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 Abstract - The optimal motion planning and stable jumping 
control for a new one-legged hopping robot are investigated. The 
new robot has one passive telescopic leg and two actuated arms, 
therefore an underactuated mechanical system of which the 
motion can only be controlled by the internal dynamic coupling. 
The features of the dynamic coupling between the passive leg and 
the actuated arms are analyzed through measuring two proposed 
indices. An optimal motion planning algorithm is introduced for 
maximizing energy efficiency of the motion of the robot. The 
feasibility of the optimal motion-planning algorithm is verified by 
some numerical simulations in which varying height and varying 
moving speed are considered. 
 
 Index Terms - Hopping robot; Motion planning; Under-
actuation; Optimization 
 

I.  INTRODUCTION 

 The legged hopping or running robot was studied 
extensively in the past two decades. Raibert and his co-
workers have significant contributions on showing the 
dynamic balance and motion control principle exampled by 
their 2D[1] and 3D[2] one-legged hopping robot, two legs [3] 
and four legs [4] running robot. The regulable step length and 
intermittent supported manner tend the dynamic legged robot 
to fit natural terrain better than wheeled or tracked vehicles. In 
flight phase, there is no external force except gravity applied 
to the hopping/running robots, the system bears “constraints” 
expressed by angular momentum conservation that is 
nonholonomic [5,6]. The hopping/running robot is also a high-
speed dynamic mechanical system where real-time controller 
and great energy efficiency is necessary [7,8]. Encouraged by 
these features of the hopping/running robot in biomechanics, 
constraint dynamics, and control technique for nonholonomic 
systems, the one-legged hopping robot, can be seen a 
fundamental prototype for dynamic walking robot [9] or 
legged running robot [4], is the research object in this paper. 

There are many hopping robots have been presented so 
far [10-14]. The one-legged robot is the primary research 
prototype for hopping robot as mentioned above, and the 
model of the prototypes described principally by Spring 
Loaded Inverted Pendulum [2-8,13-15]. The SLIP model 
based hopping robots permit to analyze and control the system 
without   considering the dynamic coupling of the mechanical 
systems. Though the control problem is simplified, even a 

linear time-invariant feedback based controller can stabilize 
the robots to their periodic gaits [1-4], and the nonlinear 
dynamic behaviors of the periodic motion can be revealed 
more thoroughly [15] for the simplest mechanical system. 
Nevertheless, from the point of view of biomechanics, the 
nonlinear dynamic coupling of the multi degree of freedoms 
mechanical system is useful in some cases. For instance, 
athlete swing arm can help balance and speed in walking or 
running, the strong tail of some animals such as leopards, 
lions, and kangaroos plays an important role for running or 
changing the run direction. In this paper, a new one-legged 
hopping robot with non-SLIP model is investigated for 
understanding the dynamic coupling of the system. Since the 
robot has a passive spring leg, it is true an underactuated 
mechanical system that can but be controlled by the internal 
dynamic coupling.  

II.  STANCE BALANCE MANIFOLD 

Fig. 1 shows the planar robot prototype (a) and its 
mechanism model (b) considered in this paper. The robot 
consists of two actuated arms and one passive telescopic 
spring leg. The leg is composed of two segments. One 
segment of the leg is nonzero mass and another is massless. 
The length of the segment with nonzero mass is 1l , the mass 
of it is 1m , and the COM lies in the middle of the length. The 
massless segment has length, 2l , is connected to the former by 
linear spring serially with same axis line. The stiffness of the 
linear spring is k . The length and the mass of the two arms 
are r and 2m  respectively. Given the COM of the arm lies at 
its end for simplifying the formulations. The two arms are 
hinged at the top of the nonzero mass segment of leg. Defining 
the general coordinates of the model are ( )21200 ,,,,, θθϕlzx , of 
which ( )00 , zx  is the position of the foot toe in the vertical 
plane, 2l is the length of the massless leg ( 02 ll =  when the 
spring is free, 202 ll =  when the leg is stance vertically with 
static balance.), ϕ  is the angle between leg’s axis line and 
horizontal plane, 21,θθ  are angles of the two arms with 
respect to the leg respectively. Positive direction of all angles 
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is defined as anticlockwise. Based on these definitions, the 
kinematics of the COM of the system can be expressed as 

),,,,,( 21200 θθϕlzxC fX =      (1) 
where [ ]T

CCC zx=X is the position of COM in vertical plane. 
 The steady motion of a one-legged robot includes two 
motion phases, stance phase and flight phase. In stance phase, 
since 0x and 0z become to constants, the kinematics of the 
COM (1) can be rewritten as 

( )11 qfX =C       (2) 

where [ ]T
2121 θθϕl=q , the generalized coordinates of 

the robot in stance phase. Specifically, the equation (2) is of 
the form 
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Fig. 1. The robot prototype (a) and mechanism model (b). 

