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Abstract: This paper considers the problem of stabilization and coordination for underwater vehicles using internal moving
mass actuators. The underwater vehicle (UV) is modeled as a neutrally buoyant, bottom-heavy, submerged rigid body in an ideal
fluid. The force of interaction between the UV and internal moving mass destabilizes UV’s steady translation along its long axis
if the moving mass is allowed to move freely inside the UV body. However, this interaction force can also be treated as a control
input. Energy shaping is applied to control the motion of moving mass relative to the UV body such that the UV’s steady long
axis translation with a designated attitude is stabilized. The proposed method is extended to design control laws to coordinate
steady motions of multiple UVs.
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1 Introduction

Internally actuated systems are enjoying more and more

attention from space and ocean engineers as well as con-

trol theorists. In space applications, internal actuators are

useful because they can be powered using readily generated

electricity rather than costly propellant [1]. Internal moving

mass actuators have been proposed as a cost-effective means

for precision orbit control in spacecraft formations [2]. Inter-

nal actuators have also been used for a hypersonic re-entry

vehicle, because the temperature and pressure outside are

very high for conventional external control devices [3]. In

ocean applications, internal actuators are appealing because

they can be used at low velocity, where fins lose control au-

thority [4]. Besides, internal actuators are not susceptible to

corrosion and biological fouling. A fleet of underwater glid-

ers equipped with internal buoyancy engines and mass redis-

tribution systems are used to form mobile sensor networks to

provide ocean sampling data over long time periods [5]. On

the theoretical side, internally actuated systems are often un-

deractuated thus are difficult to control, they provide a rich

test bed for newly developed control techniques.

Mechanical systems with internal moving mass actuators

form an important class of internally actuated systems. The

behavior of a mechanical system is closely related to its en-

ergy. Moving mass actuators influence the system’s behavior

by changing the system’s kinetic metric and potential energy.

The controlled system remains mechanical, of which many

structure properties can be exploited to help the stability

analysis and control design. Mechanical systems with only

internal actuators are necessarily not linearly controllable

nor feedback linearizable since the total momentum is con-

served. For the above consideration, energy based methods

are promising for controlling internally actuated mechanical

systems. First, the energy based method preserves the sys-

tem’s mechanical structure and does not rely on technical-

driven techniques, like nonlinearity domination by feedback

linearization or high gain. Second, the energy based method

exploits conserved quantities of the system to construct Lya-
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punov functions explicitly. Assisted by Lyapunov functions,

the method obtains stability and control results that hold over

a larger domain than can be obtained using linear analysis

and design.

The energy based method used in this paper is energy

shaping. The idea is to shape the potential and/or kinetic

energy of the system in order to make the desired behavior

a stable solution of the “shaped” system. Control forces and

torques implement the difference between the shaped energy

and the original energy. [6] initiates the energy shaping for

stabilizing middle axis rotations of a rigid spacecraft using

a single internal rotor. [4] employs kinetic energy shaping

to stabilize steady motions of a UV using internal rotors.

[7] uses the method of controlled lagrangians, an algorith-

mic energy shaping approach in the Lagrangian framework,

to stabilize steady motions of vehicle systems with inter-

nal moving mass actuators. Without external control, a sta-

ble steady motion, i.e. relative equilibrium, is the best one

can obtain. However, stable relative equilibria are important

low-energy and natural motions of mechanical systems and

provide attractive solutions to motion planning problems [8].

This paper studies the stabilization of a neutrally buoy-

ant, bottom-heavy UV and coordination of multiple UVs for

dynamics restricted to the vertical plane. The control is nec-

essary because the coupling between UV and moving mass

induces unstable dynamics. Potential shaping is performed

to stabilize UV’s relative equilibria, which correspond to

steady long axis translations. Specifically, the original po-

tential is shaped by adding a linear spring linking the mov-

ing mass and UV. Sufficient conditions on the spring stiff-

ness are given to ensure that the total energy after shaping

has an extremum at the desired relative equilibria. Asymp-

totical stability is obtained by feedback damping injection.

