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While buckling of elastic loops is well understood in the static regime, its dynamic counterpart under
sudden loading can exhibit oscillatory and multimodal deformations and remains comparatively less explored,
particularly in the presence of material inhomogeneity and viscous interfacial dissipation. Here, we combine
theoretical and experimental analyses to investigate surface-tension-driven elastic rod loops in soap films,
where rupture of either the surrounding film or the film enclosed by the loop imposes sudden loading, and
examine how material inhomogeneity and soap-film dissipation shape the resulting buckling and oscillatory
dynamics. For homogeneous loops, we identify the transition from low-tension periodic oscillations to high-
tension multimodal buckling and reveal nonlinear phenomena including mode coupling and mode-number
reduction at high surface tension. We further examine how material inhomogeneity reshapes the instability
landscape. Stiffness inhomogeneity sharpens spatial localization of bending and lowers stability thresholds,
while density contrast induces temporal desynchronization and complex multi-frequency oscillations. Soap-
film dissipation suppresses the oscillation amplitude and frequency and accelerates relaxation. Across all cases
considered, mode-number reduction proceeds through two pathways: lobe coalescence and lobe collapse. These
insights highlight the sensitivity of closed slender structures to coupled elastic, inertial, and interfacial viscosity
effects, and suggest principles for designing filamentary systems whose dynamic morphologies can be tuned
through targeted material patterning or interface engineering.

1. Introduction

Buckling instabilities driven by pressure differences or distributed
loads are ubiquitous in engineering, biological, and soft-matter sys-
tems. Vertical oil and fuel storage tanks under strong winds and deep-
sea pipelines under high hydrostatic pressure may induce structural
collapse, with geometric imperfections or material degradation signif-
icantly amplifying failure risk [1,2]. Analogous pressure-driven defor-
mations arise in biological structures such as arterial vessels and cardiac
valves, where pulsatile flow and active muscular contraction may trig-
ger periodic buckling accompanied by multimodal shape changes [3-
6]. Beyond failure scenarios, pressure-induced deformation and buck-
ling can also be harnessed constructively [7,8]: recent studies have
demonstrated that fluidic or pneumatic actuation can enable controlled
shape transformation in soft robotic and endovascular devices [9-13].

From a mechanistic standpoint, buckling of closed elastic rings or
loops may be broadly classified into static and dynamic instabilities,
depending on the loading protocol and the role of inertia. In static or
quasi-static buckling, loading is applied sufficiently slowly that inertial
effects are negligible [14-16]. Instability is identified through the loss
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of equilibrium or bifurcation of stationary solutions, and post-buckling
configurations are governed by elastic energy minimization. Classical
studies of elastic ring buckling have predominantly focused on this
regime.

Within the elastica framework, circular rings or arches under uni-
form or directional pressure have been systematically analyzed, yield-
ing well-established critical conditions and mode structures [17-24].
These analyses have been extended to position-dependent loading [3,
25], area constraints [26], the Euler-Plateau and Kirchhoff-Plateau
problems, which consider elastic loops spanned by soap films with and
without torsional effects, respectively [27-31], as well as related formu-
lations involving elastic boundaries coupled to curvature-elastic mem-
branes, such as the Euler-Helfrich problem [32,33]. They have also
been extended to account for self-contact, revealing transitions from
point contact to finite-length contact in the post-buckling regime [3,
34]. More recently, the role of external confinement, either rigid or
deformable, has been shown to fundamentally alter admissible de-
formation modes and stability thresholds [35-44]. Such confinement-
induced buckling phenomena are of particular relevance in flexible and
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stretchable electronics, where controlled deformations enable mechan-
ical compliance and conformal integration with tissues [45-47].

When loading is applied dynamically, however, inertia and time-
dependent effects fundamentally alter the system response. In this
regime, elastic rings may transiently access configurations far from
static equilibria, excite multiple competing deformation modes, and
undergo oscillatory or multimodal responses involving mode inter-
action and coalescence. As a result, neither the critical conditions
nor the dominant deformation patterns can be inferred from static
stability analysis alone. Instead, the system behavior depends on a
combination of elastic properties, mass distribution, loading protocol,
and dissipation mechanisms.

Theoretical contributions in this direction include studies of vi-
brations of circular rings and arches [48-51], as well as dynamic
buckling under impulsive or rapidly applied loads [52-58]. More re-
cently, experiments on elastic rings coupled to soap films have shown
that sudden removal of surface tension can excite high-order buck-
ling modes that are inaccessible under static conditions, with pattern
selection governed by mode growth and transient dynamics [59,60].
Related non-equilibrium phenomena have also been reported in soap-
film systems subject to continuous boundary deformation, where abrupt
topological transitions occur through boundary singularities at critical
stages of deformation [61], phenomena that lie beyond the scope of
static minimal-surface theory [27,28]. Dynamic buckling has also been
observed in other filament—fluid systems. For example, hydrodynamic
compression of a bacterial flagellar hook can trigger a buckling insta-
bility that enables rapid reorientation during swimming [62]; at larger
scales, droplet impact on a cantilevered filament can generate transient
compressive stress waves and excite buckling modes [63].

Despite these advances, three important aspects of ring—film dy-
namics remain insufficiently understood. First, the mechanisms under-
lying mode-number reduction during post-buckling evolution remain
unclear, including the pathways through which higher-order modes
transition to lower-order configurations. Second, the role of material
inhomogeneity, such as spatial variations in bending stiffness or mass
density, has received little attention in the context of dynamic buckling
and post-instability evolution, despite the prevalence of such hetero-
geneities in engineered and biological filamentary structures and their
demonstrated influence on deformation localization during the flow-
induced buckling of non-uniform microfilaments [64,65]. Third, the
influence of viscous dissipation associated with the soap film has not
been quantitatively incorporated into most dynamic models, although it
controls oscillation amplitude, frequency, and relaxation dynamics and
may effectively represent time- or space-dependent loading conditions
arising from fluid-structure interactions.

In this work, we investigate the dynamic buckling and oscilla-
tory response of surface-tension-driven elastic rod loops in soap films
through a combined theoretical and experimental approach. The system
is driven out of equilibrium by film rupture: rupture of either the
surrounding film or the film enclosed by the loop imposes a sudden
loading, while viscous dissipation in the film attenuates the ensuing
rod motion. We focus on how material heterogeneity and interfacial
dissipation influence the instability and its subsequent evolution.

The remainder of this paper is organized as follows. Section 2
presents the theoretical model, including the governing equations,
boundary and initial conditions, and the power-balance relation. Sec-
tion 3 describes the experimental setup and methods. Section 4 an-
alyzes the dynamic response of homogeneous rod loops, including
low-pressure periodic oscillations, high-pressure multimodal buckling,
the effects of soap-film dissipation, and the emergence of lobe-number
reduction through nonlinear lobe collapse and lobe coalescence. Sec-
tion 5 extends the analysis to inhomogeneous rod loops and examines
how stiffness contrast, density contrast, and their combined effects
influence transient dynamics, mode selection, nonlinear interactions,
energy transfer, and the associated lobe-number reduction mechanisms.
Finally, Section 6 summarizes the main findings and discusses their
implications.
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2. Theoretical modeling

This section develops a theoretical model for the surface-tension-
driven dynamics of an elastic rod loop in a soap film. Following rupture
of either the outer film or the film enclosed by the loop, surface tension
imposes a sudden loading that drives the system out of equilibrium. We
formulate the governing equations for the planar rod loop dynamics
(Section 2.1), specify the boundary and initial conditions (Section 2.2),
and derive a power-balance relation characterizing the interplay among
bending energy, surface energy, kinetic energy, and viscous dissipation
(Section 2.3).

