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Abstract: The paper studies the problem of L2 stability of distributed heterogenous systems with static nonlinear interconnection
structures. Under the assumptions that the nodes of the network are the single input single output operators defined on the
finite square integrable space, and that the nodes are interconnected by the time-varying static nonlinearities that satisfies the
sector condition. For such constructed distributed heterogenous systems, the algebraic quadratic condition that is satisfies by the
interconnection mapping of the network is established first. Based on this, under the assumption that the interconnection of the
network is well-posed, the condition that the network is of finite gain L2 stability is presented. Further more, when the dynamics
of the nodes are described by linear time invariant operators, the frequency domain condition that insures the finite gain L2

stability of the network is put forward.
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R
R̄ = {−∞}⋃R

⋃{∞}, R+ = [0,∞) C
m×n Cm×n R(s)m×n

m× n , RH∞

( )

RH∞ m×n

RH∞(Cm×n) L2(E) [0,∞)
E ,

L2(E)

=

{
u : [0,∞) → E

∣∣∣∣∣ ‖u‖2 =
(∫∞

0

‖u(t)‖2dt

) 1
2

< ∞
}

‖ · ‖ E

〈u, v〉 =
∫∞

0

uT(t)v(t)dt, u, v ∈ L2(E)

f : [0,∞) → E E

, T � 0, f

fT =
{

f(t) 0 � t � T

0 t > T

L2e(E) [0,∞) E

,

L2e(E) = {u |uT ∈ L2(E),∀T � 0}

n(� 2) ,

n ,

Gi :
{

ẋi = fi(xi, ui), xi(0) = x0
i

yi = hi(xi, ui)
i = 1, 2, · · · , n

(1)

xi(t) ∈ Xi = Rni i , ui ∈ Ui = R
i , yi ∈ Yi = R i ,

Ui, Yi i fi :
Xi×Ui → Xi hi : Xi×Ui → Yi

i , ui = 0 , yi = 0
lim

t→∞xi(t) = 0, i = 1, 2, · · · , n i

ui ∈ L2e(Ui), yi ∈ L2e(Yi), i

L2e(Ui) L2e(Yi)
, Gi , Gi : L2e(Ui) → L2e(Yi),

yi = Giui, i = 1, 2, · · · , n (2)

y =

⎡
⎢⎢⎢⎣

y1

y2

...

yn

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

G1

G2

. . .

Gn

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

u1

u2

...

un

⎤
⎥⎥⎥⎦ = Gu (3)

G , ,

G :

j yj(t) ∈ Yj

ϕij : R+ × Yi → Ui i, ϕij

Lipscitz , ϕij(t, 0) =
0,∀t ∈ R+

kijyj � ϕij(t, yj) � kijyj

∀yj ∈ Yj , ∀t � 0, i, j = 1, 2, . . . , n
(4)

kij , kij ∈ R ,

vij(t) =
ϕij(t, yj(t)), (4) , yj ∈ L2(Yj) ,

vij ∈ L2(R) i

ui =
n∑

j=1

ϕij(·, yj) + ei, i = 1, 2, · · · , n (5)

ei ∈ L2e(Ui) i

U = U1 × U2 × · · · × Un, Y = Y1 × Y2 × · · · × Yn,

F : R+ × Y → U

F (t, y) =

⎡
⎢⎣
∑n

j=1 ϕ1j(t, yj)
...∑n

j=1 ϕnj(t, yj)

⎤
⎥⎦ , ∀(t, y) ∈ R+ × Rn (6)

, e =
[
e1 · · · en

]T ∈
L2e(U),

W :
{

y = Gu,

u = F (t, y) + e
(7)

W = (G, F ), G

, F e ∈ L2e(U)
y ∈ L2e(Y ),

, W L2e(U)
L2e(Y ) , W

(G, F ) ,

e ∈ L2(U) , , u ∈ L2(U),
y ∈ L2(Y )
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3

(G, F ) (7) , (7)

