C2h is an invari-
ant subgroup of D2h, two different types of O (E and m001)
that form distinct bilayer WTe2 configurations can be iden-
tified by constructing factor group D2h/C2h, as shown in
Fig. 3(b). Monolayer MoH3 is included in the Computational
2D Materials Database (C2DB) [47]. Its lattice vectors satisfy

a = b, and γ = 90 °. Thus, 2D MoH3 has an sP lattice,
where GL = D4h = {E, I, 2001, 2010, 2100, 2110, 21−10, m100,
m010, m001, m110, m1−10, 4+

001, 4−
001, −4+

001, −4−
001}. Now

C2h is only a subgroup of D4h, but not an invariant sub-
group, as the left and right cosets differ from each other. For
example, 4+

001 · C2h = {4+
001,−4+

001, 2110, m110}, while C2h ·
4+

001 = {4+
001,−4+

001, 21−10, m1−10}. Consequently, the rotation
operators O for MoH3 cannot be determined through con-
structing the factor group.

To address this issue, we revisit the physical origin of O.
For monolayer MoH3 denoted as S, any symmetry opera-
tor in C2h acted on S is equivalent to the identity operator,
i.e., S = m100 · S = I · S = 2100 · S. Thus, applying 4+

001 to
S would yield 4+

001S = 4+
001 · m100S = 4+

001 · IS = 4+
001 · 2100S,

which implies that if O ∈ 4+
001GS0 (i.e., one of 4+

001, −4+
001,

m110, and 2110), it leads to a 90 ° counterclockwise rotation
of S. By left-multiplying each element of D4h by C2h, the
elements of D4h can be partitioned into four subsets: CO1 to
CO4, as shown in Fig. 3(c). Specifically, CO1 = C2h, while CO2,
CO3, and CO4 correspond to the three distinct left cosets of
D4h. Each subset represents a distinct type of rotation. Con-
sequently, four different bilayer configurations of MoH3 can
be constructed. This process provides a more general method
for determining O in bilayer stacking across all 80 LGs. One
can classify the elements in GL by determining the left cosets
of GS0, which might be more convenient than constructing the
factor group.

By applying this approach, we have reidentified all the ro-
tation operators for the 2D materials belonging to oblique and
rectangular crystal systems. Based on it, the bilayer symmetry
and polar types are also resummarized. Detailed results are
presented in Sec. III of the Supplemental Material [44]. Since
there are more options when choosing O, bilayers can exhibit
more diverse polar states, e.g., 2D LiAuI4 (see Sec. IV of
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TABLE I. Polar types of the bilayers formed by stacking two monolayers. Polarization types of the monolayers (PS) and bilayers (PB)
include OP, IP, CP, and NP. The cases that have changed compared to the original theory are underlined.

PS IP OP CP

4 ∼ 5 (CS) 26 (C2v), 55 ∼ 56 (C4v) 3 (C2), 23 ∼ 25 (C2v ), 49 (C4) 1 (C1)
GS (GS0) 8 ∼ 10 (C2) 77 (C6v) 65 (C3), 69 ∼ 70 (C3v), 73 (C6) 11 ∼ 13 (CS)

27 ∼ 36 (C2v)

PB

IP � × � �
OP × � � ×
CP � � � �
NP � � � �

PS NP

47 ∼ 48 (D2h) 2 (Ci), 14 ∼ 18 (C2h), 51 ∼ 52 (C4h) 6 ∼ 7 (C2h ), 19 ∼ 21 (D2), 22 (D2)
GS (GS0) 61 ∼ 64 (D4h) 53 ∼ 54 (D4), 57 ∼ 58 (D2d ), 71 (D3d ) 37 ∼ 46 (D2h ), 50 (S4), 59 ∼ 60 (D2d )

80 (D6h) 75 (C6h), 76 (D6), 79 (D3h) 66 (C3i), 67 ∼ 68 (D3), 72 (D3d )
74 (C3h), 78 (D3h)