2.1. Governing equations

The loop is modeled as an inextensible, unshearable closed thin
elastic rod of circular cross-section, constrained to undergo in-plane
deformation. This assumption excludes out-of-plane bending and twist—
bend coupling, which may become energetically favorable for suffi-
ciently long or compliant filaments, at higher surface tension, or in
the presence of pre-twist [27,28]. Here, we restrict attention to the
planar deformations observed in our experiments. The rod configura-
tion is described using a Cartesian coordinate system (x,y). The rod
centerline is represented by a planar curve r(s,?) = x(s,1)e, + y(s,1)e,,
parameterized by arclength s and time 7, where e, and e, are unit
vectors along the Cartesian x- and y-axes, respectively. Along the rod,
a local orthonormal frame {t,n} is introduced, where the unit tangent
vector t(= dr/ds) and the unit normal vector n satisfy dt/ds = kn and
dn/ds = —«t, with « denoting the curvature. Defining 6(s, t) as the angle
between the x-axis and the tangent vector t gives t = cos fe, + sin e,
n = —sin fe, +cos fe,, and x = df/ds. As illustrated in Fig. 1, the normal
vector n is directed toward the interior of the rod loop.

The rod has length L, mass density p(s), Young’s modulus E(s),
and cross-sectional area A, moment of inertia I, and bending stiffness
B(s) = E(s)1.

The rod dynamics follow the balances of linear and angular momen-
tum as functions of arclength s and time ¢ [60,66]

2 2
%+pn+fh:pAaaT; and %+th:pInx%, (€D)
where F and M(= Bkt X n) denote the internal force and moment
resultants along the centerline, respectively. The external loads per unit
length include the normal force per unit length pn generated by surface
tension p (including the contributions from the two sides of the soap
film) and the hydrodynamic damping force per unit length f; exerted
by the soap film on the rod. The right-hand side terms pA(d°r/dt?) and
pIn x (0°n/0r*) correspond to the translational inertia force and the
rotational inertia moment per unit length, respectively.

For thin rods, the rotational inertia term is smaller than the bending
term by a factor (a/R)*> < 1, where a is the cross-section radius and
R is the characteristic length scale (e.g., the rod loop radius) of the
thin rods (see detailed arguments and Eq. (A.1) in Appendix A). In our
experiments, @ ~ 0.1 mm and R ~ 4.5 cm, giving (a/R)> = O(107°),
which justifies neglecting the rotational inertia term pIn x (3°n/d%)
in Eq. (1). Accordingly, in the present work, the governing equations
reduce to the classical elastica form and become

M L ixF=o. @
as

oF o*r

s +pn+f, = pAﬁ and
The damping force per unit length f;, is approximated by an effective

anisotropic local drag law for slender bodies, linear in velocity [67-70]:

0

f, = —(¢ytt + ¢, nn) - a_:’ 3)

where ¢ and ¢, are the tangential and normal drag coefficients (unit:

N s/m?), respectively. The rod experiences anisotropic hydrodynamic

resistance, with the damping dominated by the viscosity of the soap

film. At room temperature, the viscosity of air is p,;, = 0.018 x 1073
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puncturing the inner soap film

lpl 3

Fig. 1. Schematic of an elastic rod loop composed of two segments (1 and 2, shown in orange and blue, respectively) under inner (a) or outer (b) surface tension
p, together with the corresponding experimental setups. (a) p > 0: the outer soap film is punctured and the remaining inner film (blue region) drives the loop
contraction and oscillation. (b) p < 0: the inner film is punctured and the outer film (blue region) drives loop expansion and oscillation. The loop centerline is
parameterized by the arclength s, increasing counterclockwise. The unit tangent t and normal n vectors are defined along s, with 6 denoting the angle between
t and the x-axis. The interfaces between the two segments are located at s =0 and s = s*.

Pa s [71], whereas that of the soap film is gy, = 1.16 x 1073 Pa s
to 2.13 x 1073 Pa s [72]. In addition, we measured the viscosity of
our soap solution using a XIUILAB NDJ-5Spro rotational viscometer
at 25 °C and 60 rpm, obtaining ug, = 2.68 x 1073 Pa s, consistent
with reported values. The two-order-of-magnitude difference implies
that the contribution from the surrounding air is negligible.

We define the drag anisotropy ratio as y = ¢/, . For slender rods,
the drag associated with the normal direction is expected to exceed
that in the tangential direction [73-75]. As rigorous determination
of y is not available for the present system, we perform a sensitivity
analysis (not shown here), which demonstrates that varying y over a
broad range from 0 to 1 has a negligible influence on the resulting loop
configurations. We therefore adopt y = 1/2 in this work.

To further assess the validity of the drag formulation, we es-
timate the flow regime and time scales. Using the measured fluid
properties (density pg,, = 1010 kg/m? and viscosity pupy, = 2.68 X
1073 Pa s) and a characteristic velocity Upy,, = 0.088 m/s obtained
from high-speed imaging, the Reynolds number is estimated as Re =
Pritm Uriim Ptitm/ Mrim = 0.1 to 0.332, taking the film thickness hgy, of
3 pm to 10 pm [72] as the relevant length scale for velocity gradients.
This places the flow in a low-Reynolds-number regime, although it
is not deeply in the asymptotic Stokes limit. The applicability of the
instantaneous drag formulation is governed primarily by the separation
of time scales rather than the Reynolds number. The dominant viscous
response arises from shear across the thin film, with a characteristic
diffusion time pmmh%ﬂm / Hrilm Of about 3.4 ps to 37.7 ps, which is much
smaller than the characteristic timescale of the rod motion (~ms).
This time separation indicates that the fluid adjusts rapidly to the rod
motion, thereby justifying the use of a quasi-steady, instantaneous drag
approximation.

The internal force F can be expressed in either the Cartesian basis
or the local {t,n} basis as

F=F.e,+Fe, or F=Ft+Fn, “4)

where F, =F-e,, F,=F-e, F,=F-t, and F, =F - n. Here, F; and F,
represent the axial (tangential) and shear (normal) components of the
internal force, respectively. The components in these two coordinate
systems are related by F, = F,cos6 + F,sing and F, = —F,sinf +
F cos 6.

By projecting the vector force- and moment-balance equations (2)
onto the local frame {t,n}, the scalar component equations for F, and
F, can be derived as

aF, or d’r

kR gt % = par 2K, 5

5~ <h 4 o =P o (5)
JOF, 2

KF1+—“+p—§ln~a—r=pAn or (6)

as Jat

d(Bk)
F. =— , 7
n s (7)
where the relations dt/ds = xn and dn/ds = —«xt have been used.

Eq. (7) directly yields F,. Substituting Eq. (7) into Eq. (6) permits the
derivation of F,.