F

, e ∈ L2(U), y ∈ L2(Y ) u ∈
L2(U) , L2

, ui ∈ L2(Ui), yi ∈ L2(Yi), i = 1, 2, · · · , n

, L2 ,

,

(G, F )
, e ∈ L2(U) ,

y ∈ L2(Y ) ,

1 (7) (G, F )
, L2 ,

γ > 0 β ∈ R, T � 0,

‖yT ‖2 � γ‖eT ‖2 + β (8)

β = 0 L2

(7)

L2

2 M : L2(Rn) → L2(Rn)
, M = M∗, α > 0,

〈u, Mu〉 =
∫∞

0

uT(t)(Mu)(t)dt � α2‖u‖2
2 (9)

∀u ∈ L2(Rn)

, (G, F )
Gi ,

L2

1 H : L2e(U) → L2e(Y )
L2e(U) L2e(Y ) ,

∀u ∈ L2e(U) y = Hu ∈ L2e(Y )
L2 ,

Π : L2e(Y ) × L2e(U) → L2e(Y ) × L2e(U),

Φ =
[

P Q

Q∗ R

]

P , R = R∗ Q ,〈[
yT

uT

]
, Φ

[
yT

uT

]〉
� β, ∀u ∈ L2e(U), ∀T � 0 (10)

L2 ,

γ > 0, β ∈ R, ‖yT ‖2 � γ‖uT ‖2 + β, ∀T � 0,

‖yT ‖2
2 � (γ‖uT ‖2 + β)2 � 2γ2‖uT ‖2

2 + 2β2,

∀T � 0, :〈[
yT

uT

]
,

[
I 0
0 −2γ2I

] [
yT

uT

]〉
� 2β2, ∀T � 0 (11)

(10) , P

α > 0,〈[
yT

uT

]
,

[
α2I Q

Q∗ R

] [
yT

uT

]〉

�
〈[

yT

uT

]
,

[
P Q

Q∗ R

] [
yT

uT

]〉
� β

,∀T � 0

[
α2I Q

Q∗ R

]
=
[

αI

α−1Q∗

] [
αI α−1Q

]−[0 0
0 α−2Q∗Q − R

]

∥∥αyT + α−1QuT

∥∥2

2
− 〈uT , (α−1Q∗Q − R)uT 〉

=
〈[

yT

uT

]
,

[
α2I Q

Q∗ R

] [
yT

uT

]〉
� β, ∀T � 0

α ‖yT ‖2 −
∥∥α−1Q

∥∥
L2→L2

‖uT ‖2

�
∥∥αyT + α−1QuT

∥∥
2

�
∥∥α−2Q∗Q − R

∥∥ 1
2

L2→L2
‖uT ‖2 +

√|β|,
, ∀T � 0

‖ · ‖L2→L2

‖yT ‖2

� α−1
(∥∥α−1Q

∥∥
L2→L2

+
∥∥α−2Q∗Q − R

∥∥ 1
2

L2→L2

)
‖uT ‖2

+α−1
√|β|, ∀T � 0

H L2

2 F : R+ × Y → U (6)

, v = F (t, y) ∈ U , , [vT, yT]T ∈ U × Y

[
v

y

]T [ −2I K + K

KT + K
T −KTK − K

T
K

] [
v

y

]
� 0 (12)

K = [kij ]n×n, K = [kij ]n×n

(4)

n∑
j=1

kijyj �
n∑

j=1

ϕij(t, yj) �
n∑

j=1

kijyj , i = 1, 2, · · · , n

ki = [ki1 · · · , kin], ki = [ki1 · · · kin] vi =∑n
j=1 ϕij(t, yj)

kiy � vi � kiy, i = 1, 2, · · · , n

(
yTkT

i − vi

) (
vi − kiy

)
= −yTkT

i kiy + yTkT
i vi + vikiy − v2

i � 0
i = 1, 2, · · · , n

i

−yT

(
n∑

i=1

kT
i ki

)
y + yT

n∑
i=1

kT
i vi

+

(
n∑

i=1

viki

)
y −

n∑
i=1

v2
i � 0

(13)
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n∑
i=1

kT
i ki = KTK,

n∑
i=1

kT
i vi = KTv,

n∑
i=1

viki = vTK

(13)