PB

IP × � �
OP × × �
CP × � �
NP � � �

the Supplemental Material [44]). In particular, when stack-
ing monolayers belonging to LG-6, 7, 37 to 46, the original
BSF theory dictates that the lattice symmetry aligns with
crystal symmetry, resulting in the conserved inversion sym-
metry with nonpolar (NP) state in all their stacked bilayers.
However, the improved theory shows that when these mono-
layers adopt higher-symmetry lattices, their bilayers may
exhibit all polar types, including in-plane polarization (IP),
out-of-plane polarization (OP), and combined polarization
(CP). The possible polar types of the bilayer obtained by
stacking two monolayers are summarized in Table I, where the
cases that differ from the original theory are highlighted with
underlines.

B. Improvement 2: Ferroelectric switching
behavior in stacked polar bilayers

Now we focus on the study of the “ferro” aspect of the
stacking ferroelectricity. We first present a group theory anal-
ysis for symmetry relationships between polar bilayers. Based
on it, we develop a workflow to identify the ferroelectric
switching behaviors for all 80 LGs.

1. General formalism

Consider two bilayers, B1 = S + S1 and B2 = S + S2,
where the top layers S1 and S2 are generated by applying
stacking operators τ̂z1Ô1 and τ̂z2Ô2 acting on the bottom layer
S, respectively, as plotted in Fig. 4(a). Note that the origin of
the coordinate system o is set on the bottom layer S. Because
the stable polar states in sliding ferroelectrics are switched
via interlayer transition, τz1 = τz2 = τz and O1 = O2 = O, but
τO1 �= τO2. In such case, S1 and S2 can be expressed as

S1 = τ̂z1Ô1S = OS + τO1 + τz

S2 = τ̂z2Ô2S = OS + τO2 + τz. (1)

The symmetry operator connecting B1 and B2 deter-
mines how electric polarization switches. For example, the

bilayer 1T′-WTe2 exhibits sliding ferroelectricity with a
reversal of OP because the two polar states are connected
by {m001|(1/2, 0)} [23,41,42]. We assume such a symme-
try operator R̂BO = {RBO|τBO} exists, i.e., R̂BOB1 = B2. Here,
τBO represents an in-plane translation, and RBO is one of
the following seven types of symmetry operators allowed in
2D systems: (i) identity E; (ii) out-of-plane rotations; (iii)

FIG. 4. (a) Formation of two energetically degenerate polar bi-
layers with different in-plane translations of τO1 and τO2. The origin
of the coordinate system (o) is set on the bottom layer S. (b) Effect
of R̂+

BO on connecting B1 and B2. Acting R̂+
BO on B1 to obtain B2 is

equal to transforming S1 into S2, and S into itself. (c) Effect of R̂−
BO

on connecting B1 and B2. Acting R̂−
BO on B1 to obtain B2 is equal to

transforming S1 into S, and S into S2. τ̂z = {E |τz} is used to ensure
that the coordinate origin remains on the bottom layer S.
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vertical mirror planes; (iv) inversion I; (v) in-plane twofold
rotations; (vi) horizontal mirror plane; and (vii) out-of-plane
improper rotations. These seven symmetry operators can be
classified into two categories based on whether they invert
the z coordinates of atoms: R+ (types i–iii) and R− (types
iv–vii). Next, we discuss the relationship between B1 and B2

in two cases, namely R̂BO = R̂+ (RBO = R+) and R̂BO = R̂−
(RBO = R−).

a. R̂BO = R̂+. Since R̂+ preserves the z coordinates of
atoms, it does not exchange the stacking order of the top
and bottom layers. As shown in Fig. 4(b), for R̂BO = R̂+

BO =
{R+

BO|τ+
BO}, the equation R̂+

BOB1 = B2 can be expressed in the
following equivalent form:

R̂+
BOB1 = B2 ↔ R+

BOB1 + τ+
BO

= B2 ↔
{

R+
BOS1 + τ+

BO = S2

R+
BOS + τ+

BO = S
. (2)