The method is extended to design control laws to coordinate

steady motions of multiple UVs. As far as authors know, the

only work solving the stabilization and coordination problem

for a class of underactuated mechanical systems using en-

ergy shaping is [9], wherein the underactuated control is ap-

plied externally. Based on feedback linearization, [10] uses

only internal actuators to stabilize and coordinate underwa-
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ter gliders. However, external forces like gravity, buoyancy,

lift, and drag assist in the control design. Unlike [10], this

paper gives a nonlinear stability proof for relative equilibria

in terms of energy, whereas in [10], the stability is proved

only for the linearized model.

The paper is organized as follows. Section 2 describes

the UV model. Section 3 derives the stabilizing control law

based on potential shaping. Section 4 extends the control

design to coordinate multiple UVs. Section 5 gives a numer-

ical simulation to demonstrate the control results. Section 6

concludes the paper and gives future research problems.

2 UV Model

Fig. 1 depicts a UV, modeled as an ellipsoid with one

moving mass constrained to move along a linear track fixed

with respect to the UV body. Assume that the track is along

the longest ellipsoid axis. The dynamic modeling procedure

in [1] is used to derive equations of motion for the UV.
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Fig. 1: Single UV with one moving mass along a track

A reference frame with orthonormal basis (𝑰1, 𝑰2, 𝑰3) is

fixed in the inertial space. Another reference frame with or-

thonormal basis (𝒃1, 𝒃2, 𝒃3) is fixed in the UV body with its

origin at the center of buoyancy (CB) and its axes aligned

with the principal axes of the ellipsoid. The rotation ma-

trix R ∈ 𝑆𝑂(3) transforms vectors from the body frame

to the inertial frame. The vector 𝒃 ∈ ℝ
3 locates the origin

of the body frame in the inertial frame. Let 𝝎 ∈ ℝ
3 and

𝒗 ∈ ℝ
3 represent the angular and linear velocity of the UV

with respect to the inertial frame respectively, both expressed

in the body frame. Define the operator ⋅̂ by requiring that

�̂�𝒚 = 𝒙 × 𝒚 for all 𝒙,𝒚 ∈ ℝ
3. Let 𝒓𝑝 = 𝑟𝑝1𝒃1 be the po-

sition of the moving mass with respect to CB, and 𝒗𝑝 ∈ ℝ
3

be the absolute velocity of the moving mass with respect to

the inertial frame, both expressed in the body frame. The

kinematics of the UV/moving mass system are given by

Ṙ = R�̂�, (1)

�̇� = R𝒗,

�̇�𝑝 = 𝒗𝑝 − 𝒗 − 𝝎 × 𝒓𝑝.

Buoyancy and gravity play important roles in the UV dy-

namics. A buoyant force −𝑚𝑔𝑰3 acts on the UV body at

CB, where 𝑚 is the mass of the displaced fluid, and 𝑔 is the

acceleration of gravity. A gravitational force 𝑚𝑏𝑔𝑰3 acts on

the UV body at its center of gravity (CG), where 𝑚𝑏 is the

mass of the UV body. The CG location is expressed in the

body frame by 𝒓𝑔 = 𝛾𝒃3, where 𝛾 > 0 means that the UV is

bottom heavy. A gravitational force 𝑚𝑝𝑔𝑰3 acts on the mov-

ing mass, where 𝑚𝑝 is the mass of moving mass. Here and

throughout, it is assumed that the UV/moving mass system

is neutrally buoyant, that is,

𝑚 = 𝑚𝑏 +𝑚𝑝.