We introduce nondimensional quantities (denoted by a tilde)

~ _ 2
s=Se2r i=% m=Rm F=Kf ;-2
R R B, B, Py
3 8
R, ot B R,
T R\ pA ™t BpA T

where R = L/(2z) is the effective rod loop radius, and B; and p,
denote the stiffness and density of the rod segment 1, respectively.
For homogeneous rods, B, and p, are equal to the uniform stiffness
B and density p, respectively. With this nondimensionalization, Eq. (2)
becomes

. ) ”e _
(;—E:+ﬁn+fh=ﬁ0—r and oM
N

— +txF=0, 9
or? 05 + ©®

where the normalized damping force is f, = -, (ytt + nn) - (9% /7).
Introducing the normalized coordinates ¥ = F-e, and j = f - e,
of the rod centerline and the normalized components F, = F - e,

and F, = F- e, of the internal force, the normalized geometrical and
governing equations (2) of the system are expressed as

6_)5 = cos 0, 0—{) =sinb, 10)

0§ a5

oF, . . 2, 2, 0% . AN

—= — psinf — 6+ H—=+(y -1 Ocosf—=|=p—,

3 psin ¢ [(y cos sin“ ) 5 (r ) sin 6 cos 5 p pr
(€8]

oF . - Py 25

a—; +pcosf —(; [(y — 1)sin @ cos 9% +(y sin® @ + cos? 0)0—“;] = ﬁyév,
12)

d ( B oo I -

g(Eg>—Fxs1n0+chos9=0. (13)

In the undamped limit, {, = 0. For homogeneous rods of constant
bending stiffness (B, = B), Eq. (13) simplifies to 9%0/05> — F, sin6 +
Fy cosd =0.
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2.2. Boundary conditions and initial conditions

For the closed rod loop, its position r(s,7), tangent angle 6(s,?),
moment M(s,7), and internal force F(s,f) are continuous. The periodic

boundary conditions at s = 0 are
r(L,t) =r(0,1), O(L,t)=06(0,1)+2x,

and F(L,?7) = F(,1). 14

M(L,t) = M(0, 1),

For a homogeneous rod loop with uniform bending stiffness, the con-
tinuity of moment M(= Bkt X n) requires the curvature continuity
k(L,t) = k(0,1). In contrast, if the loop is piecewise homogeneous,
composed of two uniform segments joined at s = 0 and s*, continuity of
the bending moment permits curvature discontinuities at the interfaces,
satisfying «,(L,1)/x,(0,t) = B, /B, and k,(s*,1)/x,(s*,t) = B,/ B,, where
the subscripts 1 and 2 denote quantities associated with segments 1 and
2, respectively.

Egs. (10)—(13) are discretized using a finite-difference scheme, with
the details of the discretization provided in Appendix B. The result-
ing nonlinear system is solved iteratively using the Newton-Raphson
method.

2.3. Power balance

To clarify the role of soap-film viscosity in the dynamics, which is
inherently present in experiments and practical realizations, we for-
mulate a power-balance relation for the coupled rod—film system. The
evolution of the loop configuration is governed by the interplay among
bending energy E,, surface energy E,, kinetic energy E,, and the rate
P, of energy dissipation due to viscous damping of the remaining soap
film.

The bending energy of the rod loop is E, = fOL(BK2 /2)ds. The
surface-tension energy is E, = pAg,, Where Ag, is the area of the
remaining film. If the outer soap film is punctured, Ag,, = Aencioseds
where the enclosed area inside the 100p i Agpeigsed = (1/2) (xdy —
ydx) = (1/2) fOL(x sin @ — y cos §)ds. If the inner film is punctured, Ag;, =
Aframe — Aenclosed> Where Ag. . is the area bounded by the rigid outer
frame. The kinetic energy of the loop is E, = (1/2) foL pA(dr /dt)*ds.

The power balance of the system reads

%(Eb + E + E) = —Py(t), (15)

where the instantaneous dissipation rate Py(¢) due to viscous drag from
the soap film is

L
or
Pyt = — /0 (fh . E)ds. (16)

We can further introduce the accumulated dissipated energy E; =
Jo Pa()dt', and d(Ey, + E, + E + Eg)/dt = 0.

At the final equilibrium state (dr/dr = 0), viscous dissipation
vanishes and the configuration minimizes E, + E,.

3. Experiments

In addition to numerical calculations, we experimentally examined
the dynamic instability of the elastic rod loops. Both homogeneous
and inhomogeneous loops were fabricated from 304 stainless steel thin
rods. The homogeneous loop was constructed by bonding the ends
of a single rod with an ultraviolet (UV)-curable adhesive to form a
closed loop; the rod exhibited a measured bending stiffness of B =
2.27 x 107N m?. The inhomogeneous loops consisted of two rods of
equal length and identical density but different bending stiffnesses:
B, = 613 x 107N m? and B, = 7.85 x 107°N m?, corresponding
to a stiffness ratio B,/B;, = 12.8. These two segments were joined
end-to-end using the same UV-curable adhesive to form a closed loop.

Each rod loop was first mounted within a soap film and allowed to
equilibrate. The homogeneous loop exhibited an initially circular shape,
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whereas the shape of the inhomogeneous loop depended on the stiffness
ratio B, /B, and deviated from a circle. The loop lay in the plane of the
soap film and divided it into inner and outer regions. Puncturing either
region created a sudden traction or pressure imbalance across the loop
and initiated the dynamic instability (Fig. 1). When the outer film was
punctured, the rod loop was no longer supported by the rigid frame and
moved downward under gravity while undergoing in-plane buckling
and oscillation; when the inner film was punctured, the remaining outer
film stayed attached to the frame and continued to support the loop.
The resulting loop deformation was recorded using a Phantom C211
high-speed camera operating at 1800 frames per second.

4. Dynamical buckling of a homogeneous elastic rod loop

This section examines the dynamics of a homogeneous elastic loop,
identifies the fundamental deformation mechanisms, and provides a
reference for subsequent comparison with inhomogeneous cases. We
first analyze the undamped response at low pressure (Section 4.1), then
examine multimodal deformation at high pressure in the absence of
dissipation (Section 4.2), and finally incorporate soap-film viscosity to
quantify the experimentally observed damping and oscillatory behav-
ior, and to elucidate the underlying mechanisms (Section 4.3). From
this section onward, we follow conventional usage and use “pressure”
to denote the effective normal loading induced by surface tension.

4.1. Periodic oscillation under low pressure in the absence of dissipation

The classical static buckling analysis of a circular loop predicts
the critical buckling pressure p,, = n?> — 1 for the azimuthal defor-
mation mode n [18]. However, this static criterion does not account
for inertial effects or time-dependent evolution. To characterize the
onset of dynamic instability in the absence of dissipation, we instead
perform a linear stability analysis of a homogeneous circular rod loop
under pressure j. Following the theoretical framework in Ref. [60],
infinitesimal perturbations of the form e”*% are introduced to the
circular base state, where @ in general is a complex number denoting
the temporal growth rate and » is the azimuthal deformation mode
number corresponding to the number of lobes along the loop. This
perturbation ansatz leads to the dispersion relation [60]

LA itk DGr1-m) a7

n+1

For a given p, all modes satisfying 2 < n < +/p+1 are linearly
unstable. Among these unstable modes (@ > 0), the mode n with the
largest growth rate @ dominates the initial dynamic buckling behavior
of the loop. To demonstrate this, Fig. 2a shows & as a function of j
for various modes n. The upper envelope (solid line), formed by the
intersections of individual mode branches (dashed lines), identifies the
most unstable mode at each pressure.

The corresponding discrete mode selection map (Fig. 2b) specifies
the pressure intervals over which each mode » is most favored initially.
It should be emphasized that the linear prediction applies only to the
onset of instability and characterizes the earliest deformation pattern,
rather than the final lobe number after nonlinear evolution.

We consider the low-pressure case with p = 3.8, where the outer film
is punctured while the inner film remains intact. This value lies within
the range of dynamic buckling pressure for mode 2 (Fig. 2b). Under
such weak loading, the rod loop in the absence of dissipation undergoes
sustained periodic oscillations. Fig. 3a illustrates the time evolution of
the loop configuration. Small spatial perturbations are introduced to
the initially circular loop to trigger instability.