The second line of Eq. (2) indicates that R̂+
BO must belong

to the LG of S, i.e., GS . Substituting Eq. (1) into the first line
of Eq. (2) gives

R+
BO(OS + τz + τO1) + τ+

BO = OS + τz + τO2

↔ R+
BO(OS + τO1) + τ+

BO = OS + τO2

↔ O−1R+
BOOS + O−1R+

BOτO1+O−1τ+
BO − O−1τO2 = S. (3)

We set

O−1R+
BOO = R+

S1

O−1R+
BOτO1+O−1τ+

BO − O−1τO2 = τ+
S1, (4)

then Eq. (3) can be rewritten as R+
S1S + τ+

S1 = S ↔
{R+

S1|τ+
S1} ∈ GS . This explains the meaning of the first line

of Eq. (4) that if R̂+
BOB1 = B2, then R+

BO and all elements in
its conjugacy class must belong to GS0. For clarity, we have
listed all conjugacy classes of the D4h and D6h PGs for 2D
systems in the Sec. II of the Supplemental Material [44]. For
the second line of Eq. (4), multiplying both sides by O yields
the relationship between τO1 and τO2:

R+
BOτO1+τ+

BO − τO2 = Oτ+
S1. (5)

b. R̂BO = R̂−. Since R̂− reverses the sign of the z coordinates,
it exchanges the stacking order of the top and bottom lay-
ers. As illustrated in Fig. 4(c), for R̂BO = R̂−

BO = {R−
BO|τ−

BO},
the equation R̂−

BOB1 = B2 can be expressed in the following
equivalent form:

τ̂zR̂
−
BOB1 = B2 ↔ R−

BOB1 + τz + τ−
BO

= B2 ↔
{

R−
BOS1 + τz + τ−

BO = S

R−
BOS + τz + τ−

BO = S2
. (6)

Note that when R̂−
BO is acting on the bilayer system, it

requires an additional out-of-plane translation τ̂z = {E |τz} to
ensure that the origin coordinate system (o) remains at the
bottom layer. By comparing the second lines of Eqs. (1) and
(6), we obtain

R−
BOS + τz + τ−

BO = S2

OS + τz + τO2 = S2
→

{
R−

BO = O

τ−
BO = τO2

, (7)

which indicates that if τ̂zR̂
−
BOB1 = B2, then R̂−

BO must be equal
to the operator Ô2 = {O|τO2} that forms B2. Substituting the
first line of Eq. (1) into the first line of Eq. (6) gives

R−
BO(OS + τz + τO1)+τz+τ−

BO = S

R−
BOτz=−τz←→ R−

BOOS+R−
BOτO1+τ−

BO = S

Eq.(7)←→ (R−
BO)2

S+R−
BOτO1+τO2 = S. (8)

This shows that if τ̂zR̂
−
BOB1 = B2, the following conditions

must be satisfied:

(R−
BO)2 = R+

S2, (9)

R−
BOτO1 + τO2 = τ+

S2. (10)

Here, {R+
S2|τ+

S2} ∈ GS . The subscripts “1” and “2” in R̂+
S1

and R̂+
S2 are only used to distinguish these two operators,

which can be the same or different.
Now, we have presented the relationships between B1 and

B2 for the two cases of R̂BO = R̂+ and R̂BO = R̂−, as ex-
pressed in Eqs. (5) and (10). When τO1 = τO2, B1 and B2

represent the same bilayer stacking. In this case, Eqs. (4)
and (5) and Eqs. (9) and (10) reduce to Eqs. (5)–(12) in the
Supplemental Material of Ref. [26]. This serves as a validation
of the reliability of our theoretical derivations. Furthermore,
for symmorphic LGs, Eqs. (5) and (10) can be simplified to a
more concise form:

R±
BOτO1 = ±τO2. (11)