 
Let 0=Cx , equation (3) describes the balance manifold of the 
robot. Given different angles ϕ , the corresponding balance 
manifolds can be drawn in Fig. 2. Where Fig. 2 (b) 
corresponding to 2πϕ =  shows a connected manifold that is 
perfect for stance balance. When 2πϕ ≠ , the balance 
manifolds depicted by Fig. 2 (a) and (c) show discrete feature, 
and the region of the manifold shrinks along with the angle ϕ  
deviating from vertical position. As to a SLIP model based 
hopping robot, the stance balance manifold can appear at 

2πϕ = , but absence at all points with 2πϕ ≠ . A larger 
balance region in stance phase for a non-SLIP hopping robot 
tends the system to be stabilized easily [12]. And more 
important, holding a balance manifold means many con-
figurations can balance the system. Thus, one can select an 
optimal configuration in some sense such as the lowest 
configuration for traveling where obstacles are closely spaced, 

or a configuration where the joint limits can be avoided. The 
later case is considered in section 4 of the present paper. 
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Fig. 2. The balance manifolds in stance phase 

III.  FEATURES OF THE DYNAMIC COUPLING 

The features of the dynamic coupling of an underactuated 
robot system are important for motion controlling. For insight 
into this, we need the dynamics of the system. In stance phase, 
the dynamics can be written as  

1111 QCqM =+��       (5) 
where [ ]T2121 θθϕl=q , 1M  is the inertia matrix, 1C  
includes centrifugal and Coriolis torques, gravity, friction, and 
spring force. [ ]T211 00 ττ=Q is the generalized driver 
force vector in which the former two zero elements means the 
leg is unactuated and there is no external torque applied to the 
foot. 1τ  and 2τ are drivers torque of the two arms 
respectively. In flight phase, the dynamics of the system can 
be given by 

2222 QCqM =+��        (6) 
where [ ]T

21002 θθϕzx=q , 2M  also a inertia matrix, 2C  
is similar to 1C  of equation (5) but friction and spring forces 
of the leg are absent. [ ]T

212 000 ττ=Q is the generalized 
non-conservation driver forcer, of which the former three zero 
elements mean no non-conservation forces corresponding to 
the generalized coordinates 0x , 0z  and ϕ .  One can refer to 
[16] for the detailed forms of equations (5) and (6), which can 
be rewritten to a uniform expression 
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M is the inertial matrix. In stance phase, 

1MM = , [ ]T
2 ϕlp =q , [ ]T21 θθ=aq , [ ]TT

a
T
p1 cc=C , 

[ ]T
21 ττ=� . In flight phase, 2MM = , [ ]T

00 ϕzxp =q , 

[ ]T21 θθ=aq , [ ]TT
a

T
p2 cc=C , [ ]T21 ττ=� . The first equation 

of (7) corresponds to the coupling dynamics of the 
underactuated hopping robot showing to be the nonholonomic 
constraints of the system [5,6,16]. We focus on the 
acceleration relationship between the active and the passive 
generalized coordinates, rewriting the first line of equation (7) 
as 

aEp qmq ���� =        (8) 
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where pappE mmm 1−−= and ppppp cmqq 1−+= ����  are substituted with 
considering ppm  being a symmetric positive-definite matrix. 