Because the UV is immersed in an infinite volume of ideal

fluid that is at rest at infinity, the UV’s motion induces mo-

tion in the surrounding fluid (and vice versa). The effect is

captured by the added mass and added inertial, which ac-

count for the additional energy that is necessary to acceler-

ate the fluid around the UV as it moves [4]. It will be as-

sumed that the principal axes of the displaced fluid are the

same as the principal axes of the UV body, such that the

UV/fluid inertial and mass matrices J𝑏/𝑓 and M𝑏/𝑓 are diag-

onal. Let 𝝍 = (𝝎,𝒗, �̇�𝑝) represent the generalized velocity,

the Hamiltonian of UV/fluid/moving mass system is the sum

of the kinetic energy and potential energy

𝐻 =
1

2
𝝍𝑇M𝝍 − (𝑚𝑏𝑔𝒓𝑔 +𝑚𝑝𝑔𝒓𝑝) ⋅ Γ, (2)

where Γ = R𝑇 𝑰3 is the direction of gravity expressed in the

body frame, and the matrix components of the kinetic energy

metric are

M =

⎛⎝ J𝑏/𝑓 −𝑚𝑝𝒓𝑝𝒓𝑝 𝑚𝑏𝒓𝑔 +𝑚𝑝𝒓𝑝 𝑚𝑝𝒓𝑝
−𝑚𝑏𝒓𝑔 −𝑚𝑝𝒓𝑝 M𝑏/𝑓 +𝑚𝑝ℐ3 𝑚𝑝ℐ3

−𝑚𝑝𝒓𝑝 𝑚𝑝ℐ3 𝑚𝑝ℐ3,

⎞⎠ ,

where ℐ3 represents the 3× 3 identity matrix.

Let 𝒑 represent the linear momentum of the

UV/fluid/moving mass system with respect to the iner-

tial frame, expressed in the body frame. Let 𝝅 represent the

angular momentum of the UV/fluid/moving mass system

about the origin of the body frame. Let 𝒑𝑝 represent the

linear momentum of the moving mass with respect to the

inertial frame, expressed in the body frame. They are related

to the general velocity 𝝍 through⎛⎝ 𝝅
𝒑
𝒑𝑝

⎞⎠ =
∂𝐻

∂𝝍
= M

⎛⎝ 𝝎
𝒗
�̇�𝑝

⎞⎠ .

Hamiltonian (2) is invariant under arbitrary translations of

the inertial frame and arbitrary rotations of the inertial frame

about the direction of gravity, thus possesses symmetry with

respect to UV’s inertial position as well as rotation about the

gravity direction. Through symmetry reduction, the reduced

dynamics expressed in the body frame can be described by

equations [1]⎛⎜⎜⎝
�̇�
�̇�

Γ̇
�̇�𝑝

⎞⎟⎟⎠ =

⎛⎜⎜⎝
𝝅 × 𝝎 + 𝒑× 𝒗 +𝑿𝑔 × Γ

𝒑× 𝝎
Γ× 𝝎

𝒑𝑝 × 𝝎 +𝑚𝑝gΓ

⎞⎟⎟⎠+ 𝒖, (3)

where 𝑿𝑔 = (𝑚𝑏𝑔𝒓𝑔 +𝑚𝑝𝑔𝒓𝑝), and 𝒖 represents the con-

trol force acting on the moving mass along the 𝒃1 axis by the

UV body.
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Since the UV/moving mass system is neutrally buoyant

and the control is internal, the inertial linear momentum is

conserved along equations (3) for any choice of control 𝒖,

thus the dynamics evolve on a surface of constant linear mo-

mentum. Besides, the inertial linear momentum in gravity

direction is also conserved. The following smooth functions

𝐶1 =
1

2
𝒑 ⋅ 𝒑, 𝐶2 = 𝒑 ⋅ Γ, 𝐶3 =

1

2
Γ ⋅ Γ.

are given in [1] as Casimir functions, they are conserved

by construction. Conserved quantities, such as Hamiltonian

and Casimir functions, are useful in studying the stability of

UV’s steady motions.