2. Workflow for determining the symmetry relations
in stacked bilayers

Based on the above analysis, we investigate the ferroelec-
tric switching behavior for all stacked polar bilayers. Since
RBO can be conveniently determined by Eqs. (4) and (9),
we begin with B1 and all possible R̂BO for it. By applying a
specific R̂BO on B1, the bilayer that is energetically degenerate
with B1 can be obtained, i.e., Bi = R̂BOB1. If i = 1, Bi is iden-
tical to B1 itself; if i �= 1, the obtained Bi represents a bilayer
that differs from B1 by an in-plane translation. According to
RBO, the change of polarization direction between Bi and B1

can be then determined.
In Fig. 5(a), we show the workflow for identifying the

symmetry relationships and ferroelectric switching behaviors
in bilayer systems. This method can be applied to all the 80
LGs. The workflow involves four steps: (i) Determine the
in-plane translation τO1 for a polar bilayer. (ii) Iterate over R+
within GS0; those satisfying O−1R+O ∈ GS0 are R+

BO, and their
corresponding translations in GS are τ+

BO. (iii) Iterate over R−

within CO (the set containing O); those satisfying (R−)2 ∈ GS0

are R−
BO, and their corresponding translations in GS are τ−

BO.
(iv) Use Eqs. (5) and (10) to establish the correspondence
between τO1 and τO2, thereby determining the two bilayers
B1 and B2 connected by R±

BO as well as the change of po-
larization directions. Note that, as seen in steps (ii) and (iii),
identifying all possible O is also crucial for studying ferroelec-
tric switching behavior. We use AB- and BA-stacked bilayer
BN with OP as an example to illustrate this process, which
is presented in Fig. 5(b). For monolayer BN, GS = LG-78,
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FIG. 5. (a) Workflow for identifying the symmetry relations in
bilayer systems. Starting from a known bilayer B1, the possible R̂BO

can be identified to further determine the energy degenerate bilayer
B2. (b) Schematic diagram illustration the process for determining
the symmetry relations between AB- and BA-stacked bilayer BN.

GS0 = D3h. In bilayer BN, the two layers are related by pure
translation, thus CO = GS0 = D3h, and O can be the identity
operator E. (i) For AB stacking, τO1 = (1/3, 2/3, 0)T . (ii)
As GS0 = D3h, R+ = 3001, m100, m010, and m110, where each
element can be R+

BO as it satisfies O−1R+O ∈ GS0. (iii) As
CO = D3h, R− = m001, 2120, 2210, 21−10, and −6±

001 where each

element can be R−
BO since it satisfies (R−)2 ∈ GS0. (iv) Ac-

cording to Eq. (5), R+
BOτO1 = (1/3, 2/3, 0)T = τO1, indicating

no energetically degenerate bilayer with a distinct configu-
ration that can be related to AB-stacked BN through R+

BO.
According to Eqs. (10) or (11), R−

BOτO1 = (1/3, 2/3, 0)T =
−(2/3, 1/3, 0)T = −τO2, which means that the BA stacking,
characterized by in-plane translation τO2, can be related to AB
stacking through one of these equivalent operators, i.e., m001,
2120, 2210, 21−10, and −6±

001. Since these operators reverse the z
coordinates, the exchanged top and bottom layers will reverse
the direction of polarization, consequently. This implies that
bilayer BN exhibits OP ferroelectricity, which is in agreement
with previous work [15–18,48,49].

3. Overview of ferroelectric switching in stacked bilayer systems

Using the workflow outlined above, we analyze and sum-
marize the ferroelectric switching behavior of polar bilayers
formed by stacking monolayers belonging to all 80 LGs
(see Sec. III of the Supplemental Material [44]). Our results
provide insight into understanding the absence of ferro-
electricity in polar bilayer PdSe2 as previously mentioned
[Fig. 1(b)] (see Sec. IV of the Supplemental Material [44]).
For systems exhibiting sliding ferroelectricity, we identify
12 distinct ferroelectric switching modes, as summarized in
Table II. These modes are classified into three categories:
single-component switching, nonsynchronous switching, and
synchronous switching.