The acceleration pq��  can be viewed as a virtual acceleration of 
the passive generalized coordinates, generated by the 
accelerations of the active ones, and by the nonlinear torques 
due to velocity effects. The matrix Em , indicates the coupling 
of the active and the passive accelerations, is important in 
understanding of how an underactuated system works. We 
employee the definition of dynamic coupling index (DCI) for 
underactuated manipulators proposed by Bergermann et al. 
[17], the DCI for the underactuated hopping robot can be 
defined as 

∏
=

=
s

i
i

1

σρ        (9) 

where sσσσ ≥≥≥ �21 , and iσ  denotes the singular values 
of matrix Em . The DCI described by equation (9) can be 
utilized to measure the controllability of the system in specific 
configuration since singular values of matrix Em  quantify the 
capacity to “transmit” the acceleration from active to passive 
coordinate. The feature of the dynamic coupling of the robot 
prototype shown in Fig. 1 is plotted in Fig. 3, where the model 
parameters of the robot prototype are listed in the Appendix of 
[16]. Since the matrix Em  is independent of the leg angle 
ϕ [16], and the length of the massless leg is approximated to 

20l , the DCI depends only on the configuration of the two 
arms. Refer to Fig. 3, the maximal dynamic coupling 
configurations [ ] [ ]ooopt

21 9797 −≈θθ  and 
[ ] [ ]ooopt

21 9797−≈θθ  are easy to be found out. 
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In the flight phase, the angle of the leg should be 
controlled to its expected position for preparing the next 
stance phase. It is well known that the motion of COM of the 
hopping robot cannot be controlled during flight phase 
because of the linear momentum conservations and shows a 
parabolic trajectory. The dynamic coupling equation of (7) in  
flight phase can be rewritten as 

023121 =+++ HHHH cmmm θθϕ ������    (10) 
where 1Hm , 2Hm , 3Hm  and Hc  are the equivalent quantities 
of the corresponding elements of the first line of equation (7). 
Similar to (8), equation (10) can be rewritten as 
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where 01 ≠Hm  is the inertial parameter of the leg. Since the 

dynamic coupling matrix �
�

�
�
�

�
=

1

3

1

2

H

H

H

H
E m

m
m
m

m is always full 

rank, ( ) 1rank ≡Em , the unique singular value σ  of the matrix 

Em  satisfies 1≡σ , the DCI (9) cannot show the detailed 
feature of dynamic coupling of flight phase. Differing from 
the definition (9), the DCI in flight phase is defined as 

( )2
132 HHH mmm=ρ      (11) 

The distribution of dynamic coupling measured by equation 
(11) for the robot prototype is depicted in the Fig. 4. One can 
find the measure ρ  always satisfying 0>ρ with showing 
slightly changes in different configurations of the robot arms. 

IV.  OPTIMAL MOTION PLANNING AND CONTROL 

A. Motion planning and control for vertical hopping 
Taking into account the results given by section 1 and 2, 

one can drive the motion of the arms near to its maximum 
dynamic coupling configuration, and simultaneously, on its 
balance manifold. Apparently these will result in the least 
energy expenditure and more robust balance capability. 
Considering vertical hopping control problem, the optimal 
motion planning can be described as: (1) Control the 
orientation of leg to vertical position, od 90=ϕ , where the 
robot has a balance manifold with wider range in stance phase; 
(2) Control the two arms to their maximal dynamic coupling 
configuration [ ] ≈d

21 θθ [ ]opt
21 θθ , where the best 

controllability of the system is achieved. (3) Control the 
vibration of the leg to resonance, which is described by 

( ) ( )( )βω +−+= kn TttAll sin20
d
2    (12) 

where )(tA  is the vibration amplitude. For the prototype 
shown in Fig. 1, the maximal amplitude is )(5.3 200max llA −≈ . 

kT  is the touchdown time of the k-th times jump. nω  is the 
nature angular frequency of the system. β  is the phase angle. 
The phase angle β  is defined by the initial position of the 
spring in leg. Given the initial displacement of spring is lΔ  
and current vibration amplitude of spring is )(tA , the phase 
angle can be calculated by  

( ) ( ) 0,)(arcsin 200 >−=ΔΔ−= llltAlβ   (13) 
The adopted control law is an improved version of it in [16], 
in which the control law is designed by position feedback of 
the COM. Since the inverse solutions of equation (3) are 
multiple, the configuration of the two arms is not definite. 
This drawback is overcome by the optimal motion plan 
presented above. Considering the first equation of (7), the new 
control law during stance phase has a form 
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Fig. 3.  The dynamic coupling 
measure in stance phase 

Fig. 4.  The dynamic coupling 
measure of flight phase 
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where ( )+⋅  denotes the Moore-Penrose generalized inverse of 

the matrix. Input aqu ��= , 4,3,2,1,0 => iki . [ ]Td
2

d
1

d
a θθ=q is 

the desired position of arms, [ ]Tdd
2

d
p ϕl=q  is the planed 

passive coordinates. rn
1

aR ×∈H , anr 2≥  is a constructed 
smooth time-varying matrix that can be differentiated respect 
to time with showing tdd 12 HH = . The combined matrix 

r2n

2

1 aR ×∈�
�

�
�
�

�
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H
H

H  must be full rank, viz. an2)(rank =H . 