In coordinates (Γ,𝝍, 𝒓𝑝), reduced dynamics (3) can be

rewritten as⎛⎜⎜⎜⎜⎝
Γ̇
�̇�
�̇�
�̇�𝑝
�̇�𝑝

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
Γ× 𝝎
J−1
𝑏/𝑓𝑻

M−1
𝑏/𝑓𝑭

𝒗𝑝 − 𝒗 − 𝝎 × 𝒓𝑝
�̄�

⎞⎟⎟⎟⎟⎠ , (4)

where

𝑻 = (J𝑏/𝑓𝝎 + 𝒓𝑝𝒑𝑝)× 𝝎 +M𝑏/𝑓𝒗 × 𝒗

+(𝑚𝑝𝑔𝒓𝑝 +𝑚𝑏𝑔𝒓𝑔)Γ− 𝒓𝑝�̄�,

𝑭 = (M𝑏/𝑓𝒗 + 𝒑𝑝)× 𝝎 − �̄�.

Here,

�̄� = 𝑚𝑝𝑔Γ+ 𝒑𝑝 × 𝝎 + 𝒖

represents the net force acting on moving mass which in-

cludes the weight of moving mass, the Coriolis force due to

the rotation of UV and the control force. The complete equa-

tions of motion of UV consist of kinematics (1) and reduced

dynamics (3) (or equivalently (4)).

To illustrate the control idea and design procedure briefly,

we concentrate on the UV’s motion restricted to the vertical

plane (see Fig. 2) under the assumption that UV is stabilized

in the horizontal plane so that the vertical plane is invariant.
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Fig. 2: Single UV on the vertical plane

Let 𝜃 be the pitch angle, and

R =

⎛⎝ cos 𝜃 0 sin 𝜃
0 1 0

− sin 𝜃 0 cos 𝜃

⎞⎠ , 𝒃 =

⎛⎝ 𝑥
0
𝑧

⎞⎠ ,

𝒗 =

⎛⎝ 𝑣1
0
𝑣3

⎞⎠ , 𝝎 =

⎛⎝ 0
𝜔2

0

⎞⎠ , 𝒑𝑝 =

⎛⎝ 𝑝𝑝1
0
𝑝𝑝3

⎞⎠ ,

where 𝑝𝑝3 = 𝑚𝑝(𝑣3 − 𝑟𝑝1𝜔2) due to 𝑟𝑝3 = �̇�𝑝3 = 0. The

complete equations of motion restricted to the vertical plane

become

�̇� = 𝑣1 cos 𝜃 + 𝑣3 sin 𝜃, (5)

�̇� = −𝑣1 sin 𝜃 + 𝑣3 cos 𝜃,

and

𝜃 = 𝜔2, (6)

�̇�1 = (−𝑚3𝑣3𝜔2 − 𝑝𝑝3𝜔2 − 𝑢)/𝑚1,

�̇�𝑝1 = 𝑝𝑝1/𝑚𝑝 − 𝑣1,

�̇�𝑝1 = −𝑚𝑝(𝑔 sin 𝜃 + 𝑣3𝜔2 − 𝑟𝑝1𝜔
2
2) + 𝑢,

in addition with(
�̇�2

�̇�3

)
= G−1

(
𝑓1 − 𝑟𝑝1𝑚𝑝𝜔2�̇�𝑝1
𝑓2 +𝑚𝑝𝜔2�̇�𝑝1

)
,

where

𝑓1 = (𝑚3 −𝑚1)𝑣1𝑣3 −𝑚𝑝𝑔𝑟𝑝1 cos 𝜃 − 𝛾𝑚𝑏𝑔 sin 𝜃,

𝑓2 = 𝑚1𝑣1𝜔2 + 𝑝𝑝1𝜔2,

G =

(
𝐽2 +𝑚𝑝𝑟

2
𝑝1 −𝑚𝑝𝑟𝑝1

−𝑚𝑝𝑟𝑝1 𝑚𝑝 +𝑚3

)
.

Here, 𝑚1, 𝑚3 are the (1, 1), (3, 3) elements of M𝑏/𝑓 , and

𝐽2 is the (2, 2) element of J𝑏/𝑓 . Since 𝒃1 is the longest axis,

it follows that 𝑚1 < 𝑚3, the added mass is least along the

longest axis.

3 Stabilization

In this section, we analyze the stability of relative equi-

libria of the UV on the vertical plane and design stabilizing

control laws.