Upon the application of j, the loop undergoes cyclic concave-to-
convex shape transformations, evolving from a circular to an elliptical
and then to a dumbbell-like profile (half cycle), followed by a reverse
deformation back toward the circular configuration in the next half
cycle. This periodic motion corresponds to the n = 2 buckling mode
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Fig. 2. The most unstable buckling modes at the onset of instability based on Eq. (17). (a) Squared normalized growth rate &> versus normalized pressure j for
different modes n. Solid line: maximum growth rate, identifying the most unstable mode at each pressure. Dashed lines: subdominant growth rates. The labels

indicate the corresponding mode numbers. (b) The most unstable mode » as a discrete function of j, showing the pressure intervals over which each buckling
mode is initially preferred.
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=0 i =0) =3 =4 -
- - . N t=4.81
£=9.62 =7 1=6.62 £=5.62
) 9. 54548 © _5_9 5-4_ (d)
m 6
4
P N
© K2
z £ 2
5 5 4
2 -6
0 1/4 12 3/4 1 0 1/4 172  3/4 1 0 1/4 12  3/4 1
normalized arclength s/L s/L s/L

Fig. 3. Temporal evolution of the loop configuration, curvature profile, and internal force distributions for the homogeneous elastic rod loop at low pressure
p = 3.8 in the absence of viscous dissipation. (a) Evolution of the loop configuration over one oscillation cycle at normalized time 7 = 0(9.62), 2(7.62), 3(6.62),
4(5.62), and 4.81. The normalized oscillation period is T = 9.62. (b) Evolution of the curvature distribution along the loop at selected times 7 = 2, 4, and 4.81.

(c,d) Spatial distributions of the normalized axial and shear forces, F,R>/B and F,R?/B. A positive (negative) F, indicates tensile (compressive) axial force, while
a positive F, points toward the loop interior.

(Fig. 2), characterized by an elliptical shape with two alternating lobes initial circular configuration, the ground bending and surface energies
of curvature around the loop. In the absence of damping, this mode are E,, = 27z°B/L and E, = pL?/(4x), respectively. Accordingly,
remains stable and persists indefinitely under ideal inviscid conditions. the bending and surface energy changes are AE, = E, — 2z*>B/L and

The n = 2 buckling mode is also evident in the periodic curvature AE, = E, — pL?/(4x). Under weak driving (low normalized pressure),

and force distributions (Fig. 3b,c). As indicated by Eq. (7), F, = 0 at the motion is slow and the kinetic energy E, is much smaller than
curvature extrema where (dx/ds = 0), occurring at s/L = 0,1/4,1/2, AE, and AE,. During each cycle, AE, and AE, oscillate out of phase:
and 3/4 (Fig. 3c). The axial force F, attains its extrema at locations inward bending increases AE, but decreases AE, through the reduc-

where the spatial gradient of F, is largest. tion of enclosed area. Maximum deformation occurs at zero velocity,

Taking the initial equilibrium configuration as the ground energy with minimal surface area and maximal bending energy. The periodic
state, Fig. 4 presents the temporal evolution of the energy change with concave—convex oscillation is thus driven by the reciprocal exchange
components AEy, AE,, and E, over three oscillation periods. For the between bending and surface energies in the absence of dissipation.
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Fig. 4. Temporal evolution of the energy change for the undamped homo-
geneous elastic rod loop at j = 3.8 in the absence of viscous dissipation,
corresponding to the case shown in Fig. 3. The normalized energy compo-
nents include the bending energy change AE; /(B/R), surface energy change
AE, /(B/R), and kinetic energy E, /(B/R), all measured relative to the initial
equilibrium configuration taken as the ground state.

4.2. Multimodal deformation of a homogeneous rod loop under high pres-
sure in the absence of dissipation

At high pressure, the rod loop undergoes multimodal buckling in-
stability. Fig. 5 illustrates the shape evolution of homogeneous circular
loops at j = 16, 32, 64, and 128. The top row shows the evolving loop
configurations, where solid circles indicate the location of s = 0.

The middle and bottom rows present the distributions of the normal-
ized axial and shear internal forces at the final frame of each sequence
in Fig. 5. The axial force F, alternates between tension and compression
along the loop. At low pressure (e.g., j = 16), F; follows a clear three-
periodic pattern, whereas at higher pressures (e.g., j = 32, 64, and 128)
it becomes increasingly irregular, signaling enhanced nonlinear mode
coupling. Notably, at j = 128, three local peaks of F, emerge within
specific inter-crest regions, suggesting localized interference and energy
transfer between adjacent high-order modes. Collectively, these ob-
servations provide compelling evidence that neighboring deformation
features coalesce into composite lobes through nonlinear interactions
and geometric constraints at elevated p.

Based on the theoretical prediction in Eq. (17), the most unstable
mode numbers corresponding to j = 16, 32, 64, and 128 are n = 3,
4, 6, and 8, respectively (Fig. 2b). However, the modes observed at
later stages of the post-buckling evolution in Fig. 5 are n = 3, 4, 5,
and 6. As detailed in Appendix C (see, e.g., the case p = 64), the initial
mode selection remains consistent with the linear prediction, whereas
the subsequent reduction in the mode number is a nonlinear effect asso-
ciated with lobe coalescence and lobe collapse (Fig. C.1 in Appendix C),
in which neighboring lobes merge or a central lobe collapses within a
local multi-lobe structure. These processes redistribute deformation and
reduce the mode number during the nonlinear stage. Similar reductions
from initially excited high-order modes to lower-order configurations
have been reported in dynamically buckled rods and filaments, where
post-buckling evolution can involve mode coarsening [63,76-79].

4.3. Effects of film dissipation on deformation of a homogeneous rod loop

Besides the dissipation-free theoretical analysis presented in the
previous sections, we now experimentally and numerically examine
how film viscosity influences the dynamic response of a homogeneous
rod loop (Fig. 6). In the experiments here, dynamic instability was
triggered by puncturing the outer soap film. A pronounced oscillatory
configurational response was observed: the loop reached its maximum
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contraction at 34 ms, subsequently rebounded, and underwent small-
amplitude, decaying oscillations. By 78 ms, the loop nearly returned to
its equilibrium shape (Fig. 6a).

Fig. 6b presents the numerical results. For a meaningful comparison
with the experiments, a consistent definition of the time origin is
required. In the experiments, time is effectively measured from the
onset of visible deformation, whereas in the simulations a finite growth
stage from a round initial configuration precedes observable motion.
We therefore shift the simulation time axis for comparison, taking the
onset of visible deformation (around 7 ~ 1.7, indicated by the open
circle on the time axis) as the reference point. With this alignment,
the experimental and numerical time scales exhibit a consistent ratio
of about 10 ms, in agreement with a ratio of about 12 ms predicted by
the time scaling relation in Fig. 6.

Fig. 7a presents the temporal evolution of the energy change, with
the initial equilibrium configuration taken as the ground energy state.
Under low pressure, the motion is slow and the kinetic energy E; re-
mains much smaller than the changes in bending and tension energies,
AE, and AE,, which oscillate out of phase with gradually decreasing
amplitudes. The accumulated dissipated energy E; and the kinetic
energy E, saturate significantly earlier than AE, and AE,, indicating
that the dynamic process quickly transitions into a slow regime, during
which the compensation between bending and tension energies pro-
ceeds very slowly, consistent with the trend of Py(f) observed in Fig.
7b. The profile of the instantaneous dissipation rate P(r) features a
sharp initial peak followed by smaller ones, indicating that most viscous
energy loss occurs during the first contraction-rebound cycle.