TABLE II. Twelve distinct switching modes for bilayer sliding ferroelectrics. The bilayer polarization types PB include OP, IP, and CP.
(↑↑) and (↑↓) represent the direction of OP unchanged and reversal, respectively, (0°) represents the direction of IP unchanged, and (60°, 90°,
120°, or 180°) refers to a rotation of IP with the corresponding angle.

PB Switching mode LG (lattice type) Categorization

3 (rC, hP), 6 ∼ 7 (rC, hP)
19 ∼ 21 (sP, hP), 22 (rC)

OP ↑↓ 23 ∼ 25 (sP, hP)
37 ∼ 46 (sP, hP), 50, 59
60, 65 ∼ 69, 72, 74, 78

60° 73, 75, 76 single-component
90° 23 ∼ 25 (sP), 37 ∼ 46 (sP) ferroelectric switching

49, 51 ∼ 54, 57 ∼ 60
IP 120° 65 ∼ 72, 74, 78, 79

180° 3 (sP, hP), 6 ∼ 7 (rP, sP, hP)
19 ∼ 21 (rP, sP, hP)

23 ∼ 25 (hP), 27 ∼ 34 (rP, sP),
37 ∼ 46 (hP), 50

↑↓, 0° 14 ∼ 17 (rP, sP), 27 ∼ 34 (rP,
sP, hP), 69 ∼ 72, 78, 79

non-synchronous
ferroelectric switching

↑↑, 60° 77
↑↑, 90° 55, 56
↑↑, 120° 69 ∼ 72, 78, 79

CP ↑↑, 180° 23 ∼ 25 (rP, sP, hP)
37 ∼ 46 (sP), 57 ∼ 60

↑↓, 90° 23 ∼ 25 (sP) synchronous
ferroelectric switching37 ∼ 46 (sP), 57 ∼ 60

↑↓, 120° 69 ∼ 72, 78, 79
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FIG. 6. B1–B6 are the six ground-state stacking points for bilayer
CrI3. All these bilayers exhibit CP with IP and OP components
marked by arrows and color coding (red and blue), respectively.
Yellow, green, and purple lines represent the three transition paths
in polar bilayer CrI3. The bilayer structures for direct stacking (G)
and B1 − B4 stackings are also plotted.

Single-component switching occurs in the bilayers with
pure OP or IP. For OP, interlayer sliding reverses polarization
(↑↓), as observed in BN [16–18] and TMDs [19–22]. For IP,
sliding may cause a 180° reversal or switches the direction of
polarization by an angle of 60°, 90°, or 120°. Nonsynchronous
switching in the bilayers with CP involves one component
switching while the other remains unchanged, namely, OP
flips (↑↓) while IP keeps unchanged (0°), or IP undergoes
a rotation of 60°, 90°, 120°, or 180° while OP remains un-
changed (↑↑). This behavior, characterized by independent
switching of polarization components, could provide flexibil-
ity in the design of photoelectric devices [50]. Synchronous
switching represents another intriguing category with both
the directions of IP and OP changes simultaneously. Through
the improved BSF theory, the ferroelectric switching in previ-
ously studied 2D CrI3 [26] can be understood. The monolayer
CrI3 belongs to LG-71, and its bilayer with a flipped top layer
(O = m001) exhibits CP for six degenerate stackings B1 ∼ B6

corresponding to interlayer translation points (1/3, 0), (1/3,
1/3), (0, 1/3), (−1/3, 0), (−1/3, −1/3), and (0, −1/3) [26]
(Fig. 6). Our theory reveals that adjacent ground states are
related by −6001, satisfying (−6+

001) · Bi = Bi+1 (i = 1 − 5)
(see Sec. IV of the Supplemental Material [44]). Accordingly,
there are three possible types of transition paths for bilayer
CrI3: (i) B1 → B2 (B6) via −6±