A relative equilibrium of the UV is a steady motion sat-

isfying the complete equations of motion, while at the same

time corresponds to an equilibrium of the reduced dynamics.

There are several families of relative equilibria of the UV

on the vertical plane, of which a single-parameter family is

denoted as

𝜃 = 0, 𝜔2 = 0, 𝑣1 = 𝑣𝑒1, 𝑣3 = 0, 𝑟𝑝1 = 0, �̇�𝑝1 = 0, (7)

which corresponds to translation along the long axis perpen-

dicular to the gravity direction. Here, the parameter 𝑣𝑒1 is

the gliding speed when at equilibrium.

Spectral analysis shows that, without control applied, the

linearization of dynamics (6) at (7) has eigenvalues with pos-

itive real part, therefore (7) is unstable in the sense of Lya-

punov. The instability of UV with the moving mass allowed

to move freely is due to the response of moving mass to the

motion of UV body. This instability is similar to the fuel

slosh instability in space vehicles.

To stabilize relative equilibrium (7), the original Hamilto-

nian (2) is shaped by an artificial potential

𝑉 =
1

2
𝑘𝑠𝑟

2
𝑝1, 𝑘𝑠 > 0. (8)
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The potential shaping control law is

𝑢 = −grad𝑉 = −𝑘𝑠𝑟𝑝1, (9)

where grad𝑉 denotes the gradient of 𝑉 . The closed loop

system is a mechanical system with a shaped Hamiltonian

𝐻𝑉 = 𝐻 + 𝑉,

and possesses the same relative equilibrium as (7). One

may find conditions for nonlinear stability using the energy-

Casimir method [11]. This involves constructing a function

𝐻Φ = 𝐻𝑉 +Φ(𝐶1, 𝐶2, 𝐶3), which has a strict minimum or

maximum at the equilibrium. The function 𝐻Φ is conserved

by construction, thus is automatically a Lyapunov function.

Let

𝑚𝑥 = 𝑚1 +𝑚𝑝, 𝑚𝑧 = 𝑚3 +𝑚𝑝, 𝑝𝑒1 = 𝑚𝑥𝑣𝑒1.

Notice that 𝑚𝑥 < 𝑚𝑧 .

Proposition 1 Relative equilibrium (7) is stable if

𝐽2 >
𝛾2𝑚2

𝑏

𝑚𝑥
(10)

𝑚𝑏𝑔𝛾 > (
1

𝑚1
− 1

𝑚3
)𝑝2𝑒1

𝑘𝑠 >
𝑚2

𝑝𝑔
2(𝑚𝑥 −𝑚𝑧 +𝑚𝑥𝑚𝑧)

𝑚𝑏𝑔𝛾(𝑚𝑥 −𝑚𝑧 +𝑚𝑥𝑚𝑧) + (𝑚𝑥 −𝑚𝑧)𝑝2𝑒1

Asymptotical stability is obtained by adding feedback dissi-

pation

𝑢 = −𝑘𝑠𝑟𝑝1 − 𝑘𝑠𝑑�̇�𝑝1, 𝑘𝑠𝑑 > 0. (11)

Proof. A Lyapunov function for relative equilibrium (7),

obtained by the energy-Casimir method, is

𝐻Φ = 𝐻𝑉 − 𝐶1

𝑚𝑥
+

1

2
𝐶2

2 +
1

2

(
𝐶1 − 𝑝2𝑒1

2

)2

.

Along equations of motion (6), one can check that

grad𝐻Φ = 0, and the Hessian Hess𝐻Φ > 0 when evaluated

at relative equilibrium (7), provided that conditions (10) are

satisfied. Nonlinear stability follows from Lyapunov direct

method. Asymptotical stability follows from LaSalle invari-

ance principle.

Spectral analysis shows that sufficient conditions (10) are

sharp in the sense that relative equilibrium (7) is unstable if

any one of the inequalities is reversed. The second inequal-

ity in (10) is the same as the stability result in [12], where it

is shown that if a bottom heavy UV translates along its inter-

mediate axis, and the vertical 𝒃3 axis is the minor axis, then

CG should be sufficiently far below CB to ensure the steady

motion stability.