5. Dynamical buckling of inhomogeneous thin rod loops

Having established the dynamic characteristics of a homogeneous
loop, we now investigate the dynamics of inhomogeneous loops com-
posed of two segments with contrasting bending stiffnesses or densities,
or both. Such spatial inhomogeneity reduces the degree of circumfer-
ential symmetry of the loop and leads to more intricate mode selection
during surface-tension-driven motion. Specifically, we first analyze
how stiffness inhomogeneity modifies the critical buckling pressure
(Section 5.1), then investigate how stifffness inhomogeneity (Sections
5.2-5.4) and density inhomogeneity (Section 5.5) affect the transient
and oscillatory dynamics, and finally examine the combined effects
of stiffness and density inhomogeneities on multimodal deformation
(Section 5.6).

5.1. Critical buckling pressure of stiffness-inhomogeneous rods

For stiffness-inhomogeneous rod loops, obtaining an analytical dis-
persion relation for the dynamic instability is generally intractable.
Nevertheless, the onset of instability in the dynamic regime is expected
to correlate with the corresponding static buckling threshold: once the
applied pressure exceeds the critical value, the elastic loop becomes
unstable and undergoes subsequent dynamic evolution. Motivated by
this, we first determine the critical buckling pressure from a static
analysis, which serves as a reference criterion for the onset of instability
in the dynamic simulations.

We consider a composite elastic rod loop comprising two segments
with distinct bending stiffnesses, B, and B,. The stiffness difference
causes the equilibrium shape to deviate from a perfect circle.

To determine the critical buckling pressure initiating the instability,
we use a constrained energy minimization approach under an area
constraint, in which the enclosed area of the loop is fixed slightly below
its load-free value. Specifically, the bending energy of the rod loop
E, is minimized subject to the constraint of the loop’s enclosed area
Acnclosed = @®Ag, Where A, denotes the enclosed area at p = 0. The
critical buckling pressure is then obtained as p,. = lim,_,; p(a). Details
of the numerical procedure are provided in Appendix D.
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defines the time origin used for comparison with the experiments.

Fig. 8 shows the dependence of the normalized critical buckling
pressure p..(B,/B,k) on the stiffness ratio B,/B, and the arclength
fraction k € (0,1) of segment 1 for two-segment rod loops. Since the
pressure is normalized by B,, for the two-segment system exchanging
the segment labels corresponds to replacing k with 1 -k, leading to the
reciprocity relation

oo (Ba)=B; (B ), 18)
cr B] Bl cr B2

which provides a stringent consistency check for the numerical results.

Together with the condition that p..(B,/B;,k) — 0 as B,/B, -
for any fixed k € (0,1), Eq. (18) implies another asymptotic behav-
ior: p(B,/By.,k) - 0 as B,/B, — 0. Therefore, for each fixed k,
Per(B,/ By, k) approaches zero at both extremes of stiffness contrast and
remains positive in between. Assuming .. (B,/B;, k) is continuous in
B, /B, it must be non-monotonic in B,/B,, whereas no such constraint
applies with respect to k.
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For the equal-length case (k = 1/2, Fig. 8a), the numerical re-
sults are well captured by the following reciprocal-symmetric fitting
function:

64/B,/ B

P (ﬂ 1) =l - 19)
“\B, 2 B, (By/B)° + (B,/B))~¢

The exponent in Eq. (19) is taken as 6 for simplicity, which provides an
excellent fit to the data, with a coefficient of determination of 0.9963. A
closer examination of the numerical results in Fig. 8a indicates that the
maximum critical pressure j,, ~ 3.025 occurs at B,/B; = 1.04, slightly
exceeding j.. = 3 for a homogeneous loop (B,/B; = 1).

When k slightly deviates from 1/2, more complex profiles of
P (By/ By, k) are observed. For k = 0.49 and 0.51, two local maxima
emerge, with peak values of p., exceeding 3; in contrast, for k =
0.47, the maximum pj, remains close to ., = 3, consistent with the
homogeneous case (attained at B,/B; = 1).

Away from these peak regions, j. decreases sharply as the stiff-
ness contrast increases. This reduction can be attributed to localized
flattening of the softer segment, which forms a shallow arch-like re-
gion with reduced resistance to transverse loading. Comparable effects
have been reported for pipes under external pressure, where material
inhomogeneity can modify collapse patterns and significantly reduce
structural capacity [1].

5.2. Periodic oscillation of stiffness-inhomogeneous rods under relatively
low pressure in the absence of dissipation

We consider the case of j = 3.8, corresponding to outer-film rupture.
For a stiffness ratio B,/B; = 5, the critical pressure for the onset of
buckling, obtained from the static analysis, is g, = 0.011 (Fig. 8), far
below the applied pressure p = 3.8. The rod loop therefore loses stability
immediately and enters a symmetry-breaking post-buckling oscillatory
state (Fig. 9a). The undamped oscillation period is strongly reduced
relative to the homogeneous case (the period T = 2.25 versus 9.62),
with deformation concentrated in the softer segment.

As shown in Fig. 9b, the stiffer segment remains in tangential
compression throughout the motion, while the softer segment is also
compressive during mild deformations but becomes tensile at large
deformation amplitudes, especially in regions of low or negative curva-
ture. Near the segment junction, where curvature is elevated, the com-
pressive F; in the softer segment becomes significantly amplified. The
shear force profiles exhibit pronounced oscillatory modulations, reveal-
ing high-frequency components that reflect the intrinsically nonlinear
vibrational response of stiffness-inhomogeneous loops.

Fig. 10 reveals the underlying energy-exchange mechanism driving
the asymmetric oscillations of the stiffness-inhomogeneous rod loop.
Unlike the homogeneous case, where oscillations appear as discrete
bursts separated by intervals with only minimal variations in AEy, AE,,
and E;, the inhomogeneous loop exhibits a much more sinusoidal,
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Fig. 10. Temporal evolution of the energy change for the undamped stiffness-
inhomogeneous rod loop at j = 3.8 in the absence of viscous dissipation,
corresponding to the case shown in Fig. 9. The normalized bending energy
change AE,/(B,/R), surface energy change AE,/(B;/R), and kinetic energy
E, /(B,/R) oscillate periodically, indicating the periodic response associated
with stiffness contrast.

smoothly varying oscillatory pattern. This qualitative difference arises
from the substantially reduced buckling pressure associated with the
large stiffness contrast: the loop loses stability almost immediately upon
loading and rapidly enters a persistent post-buckling oscillatory state.

5.3. Effects of stiffness inhomogeneity on multimodal deformation under
high pressure in the absence of dissipation

To assess how stiffness inhomogeneity modifies the high-pressure
undamped dynamics, we examine rod loops with stiffness ratios B, /B, =
2 and 5 (Fig. 11). Compared with the homogeneous loop, stiffness-
inhomogeneous loops exhibit clear spatial segregation of deformation
modes. The stiffer segment (blue) resists bending more strongly and
therefore favors lower-order buckling patterns. The softer segment

(orange), especially near the material junction, develops pronounced
curvature variations and higher-order wavy deformations concentrated
away from the junction. This modal disparity becomes increasingly
pronounced as the stiffness contrast increases. The deformation in
the softer segment intensifies, while the stiffer segment appears less
deformed.

Lobe-number reduction is also observed, occurring through two
nonlinear pathways: lobe collapse and lobe coalescence. The former,
characterized by the inward collapse of a central lobe within a local
multi-lobe structure, predominates at intermediate pressures in the
softer segment (Fig. 11b,f), whereas the latter, involving the merging
of neighboring lobes, emerges at sufficiently high pressures, occurring
in both segments in Fig. 11d and primarily in the softer segment in Fig.
11g,h.