Considering the equation (10), the new control law during 
flight phase has a form 
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where [ ] [ ]T21
Td

2
d

1 θθθθ ���� −=ae , ϕϕϕ −= de , 8,7,6,5,0 => iki . 
With the model parameters listed in Appendix of [16], the 
numerical simulation of vertical hoping with varying height is 
shown in Fig. 5. The Fig. 5(a) and Fig. 5 (b) show the 
orientation of the robot is stabilized to 
[ ] [ ]ooo

21 97-9790=θθϕ . Fig. 5 (c) shows the vibration 
of the spring leg and the hopping height of the foot tip. Fig. 5 
(d) depicts the drivers’ torque of the arms. 
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Fig. 5. Vertical hopping control 

B.  Motion planning and control for planar hopping 
Provided that swing angle of the leg is not large in 

running [8], the duration of stance phase can be calculated 
with referring to Fig. 6, in which the abscissa is time and the 
ordinate denotes the length of the telescopic leg 2l . In the 
Figure, 0l  and 20l  are the length of 2l  with spring free and 

gravity balance respectively. min
2l  denotes the minimal length 

of 2l , thus min
20

max
2 lll −=Δ  is the maximal deformation of the 

linear spring. A  denotes the vibration amplitude of the spring 
leg with range ( )min

220
min
20 llllA −−∈  for our robot. 
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Fig. 6. The time analysis of stance phase 

 The duration of stance phase is 
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2
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where nnT ωπ2= is the natural vibration period of the spring 

leg, while mkn =ω  is the natural angular frequency. mk,  
express the stiffness and the total mass of the system 
respectively. If let sx  and fx  express the moving distance of 
COM during stance phase and flight phase respectively, and 

0h  and h  express the lift-off height and maximum height of 
the COM during a hopping period respectively. The duration 
of flight phase can be written as 

( )
g
z

g
hh

T C
f

00 22
2

�
=

−
=     (17) 

where 0Cz�  denotes the lift-off speed in vertical direction, g  is 
the gravitational acceleration. Taking into account the 
equations (16) and (17), and supposing the average moving 
speed in horizontal direction is 0Cx� , the displacement during a 
hopping period is expressed by 

( )fsCfs TTxxxx +=+=Δ 0�     (18) 
It is presumed that the energy loss can be fully compensated 
during the stance, the angular momentum at lift-off is 
negligible, and then the relationship between the kinetic 
energy at lift-off and the maximal potential energy of spring is 

( ) ( )[ ]2
0

2
0

2
spring 2

1
2
1

CC zxmkAE �� +==   (19) 

By equation (19), the vertical lift-off speed 0Cz�  can be 
resolved to 

0
2

0 CC xA
m
kz �� −=      (20) 

where 00 ≥Cz�  is considered. Using the equations (16), (17) 
and (19), equation (18) can be rewritten as 
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2
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m
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g
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Referring to equation (16), where sT  is a constant when the 
vibration amplitude A  is fixed at steady motion, thus the 
displacement xΔ  is a function about the average speed 0Cx�  
only. For a given A , the maximal average moving speed 0Cx�  
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can be given by 0dd 0 =Δ Cxx � , and the maximum is expressed 
by 

)4( 22
opt

0 gTm
kgATx

s
sC +

=�    (22) 

For our robot prototype, the relationship between the maximal 
average moving speed and the vibration amplitude of the leg 
spring is drawn in Fig. 7, where the abscissa is a coefficient 
given by, the ordinate shows the lift-off speeds 

)m/s(, 0
opt

0 CC zx ��  and hopping height 0hhh −=Δ  
simultaneously. According to the numerical results, the 
maximal average speed opt