Physically speaking, control law (16) works as linking the

moving mass and the UV body with a linear damped spring.

Since the bottom heaviness 𝛾 has already provided a restor-

ing torque in pitch, the steady long axis translation can be

stabilized by a sufficiently stiff spring to prevent large os-

cillations of the moving mass. This steady motion becomes

unstable if the spring is too weak or the gliding speed is too

fast.

Now, consider a two-parameter family of relative equilib-

rium denoted as

𝜃 = 𝜃𝑒, 𝜔2 = 0, 𝑣1 = 𝑣𝑒1, 𝑣3 = 0, (12)

𝑟𝑝1 = −𝛾𝑚𝑏 tan 𝜃𝑒
𝑚𝑝

, �̇�𝑝1 = 0, 𝑢𝑒 = 𝑚𝑝𝑔 sin 𝜃𝑒.

which corresponds to the UV’s translation along the long

axis with a constant pitch angle 𝜃𝑒.

Shaping potential (8) with 𝑘𝑠 taking the value

𝑘𝑠𝑒 =
𝑔𝑚2

𝑝 cos 𝜃𝑒

𝛾𝑚𝑏
(13)

makes (12) a relative equilibrium of the closed loop. How-

ever, simulation results show that only for large values of 𝜃𝑒,

e.g. ∣𝜃𝑒∣ > 𝜋/5, relative equilibrium (12) is stable. And

for small values of 𝜃𝑒, (12) may become unstable. A possi-

ble explanation for this behavior is that the requirement that

spring stiffness should not be too weak to prevent large mov-

ing mass oscillations is contradictory to fixing 𝑘𝑠 as in (13)

for small pitch angles.

A modified version for shaping potential (8) is

𝑉 =
1

2
𝑘𝑠𝑒𝑟

2
𝑝1 +

1

2
𝑘𝑠(𝑟𝑝1 − 𝑟𝑑)

2, (14)

where

𝑟𝑑 = −𝛾𝑚𝑏 tan 𝜃𝑒
𝑚𝑝

.

Proposition 2 Relative equilibrium (12) is stable if

𝐽2 >
𝛾2𝑚2

𝑏

𝑚𝑥

𝑚𝑏𝑔𝛾 > (
1

𝑚1
− 1

𝑚3
)𝑝2𝑒1 (15)

−1

2
𝜋 < 𝜃𝑒 <

1

2
𝜋

𝑘𝑠 > −𝑘𝑠𝑒

+
𝑚2

𝑝𝑔
2(𝑚𝑥 −𝑚𝑧 +𝑚𝑥𝑚𝑧)

𝑚𝑏𝑔𝛾(𝑚𝑥 −𝑚𝑧 +𝑚𝑥𝑚𝑧) + (𝑚𝑥 −𝑚𝑧)𝑝2𝑒1

Asymptotical stability is obtained by feedback dissipation

𝑢 = −𝑘𝑠𝑒𝑟𝑝1 − 𝑘𝑠(𝑟𝑝1 − 𝑟𝑑)− 𝑘𝑠𝑑�̇�𝑝1. (16)

Proof. A Lyapunov function for relative equilibrium (12)

is

�̄�Φ = 𝐻𝑉 − 𝐶1

𝑚𝑥
+

1

2

[
(𝐶2 − 𝐶2𝑒)

2 +

(
𝐶1 − 𝑝2𝑒1

2

)2
]
,

where 𝐻𝑉 = 𝐻 + 𝑉 , 𝐶2𝑒 = −𝑚𝑥𝑣𝑒1 sin 𝜃𝑒. Similar to

the proof of Proposition 1, nonlinear stability follows from

Lyapunov direct method, and asymptotical stability can be

assessed by LaSalle invariance principle.