5.4. Combined effects of film dissipation and loop stiffness inhomogeneity

We now investigate the damped oscillatory response of stiffness-
inhomogeneous loops composed of two rod segments of equal length
and identical density but with different bending stiffnesses, B, = 6.13 x
10-7N m? and B, = 7.85x107° N m?, yielding a stiffness ratio 12.8. This
configuration matches the experimental system consisting of inhomo-
geneous loops embedded in soap films. Following the sudden rupture
of the outer film, the loop undergoes asymmetric oscillations, as shown
in Fig. 12a-c through both experiments and simulations. As shown in
Fig. 12a, soap-film rupture excites pronounced oscillations in the softer
(right) segment, which reaches maximum contraction at 18 ms before
rebounding and exhibiting small-amplitude, decaying oscillations. The
motion gradually damps out and the segment settles near equilibrium
by 72 ms due to viscous dissipation. In contrast, the stiffer (left) segment
undergoes only minor displacement, moving slightly in the opposite
direction because of its substantially higher bending resistance.

To assess how film viscosity modifies the dynamics, a thickening
agent is added to the soap solution to increase viscosity. The corre-
sponding experiment (Fig. 12b) shows that the softer segment now
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0.224, and 0.14 for B,/B, =2, and 0.45, 0.315, 0.168, and 0.12 for B,/B,; =5, respectively. The time interval A7

between successive configuration snapshots

snap

is indicated above each sequence. The arclength coordinate starts from the lower segment junction (s = 0) and increases counterclockwise.

reaches its peak contraction at 22 ms and undergoes fewer, lower-
amplitude oscillations, stabilizing around 51 ms. The stiffer segment
remains nearly stationary in both cases. Increased viscosity suppresses
both the amplitude and frequency of oscillations, delays the peak
response, and accelerates relaxation.

The simulation in Fig. 12c considers a rod loop with stiffness ratio
B,/B; = 12.8 subjected to normalized pressure 5 = 5 and normalized
viscous drag ¢, = 2. The numerical results reproduce the experimen-
tally observed damping behavior and capture the essential features of
the stiffness-controlled oscillatory relaxation. In particular, the simu-
lations recover the key configurations associated with the maximum
contraction and the subsequent rebound, and the time interval between
these two stages is also consistent in order of magnitude with the
experimental observations. To quantify the damping effect, Fig. 12d
plots the transverse displacement of the midpoint of the softer segment,
located farthest from the junction and exhibiting the largest deflection.

10

Following inner-film rupture, the post-instability dynamics are
shown in Fig. 13a. Both the stiffer and softer segments oscillate syn-
chronously but with different amplitudes. The loop reaches its maxi-
mum outward displacement at 28 ms, after which the oscillations decay
and the system stabilizes by 53 ms. The corresponding simulation in
Fig. 13b, performed for a loop with stiffness ratio 12.8 at 5 = —5 and
¢, =2, reproduces these damped oscillatory features. Fig. 13¢ further
quantifies the damping effect by tracking the transverse displacement
of the midpoint of the softer segment.

To elucidate the mechanisms underlying the damped oscillations,
Fig. 14 shows the temporal evolution of the energy change and dis-
sipation rate at j 5 and —-5. The ground bending and surface
energies before the soap film rupture are E,, = 99.8876B;/L and
E, = 0.0702pL?, respectively. Similar to the case of homogeneous
rod loops in Fig. 7, the bending energy change AE, = E, — E, and
the surface energy change AE, = E; — E, oscillate out of phase with
decreasing amplitude. The system evolves slowly and quickly enters a
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quasi-static regime: the kinetic and dissipated energies saturate early,
while subsequent changes in bending and tension energies proceed
only gradually. Most viscous energy loss is concentrated in the first
contraction/expansion-rebound cycle.

A comparison between the outer-film rupture (Figs. 12 and 14a)
and inner-film rupture (Figs. 13 and 14b) cases shows that inner-film
rupture generates significantly lower deformation amplitudes, which

11

manifest as smaller oscillations in both bending and surface-tension
energies. Although the cumulative dissipated energy E, is also smaller
in this case, its fraction of the total energy change is higher. This
occurs because inner-film rupture injects a much smaller amount of
mechanical energy into the system at the onset: the induced curvature
changes are milder, and the subsequent elastic energy excursions are
limited. As a result, even modest viscous losses account for a relatively
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Fig. 14. Temporal evolution of the energy change and dissipation rate for the stiffness-inhomogeneous rod loop (B,/B; = 12.8) at normalized pressure p =5 (a)
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dissipation rate. Most viscous energy loss is concentrated in the first contraction/expansion-rebound cycle.

large portion of the total energy budget. In contrast, outer-film rupture
delivers an inward impulsive load that drives large-amplitude deforma-
tion and substantial elastic energy exchange; the absolute dissipation
is higher, but it represents a smaller fraction of the much larger total
energy involved.

5.5. Effects of density inhomogeneity on multimodal deformation in the
absence of dissipation

To examine how density inhomogeneity alters the undamped os-
cillatory dynamics, we consider a composite loop consisting of two
equal-length segments with the same bending stiffness B but with
different densities: the lower-density segment (orange, p,;) and the
higher-density segment (purple, p, > p,). In the homogeneous case, the
number of unstable lobes increases with increasing pressure, and the
most unstable mode accurately predicts the initial number of geometric
lobes (Eq. (17) and Fig. 2). For the composite loop with piecewise con-
stant density, an analytical dispersion relation is no longer applicable.
Instead, the problem reduces to a piecewise eigenvalue formulation: the
linearized governing equation is solved separately in each segment, and
the resulting solutions are coupled through continuity conditions at the
interfaces s = 0 and s*. This leads to a homogeneous linear system for
the modal amplitudes of the perturbation, with admissible frequencies
determined by the vanishing of the associated determinant. In general,
this frequency equation does not admit a closed-form solution and must
be solved numerically.

To demonstrate the density effects on the oscillatory dynamics, we
first consider the case of p, = 5p, at a low pressure j = 3.8 (Fig. 15). In
the undamped case, the time evolution of the loop shapes reveals pro-
nounced dynamic asynchrony between the two segments (Fig. 15a,b).
The lower-density (orange) segment responds slightly faster due to the
smaller inertia, exhibiting quicker contraction and larger excursions,
whereas the higher-density (purple) segment lags, leading to a growing
phase mismatch. For example, at 7 = 8.5, the orange segment has
already begun to rebound, while the purple segment remains in its first
contraction phase.
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This desynchronization persists through the subsequent deforma-
tion. Shortly after 7 = 8.5, the purple segment briefly pauses, whereas
the orange segment continues rebounding, driving a transition of the
central region from convex to concave between 7 = 10.6 and 11.5.
As oscillations progress, the system enters a complex regime involving
alternating contraction-rebound dynamics and asymmetric swaying
(e.g., 7 =12.3,13.8, and 14.4). At later times 7 = 22.7 and 24.1, the two
segments gradually re-synchronize as the phase difference diminishes,
with a quasi-time-reversal point observed near 7 = 23 4.

Beyond altering the timing and phasing of the response, the mass
mismatch impacts how energy is redistributed within the system. As
shown in Fig. 15¢, the bending, surface tension, and kinetic ener-
gies fluctuate irregularly. These irregular modulations reflect the co-
existence of multiple non-harmonically related oscillation frequencies
induced by the density contrast.