0Cx�  gets to 1.3(m/s)  when 
5.3=λ  (viz. ( )2005.3 llA −=  m096.0≈ ) is achieved. The 

Fig. 8 shows the relationship between the hopping period 
fa TTT += and the vibration amplitude A , where the 

maximal average moving speed is also considered. One can 
find that the hopping period T increases along with the 
augmentation of vibration amplitude.  
 For a given value A , since the maximal average moving 
speed opt

0Cx�  is defined by the equation (22), and the duration 

sT  is defined by equation (16), referring to the Fig. 9, the 
swing angle of the leg can be calculated by  
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In equation (24), Cl  is defined to the equivalent length of leg, 
which is the distance between the COM of the system and the 
foot tip. Generally, the position of COM varies, thus the 
equivalent length Cl  is a variable. Nevertheless, when the two 
arms are controlled to their maximum dynamic coupling 
configurations [ ]opt

21 θθ , Cl  can be calculated by equation 
(24). In fact, the swing angle of the leg expressed by (23) is 
the optimal lift-off and touchdown angle of the leg because 
that the greatest dynamic coupling configuration [ ]opt

21 θθ  is 
selected to achieve the maximal average moving speed 

opt
0Cx� . In this case, the planned motion has the greatest 

energy efficiency [8]. For the prototype shown in Fig. 1, the 
relationship between the optimal swing angle optϕΔ  and the 
vibration amplitude A  is shown in Fig. 10 numerically. 
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 The control laws given by equations (14) and (15) are still 
adopted for planar hopping, but the commanded angular 
position of the leg is changed to optod 90 ϕϕ Δ+=  for stance 
phase, optod 90 ϕϕ Δ−=  for flight phase, or interchange the 
commanded angular position for hopping with reverse 
direction. Fig. 11 shows a 30s simulation sequence of planar 
hopping in which the desired moving speed is adjusted a 
number of times (Refer to Fig. 11 (a)). Since configuration 
space feedback is used in the control laws (14) and (15), the 
hopping speed and displacement are approximate (Fig. 11 (b)). 
Nevertheless, referring to Fig. 11 (c), it is important that the 
robot can be stabilized to their desired configuration. In order 
to show the steady hopping clear, Fig. 12 depicts two periods 
of hopping procedure during 20s-21s with data from Fig. 11. 
Fig. 12 (c) shows the changes of the orientation of the robot 
relative to the reference point [ ] =21,, θθϕ  [ ]ooo 97,97,90 − . A 
careful observation of this figure shows that the movement of 
the two arms has reversed angle phase, and the rhythmic 
activation of the two arms excite resonant oscillations in the 
spring-mass system formed by the two arms and leg, showing 
a reasonable motion style on intuition. 

Fig. 9. A sketch for 
calculating the swing 

angle of leg 

Fig. 10. The relationship 
between the optimal 

swing angle of leg and the 
vibration amplitude 

Fig.7.  The relationship 
between the maximal hopping 

speed and the vibration 
amplitude of the spring leg. 

Fig. 8. The relationship 
between the hopping period 

and the vibration amplitude of 
the spring leg 

1182



0 5 10 15 20 25 30
-2

0

2

time(s)

)m/s(Cx�

 
(a) The moving speed in horizontal direction  

0 5 10 15 20 25 30
-20

0

20

40

time(s)

)m(, d
CC xx

Cx
d
Cx

 
(b) The moving distance of the COM of the robot in planar hopping control 
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(c) The posture of the robot in planar hopping control  

Fig. 11. The simulation results of planar hopping with changing the moving 
speed several times. 
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Fig. 12. Two hopping periods motion with data from Fig. 16 during the 
motion at the great moving speed ( m/s2.1≈Cx� ). 

V. CONCLUSIONS 

 It is revealed that the non-SLIP model based one-legged 
hopping robot holds stance balance manifold that can provide 
better balance capability. Based on the dynamic coupling 

analysis, an optimal motion-planning algorithm is presented 
for energy efficiency control of the underactuated system with 
considering the nonholonomic constraints. The dexterous 
mobility of the robot has been shown by some detailed 
numerical simulation results. These results also show the 
important role of dynamic coupling for the underactuated, 
failed actuators contained, or weight restricted mechanical 
system. 
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