001: OP flips (↑↓), while IP
rotates 120° from [−100] to [110] (or [0-10]); (ii) B1 →
B3 (B5) via (−6±

001)2 = 3±
001: OP remains unchanged (↑↑),

while IP rotates 120° from [−100] to [0-10] (or [110]); (iii)
B1 → B4 via (−6±

001)3 = m001: OP flips (↑↓), while IP re-
maining unchanged (0°). The path (i) simultaneously changes
the directions of both OP and IP, exhibiting the synchronous
switching behavior. In contrast, paths (ii) and (iii) with only
one polarization component switches correspond to the mode
of nonsynchronous switching. These are consistent with the
computational results [26], which can be directly obtained
from our theory. The synchronous switching can also occur
in 2D systems with the square lattice, where OP flips while IP

TABLE III. Possible multiple polar states of the bilayers ob-
tained by stacking two monolayers.

No. of multiple
polar states LG (lattice type)

3 65 ∼ 68, 74
4 3 (rC), 6 ∼ 7 (rC), 13 (rC),

18 (rC), 22 (rC), 23 ∼ 25 (sP),
37 ∼ 46 (sP), 49, 51 ∼ 56, 57 ∼ 60

6 69 ∼ 73, 75 ∼ 79

rotates 90° (Table II). Notably, we find that it is impossible to
involve a reversal of OP and a 180° rotation of IP at the same
time, because such switching requires R−

BO = I . However, the
bilayers connected by inversion are inherently nonpolar, hence
ruling out this type of ferroelectric switching.

In Fig. 6, an interesting phenomenon can be observed:
the polarization directions of B1 − B6 are all different. This
implies the existence of multiple polar states in this sys-
tem, which contracts with the case of common bilayers, like
BN with only two polar states. It can be also understood
with our method. Starting from R̂BOB1 = B2, if (R̂BO)

2 ∈ GS ,
then applying R̂BO twice yields (R̂BO)

2
B1 = R̂BOB2 = B1, i.e.,

B2 is mapped back to B1, hence showing only two states.
In contrast, if (R̂BO)

2
/∈ GS , like −6001 in CrI3, the relation

(R̂BO)
2
B1 = R̂BOB2 does not transform B2 to B1, which leads

to another new polar state. Table III summarizes the LGs,
and the monolayers that are capable of forming more than
two polar states. Note that multiple polar states in sliding
ferroelectrics have been recently reported in multilayer stacks
beyond bilayers, such as N-layer 3R-MoS2 [20,51], tetralayer
graphene [52], and trilayer g-C3N4 [30]. Here, we demonstrate
that this phenomenon can also occur in some bilayer systems.
Due to the energy degeneracy, the magnitudes of polarization
strength in such bilayers are identical, but their polariza-
tion directions are different, showing the “multidirectional”
ferroelectricity. This discovery enhances the understanding of
2D vdW polar materials, and provides a strategy for the design
of sliding ferroelectrics.

IV. CONCLUSIONS

In summary, to deepen the understanding and further
improve the universality of BSF theory, we have carefully
analyzed the limitations of the theory in the selection of
rotation operators for the bilayers stacking of monolayers
belonging to the oblique and rectangular crystal systems, and
have proposed a more general method for identifying possible
rotation operators. With this refinement, we have redriven
the symmetry of the bilayer structures formed by stacking
two monolayers belonging to these crystal systems, revealing
more diverse polar states as compared to the original BSF the-
ory. We have further developed a group theory framework to
identify the symmetry relations in stacked bilayers. Building
on this, the ferroelectric switching behavior is added to the
BSF theory, enabling the prediction of potential ferroelectric-
ity in stacked bilayers. In addition, we have demonstrated that
multiple polar states can exist in some stacked bilayers. The
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improved BSF theory is more general and more convenient
for the design of sliding ferroelectrics for device applications.
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