Fig. 16 further illustrates the effect of density inhomogeneity at
higher pressure. The rod loop undergoes stronger acceleration, result-
ing in faster radial contraction, larger oscillation amplitudes, and the
emergence of higher-order undulations. The higher-density segment
(purple), due to its greater inertia, deforms less and exhibits smoother
curvature evolution. In contrast, the lower-density segment (orange)
develops pronounced curvature variations and high-amplitude wavy
deformations that localize away from the junction. Consistently, the
corresponding force profiles become increasingly irregular and spatially
distributed, reflecting the complex interplay between inertia, tension,
and density contrast. In contrast to the stiffness-inhomogeneous cases in
Fig. 11, no pronounced mode-reduction behavior is observed in Fig. 16.

5.6. Combined effects of stiffness and density inhomogeneities on multi-
modal deformation in the absence of dissipation

Compared with the stiffness-only results in Section 5.3 and the
density-only results in Section 5.5, Fig. 17 shows the multimodal de-
formation of loops with combined stiffness and density inhomogeneities
in the absence of dissipation. The stiffness ratio is fixed at B,/B; = 2,
while the density ratio in panels (a)-(d) is p,/p; = 5, and in panels
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Fig. 15. Post-instability oscillatory response of a density-inhomogeneous rod loop (lower-density segment in orange with density p,, higher-density segment in
purple with density p,) at normalized pressure j = 3.8 in the absence of viscous dissipation, with density ratio p,/p, = 5. (a) Time evolution of the deformed
configurations, illustrating pronounced asynchronous motion between the two segments. (b) Transverse displacement histories % at s = L/4 and 3L /4. (c) Temporal
evolution of the normalized energy components, showing irregular fluctuations associated with multiple non-harmonically related oscillation frequencies induced
by mass imbalance.
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Fig. 16. Snapshots and internal force profiles of a density-inhomogeneous rod loop under pressure p. The loop comprises two segments: a lower-density segment
(orange) with density p, and a higher-density segment (purple) with density p, = 5p,. Panels (a)-(d) correspond to j = 16, 32, 64, and 128, respectively. The time
interval Afsnap between successive snapshots is indicated for each case. The total simulation times are 1.5, 0.72, 0.364, and 0.2, respectively. Top row: successive
configuration snapshots during the deformation process; the arclength s is defined at the lower segment junction and increases counterclockwise. For each j, the
middle and the bottom rows show the axial and shear force profiles evaluated at the final simulation time corresponding to the most deformed configuration
shown in the top row.
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Fig. 17. Multimodal deformation of rod loops with combined stiffness and density inhomogeneities in the absence of dissipation. The loop consists of two
equal-length segments with fixed stiffness ratio B,/B; = 2. Panels (a)-(d) correspond to p,/p, = 5, where the left segment is both stiffer and heavier; panels
(e)—(h) correspond to p,/p, = 1/5, where the left segment is stiffer but lighter. 5 = 16 in (a,e), 32 in (b,f), 64 in (c,g), and 128 in (d,h). Each panel shows

successive configuration snapshots during the deformation process, and 47,

(e)-(h) is p,/p; = 1/5. The stiffness contrast mainly controls the
modal character of deformation, with the softer segment developing
higher-order undulations, whereas the density contrast mainly affects
the inertial response and thus the evolution rate. The lighter segment
evolves more rapidly and therefore exhibits a larger extent of defor-
mation. Lobe collapse is observed in the lighter segment in Fig. 17b,c,
whereas at higher pressure, lobe coalescence emerges in the lighter
segment (Fig. 17d,h).

Finally, we provide three supplementary movies illustrating the
post-buckling recovery of homogeneous and inhomogeneous loops at
j = 3.8 in dissipative systems of {, = 1. Movie S1 shows symmet-
ric damped oscillations in a homogeneous loop. Movie S2 demon-
strates synchronized but amplitude-asymmetric damping in a stiffness-
inhomogeneous loop with B,/B; = 5. Movie S3 shows asynchronous
damping in a density-inhomogeneous loop with p,/p, = 5.

6. Conclusion

In this work, we combine theoretical and experimental analyses to
investigate surface-tension-driven dynamic buckling and oscillations of
elastic rod loops. For homogeneous loops, we identify a transition from
low-tension oscillatory response to high-tension multimodal buckling.
The initially selected lobe number follows the fastest-growing mode
from linear stability analysis, whereas the subsequent reduction in
lobe number results from nonlinear evolution via lobe coalescence and
collapse.

We further show that spatial inhomogeneity fundamentally re-
shapes the dynamics. Stiffness contrast modifies the instability thresh-
old and deformation distribution, while density contrast alters the
inertial response, leading to phase lag, asynchronous motion, and
multi-frequency behavior. Their combined effects produce increasingly
localized and less synchronized multimodal patterns, while viscous
dissipation damps the motion and accelerates relaxation.

Taken together, these results provide a unified picture of how elas-
ticity, inertia, and interfacial dissipation govern dynamic instability and
pattern selection in slender structures coupled to deformable interfaces.
The underlying mechanisms are expected to extend to a broad class of
filament—interface systems undergoing rapid, nonequilibrium deforma-
tion, and may inform the design of responsive filamentary structures
that exploit controlled instability and damping for shape morphing and
energy dissipation.

Looking forward, further progress may be achieved by develop-
ing more realistic dissipation models for quantitative experiment—
simulation comparison, extending the framework to three-dimensional
and out-of-plane instabilities, and generalizing to filament models

14

denotes the time interval between successive snapshots.

beyond the inextensible elastica, including extensibility, torsion, and
plasticity. These extensions are particularly relevant in regimes in-
volving large deformation, geometric confinement, or rapid loading,
where out-of-plane buckling, twist-bend coupling, and irreversible
localization can become dominant, further enriching the dynamics of
pattern formation.
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Appendix A. Rotational inertia moment

We estimate the scales of each term in the angular momentum
balance in Eq. (1). Let R be the characteristic length scale (e.g., the
effective rod loop radius) and T, a characteristic time scale of the
motion. Then t XF ~ F ~ 0M/ds ~ B/R* and pIn x (9°n/0i?) ~ pI /TZ.
Since pA(0°r/01?) ~ pAR/T? and 0F/ds ~ B/ R, the linear momentum
balance in Eq. (1) gives pAR/T; ~ B/R’ or 1/T§ ~ B/(pAR*). Then
the rotational inertia term pIn X (9°n/dr%) scales as pIn x (9°n/dt?) ~
BI/(AR*). Comparison with 9M/ds ~ B/R? gives the ratio

pInx(@w/or) L (Y.

oM /ds arz " \R A1

" AR
where a is the cross-section radius of thin rods.

Eq. (A.1) shows that, for slender rods with (a/R)*> < 1, the rotational
inertia term pIn x (0”n/dt*) is negligible compared with dM/ds. In
our experiments, the rod loops have ¢ ~ 0.1 mm and R ~ 4.5 cm,
giving (a/R)?> = O(107°%). This small parameter justifies neglecting the
rotational inertia term in both the theoretical formulation and the
experimental regime considered.
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Appendix B. Discretization scheme

To solve Egs. (10)-(13), a finite difference method is employed.
A central-difference scheme is used for the spatial derivatives along
the arclength s, while a backward-difference scheme is adopted for
the time discretization. The rod loop is uniformly discretized into N
grid points, separated by a spacing A4s = L/N or A5 = 2z/N. When
the surface tension is large, the loop may exhibit complex dynamic
buckling, requiring a large N (e.g., N = 300) to accurately capture
its shape evolution. To ensure numerical stability, a small time step A7
(e.g., 4F = 1073) is used.