1
2

[
F (y)

y

]T [ −2I K + K

KT + K
T −KTK − K

T
K

] [
F (y)

y

]
� 0

�

Π :=

[
−2I K + K

KT + K
T −KTK − K

T
K

]
(14)

1 Π, (12)

U × Y

F ,

,

, K = K = F ∈ Rn×n,

(12)

1 (G, F ) (7) ,

2 ,

y = Gu, ε > 0,

〈[
uT

yT

]
, Π

[
uT

yT

]〉
� −ε‖yT ‖2

2, ∀T � 0 (15)

(G, F ) L2

〈[
uT

yT

]
,

[
−2I K + K

KT + K
T

εI − KTK − K
T
K

] [
uT

yT

]〉
� 0

∀T � 0

|A| ( )A

( ) u = F (·, y) + e, e ∈ L2e(U)
, ,[

u

y

]
=
[
v

y

]
+
[
e

0

]

T � 0,〈[
vT

yT

]
,

[
−2I K + K

KT + K
T

εI − KTK − K
T
K

] [
vT

yT

]〉

+ 2
〈
eT ,−2vT + (K + K)yT

〉
2‖eT ‖2

2 � 0
(16)

2〈[
vT

yT

]
,

[
−2I K + K

KT + K
T

εI − KTK − K
T
K

] [
vT

yT

]〉

� ε‖yT ‖2
2 = ε ‖|yT |‖2

2

〈eT ,−vT 〉 = −
n∑

i=1

n∑
j=1

〈eiT , ϕij(yj)T 〉

� −
n∑

i=1

n∑
j=1

〈|eiT |, |kij ||yjT |
〉

= − 〈|eT |, |K||yT |
〉
(17)

Φ =

[
εI −2|K| − |K + K|

−2|KT| − |KT
+ KT| −2I

]

〈[|yT |
|eT |

]
, Φ

[|yT |
|eT |

]〉

�
〈[

uT

yT

]
,

[
−2I K + K

KT + K
T

εI − KTK − K
T
K

] [
uT

yT

]〉

� 0
∀T � 0

1 �
2 1 (15) G

L2e(U) × L2e(Y )
F (12)

, F L2e(U) × L2e(Y )
, G

L2e(U) × L2e(Y )
,

L2 ,

,

,

L2 ,

γj > 0, βj ∈ R, j = 1, 2, · · · , n,

‖yjT ‖2 � γj‖ujT ‖2 + βj , ∀T � 0, j = 1, 2, · · · , n

γ =
√

2max{γ1, γ2, · · · , γn}, β =
√

2
∑n

j=1 β2
j

‖yT ‖2
2 � γ2‖uT ‖2

2 + β2 (18)

u ∈ L2e(U) 1

1 (G, F ) (7) ,

L2 ,

2 , y = Gu,

ε > 0,〈[
uT

yT

]
,

[
−2I K + K

KT + K
T −KTK − K

T
K

] [
uT

yT

]〉

� −ε‖uT ‖2
2, ∀T � 0

(19)

(G, F ) L2

(18) ,

−ε‖uT ‖2
2 � −εγ−2‖yT ‖2

2 + εγ−2β2

1 , 1,
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, Gi

Gi(s) ∈ RH∞ , G(s) =
diag(G1(s), G2(s), · · · , Gn(s)) ∈ Rn×n(s), G(s) ∈
RH∞(Cn×n) (Parseval) ,

(G, F ) L2

2 (G, F ) (7) ,

Gi Gi(s) ∈
RH∞ ,

[
I

G(jω)

]∗ [ −2I K + K

KT + K
T −KTK − K

T
K

] [
I

G(jω)

]
< 0

∀ω ∈ R̄
(20)

G(jω) = diag(G1(jω), G2(jω), · · · , Gn(jω)),
(G, F ) L2

, KYP

(20)

4

(G, F ),
G F ,

,

F

, ,

G ,

, (G, F ) L2
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