4 Coordination

Now, we extend the control framework and consider

steady motions of a group of 𝑁 identical UVs. Coordina-

tion here means that each UV translates along their long axis

steadily, with aligned pitch angles and a common gliding

speed.

Recall that the UV dynamics evolve on a surface of con-

stant linear momentum. In order to implement a stable, coor-

dinated, steady motion, we make the following assumptions.
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Assumption 1 Casimirs 𝐶1, 𝐶2 of each UV have the same

value which are determined by evaluating 𝐶1, 𝐶2 at the de-

sired coordinated motion.

Assumption 2 𝑁 UVs communicate with communication

links characterized by the edges of a fixed, connected, and

undirected graph.

Under Assumption 1 and 2, multiple UVs can be coordi-

nated by synchronizing their moving mass positions. Mov-

ing mass synchronization can be obtained by potential shap-

ing across the UV group.

First, one UV is chosen arbitrarily to be the leader. With-

out loss of generality, it is assigned index 1. UV1’s Hamil-

tonian is shaped by

𝑉1 =
1

2
𝑘𝑠𝑒𝑟

2
𝑝1,1 +

1

2
𝑘𝑠(𝑟𝑝1,1 − 𝑟𝑑)

2.

The 𝑖th UV’s Hamiltonian, for 𝑖 = 2, ⋅ ⋅ ⋅ , 𝑁 , is shaped by

𝑉𝑖 =
1

2
𝑘𝑠𝑒𝑟

2
𝑝1,𝑖.

Second, introduce an artificial potential across the group

as

𝑉𝐶 =
1

2
𝑘𝑝,𝑖

𝑁∑
𝑖

∑
𝑗⇝𝑖

(𝑟𝑝1,𝑖 − 𝑟𝑝1,𝑗)
2, (17)

where 𝑘𝑝,𝑖 > 0, and 𝑗 ⇝ 𝑖 denotes that the 𝑗th UV sends

information to the 𝑖th UV. Under Assumption 2, 𝑉𝐶 has 0
as the only minimum when all moving mass positions are

synchronized.

The total Hamiltonian of the UV group after potential

shaping becomes

�̂� =
𝑁∑
𝑖=1

𝐻𝑖 + 𝑉1 +
𝑁∑
𝑖=2

𝑉𝑖 + 𝑉𝐶 , (18)

where 𝐻𝑖 is the original Hamiltonian of the 𝑖th UV. The po-

tential shaping control law is

𝑢1 = −𝑘𝑠𝑒𝑟𝑝1,1 − 𝑘𝑠(𝑟𝑝1,1 − 𝑟𝑑)− 𝑘𝑠𝑑�̇�𝑝1,1, (19)

𝑢𝑖 = −𝑘𝑠𝑒𝑟𝑝1,𝑖 −
∑
𝑗⇝𝑖

(
𝑘𝑝,𝑖(𝑟𝑝1,𝑖 − 𝑟𝑝1,𝑗)

)
− 𝑘𝑑,𝑖�̇�𝑝1,𝑖,

𝑖 = 2, ⋅ ⋅ ⋅ , 𝑁.

Control (19) indicates that the leader is controlled to the

desired steady motion autonomously, while the rest UVs are

coordinated by virtually linking moving mass in pairs of

UVs through damped linear springs.

Proposition 3 Consider 𝑁 identical UVs satisfying As-

sumption 1 and 2. Under control (19), each UV converges

to relative equilibrium (12) with aligned pitch angles and a

common gliding speed.

Proof. A Lyapunov function is

�̂�Φ = �̂�+𝑁

(
− 𝐶1

𝑚𝑥
+

1

2
(𝐶2 − 𝐶2𝑒)

2 +
1

2

(
𝐶1 − 𝑝2𝑒1

2

)2
)
.

(20)

Lyapunov direct method can be used again to verify the

asymptotical stability of the coordinated steady motion.

The above coordinating control design can be extended

to a group of UVs communicating on a disconnected, undi-

rected graph. Divide UVs into several subgroups such that

the communication graph of each subgroup is connected. It

remains to choose a leader for each subgroup, and apply the

coordinating control. Coordinated steady motions can be ob-

tained as long as Assumption 1 is satisfied.