Within the discretized domain, each grid point is labeled by the
spatial index i, and the associated variables at time step j(> 1) are
denoted as i;,.j = {Scf 57,’ 0/, Fc,.j, FXJ:I., Fy{i}. The midpoint between two
neighboring points i and i + 1 satisfies the discrete averaging condition
qu+1 n = (qij + qf;rl)/z, and the corresponding arclength derivative is
approximated by d(g/, )/ds = @, —a)/ 4.

At the first time step (j = 1), the equilibrium configuration at p = 0
is used as the initial shape, circular for a homogeneous loop and energy-
minimized for an inhomogeneous loop. Small radial perturbations of
magnitude (< R) are introduced to the initially circular loop to trigger
symmetry breaking and subsequent dynamic evolution.

From the second time step onward, a backward-difference scheme
is applied for the temporal derivatives. For example, the velocity at the
midpoint i + 1/2 for the second time step (j = 2) is calculated as

2 =1 22 -l
52 _E X P E XD
X,i+1/2 T 2 A7

With the zero initial velocity condition 17)1( 12
j =2 becomes

(B.1)

= 0, the acceleration at

~1 ~

Usisl)2 _ Ux,[+~1 2 B.2)
At

Once the positions and velocities at the first two steps are known, subse-

quent values are updated recursively using the second-order backward-

difference scheme as

-2 _
2 _ Y
ax,i+l/2 - AT

PR L
J - 3% —4x] + % ¥ B i+ 0
X A7 ’ xi+1/2 2 ’
. 3 ~ (B.3)
~ ~]= ~J =
y 3 30 iy =g F Oy >3
ax,i+1/2 - A7 U =3).

The same procedure is applied to the y-components of velocity (v,)
and acceleration (ay), ie., by directly replacing x with y in the above
finite-difference expressions.

Based on the discretization schemes described above, the complete
finite-difference representations of Egs. (10)—(13) with j > 3 can be
written as

I g
S TN cos 6’ —y’{ﬂ _ y’l =sin¢’
A5 - i+1/2° A5 - i+1/2°
F"vj _ ﬁj
x,i+1 X,i ~ nj = 2 ni 2 nj ~J
A3 —bsinb,,,—C0 [(7 cos™ 0/, +sin ‘9i+1/2)Ui,i+1/2
g/ T i &
+ (r = Dsing;,, ,cos 0i+1/2sz,i+l/2] =P @iniyr
B p
P, yii+1 pAS . J = . J Vi ~j
Ay TPeos b1y~ 6L [(7 = Dsiné;, , cos 0i+1/2vjc,i+1/2
s 2 ) 2 i ~J - ~J
+ (ysin” g, , +cos 9i+1/2)U§z¢i+1/2] = Piv12%.iv1/2°
Bj ’~(j _ Pl
i+17i+1 i =~ - ~J J _
A3 = Fpsinty p tF L pc088,, =0
o -0
: ~J _ i+l i
with K= T

(B.4)
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Appendix C. Mode coalescence and collapse under high pressure
and the effect of initial perturbation amplitude

To clarify the relation between the linear stability prediction and
the subsequent nonlinear evolution, and to assess the influence of the
initial perturbation amplitude, additional simulations are performed at
a relatively high pressure p = 64 (Fig. C.1).

Two perturbation amplitudes are considered: a smaller amplitude
£ = 5x 107 R (Fig. C.1a—d; corresponding to Fig. 5¢) and a larger one
£ = 5x1073R (Fig. C.1e-h). In both cases, the initial buckling pattern is
a six-lobed shape, consistent with the most unstable mode predicted by
Eq. (17) and Fig. 2. As the nonlinear evolution proceeds, neighboring
lobes merge or individual lobes collapse, leading to a reduction in the
mode number, from n = 6 to 5 and, in some cases, further to 4.

Comparing the temporal evolution of the loop configurations shows
that a smaller perturbation delays the emergence of clearly developed
lobes, but leads to a more regular buckling pattern at early times.

To elucidate the mechanism underlying the mode reduction, we
examine the speed distribution along the loop, with configurations
color-coded by the local speed magnitude & = /52 + 55 (Fig. C.1).
The reduction in mode number proceeds through two representative
pathways: lobe coalescence and lobe collapse. In the lobe coalescence
pathway, the valley between two neighboring lobes, which is charac-
terized by relatively low curvature and slow motion, is progressively
smoothed out, leading to the merging of the two lobes (Fig. C.1a,
n = 6 to 5 and Fig. C.le, n = 5 to 4). In the lobe collapse pathway,
within a local three-lobe structure, the middle lobe moves inward faster
than its neighbors, leading to a gradual transformation from a convex
protrusion into a concave indentation, resulting in a transition from
three lobes to two (Fig. C.le, n = 6 to 5). Both pathways lead to a
reduction in the mode number.

The mode reduction is also reflected in the curvature profiles (Fig.
C.1b—-d and f-h). For the lobe coalescence, a region initially charac-
terized by two curvature peaks separated by a valley evolves as the
peaks decrease and the valley rises, eventually forming a single peak
(orange boxed frames in Fig. C.1b and f). For the lobe collapse, the
curvature in the affected region changes sign, corresponding to the
transformation from a convex lobe to a concave indentation. These
observations confirm that the reduction in mode number is a nonlinear
process driven by spatially non-uniform local motion.

Appendix D. Numerical method for calculating the critical buck-
ling pressure

The critical pressure for the static buckling is computed using
a constrained energy minimization approach under area conserva-
tion. The loop configuration is parameterized by a truncated Fourier

representation of the tangent angle [80]
5 M
9(5):?+ amsin”—’zsz§+

m=1

M

. ms
Z a,, s 7,

m=1

(D.1)

where L = 2z R is the rod length, M is the number of Fourier modes,
and a,, denote the Fourier coefficients. The loop closure is enforced
by requiring periodicity of the centerline, i.e., continuity of both x-
and y-coordinates at § = 0 and 27, enforced by ¢ cos@ds = 0 and
$sinfds =0.

At p = 0, the equilibrium configuration and its enclosed area A,
are obtained by minimizing the bending energy E, subject to fixed
rod length L and loop-closure constraints, using a sequential quadratic
programming algorithm. To determine the critical pressure, we then
impose a slightly reduced enclosed area A, eq = @4y (@ < 1), and
solve the constrained minimization problem again. The Lagrange mul-
tiplier associated with the area constraint is identified as the effective
pressure p(e), and the critical pressure is obtained in the limit p, =

lim,_ p(a).
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Fig. C.1. Temporal evolution of the loop configurations, speed distributions, and curvature profiles for the homogeneous elastic rod loop at p = 64. Two radial
perturbation amplitudes are imposed: /R = 5x 10~ (a—d) and 5 x 10~ (e-h). Panels (a) and (e) show successive loop configurations color-coded by the local

speed magnitude o =

4/ 9% + 02. Panels (b-d) and (f-h) show the corresponding curvature profiles at selected times from (a) and (e), respectively. Arrows indicate

regions of lobe coalescence and lobe collapse, both contributing to the reduction of the mode number.

To validate the numerical procedure, we apply this method to a
homogeneous rod loop with the known result j, = 3. The calculated
normalized effective pressure j(a) = p(a)R>/B; converges rapidly to
this value as a — 1, yielding 3.087, 3.016, 3.0016, and 3.0001 for « =
0.95, 0.99, 0.999, and 0.9999, respectively. This robust convergence
justifies the choice a = 0.9999 in the present calculations.

Appendix E. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ijjmecsci.2026.111841.
Data availability

Data will be made available on request.
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