5 Simulation Example

We illustrate the coordinating control with a numerical

simulation. Consider a group of two identical UVs (UV1

and UV2) and assume that UV1 is the leader. The model

parameters are given as follows

𝑚𝑏 = 10kg, 𝑚1 = 12kg, 𝑚3 = 24kg, 𝑚𝑝 = 2kg,

𝐽2 = 0.1Nm2, 𝛾 = 0.05m, 𝑔 = 9.8m/s2.

Case I. The desired coordinated motion is that for 𝑖 = 1, 2

𝜃𝑖𝑒 = 0, 𝜔2,𝑖𝑒 = 0, 𝑣1,𝑖𝑒 = 0.5 m/s,

𝑣3,𝑖𝑒 = 0, 𝑟𝑝1,𝑖𝑒 = 0, �̇�𝑝1,𝑖𝑒 = 0.

According to (19), UV1 is applied the control

𝑢1 = −𝑘𝑠𝑒𝑟𝑝1,1 − 𝑘𝑠𝑟𝑝1,1 − 𝑘𝑠𝑑�̇�𝑝1,1,

UV2 is applied the control

𝑢2 = −𝑘𝑠𝑒𝑟𝑝1,2 − 𝑘𝑝(𝑟𝑝1,2 − 𝑟𝑝1,1)− 𝑘𝑑�̇�𝑝1,2,

where 𝑘𝑠𝑒 is computed as 𝑔𝑚2
𝑝/(𝛾𝑚𝑏), and choose

𝑘𝑠 = 150, 𝑘𝑠𝑑 = 15, 𝑘𝑝 = 150, 𝑘𝑑 = 15.

One may verify that these choices satisfy the sufficient con-

ditions in Proposition 2.

Assumption 1 requires that for 𝑖 = 1, 2

𝒑(0)𝑖 ⋅ Γ𝑖(0) = 0, 𝒑(0)𝑖 ⋅ 𝒑(0)𝑖 = 𝒑𝑖𝑒 ⋅ 𝒑𝑖𝑒.

The latter equations are quadratic in 𝑣1,𝑖(0) and 𝑣3,𝑖(0), there

are at most two real values for each initial velocity given 𝒑𝑖𝑒,

𝜃𝑖𝑒 and 𝜃𝑖(0). Choose one set of initial conditions as

(𝜃1, 𝜔1, 𝑣1,1, 𝑣3,1, 𝑟𝑝1,1, �̇�𝑝1,1)(0)

= (−𝜋/5, 0.01, 0.4042,−0.1585,−0.28, 0).

(𝜃2, 𝜔2, 𝑣1,2, 𝑣3,2, 𝑟𝑝1,2, �̇�𝑝1,2)(0)

= (−𝜋/2.8, 0.01, 0.2166,−0.2425, 0.08, 0).

Fig. 3 shows the simulation result achieving coordination.

Choose another set of initial conditions as

(𝜃1, 𝜔1, 𝑣1,1, 𝑣3,1, 𝑟𝑝1,1, �̇�𝑝1,1)(0)

= (−𝜋/5, 0.01,−0.4042, 0.1585,−0.28, 0).

(𝜃2, 𝜔2, 𝑣1,2, 𝑣3,2, 𝑟𝑝1,2, �̇�𝑝1,2)(0)

= (−𝜋/2.8, 0.01,−0.2166, 0.2425, 0.08, 0).

Instead of coordination, each UV converges to another rel-

ative equilibrium corresponding to a steady translation along

the opposite direction of 𝒃1-axis as shown in Fig. 4.
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Fig. 3: Coordination with zero pitch angle

−5 0 5 10
−8

−6

−4

−2

0

2

4
motion of UV with moving mass

0 5 10 15 20
−0.3

−0.2

−0.1

0

0.1
moving mass position

UV2
UV1

0 5 10 15 20
−100

−50

0

50

100
UV pitch

UV2
UV1

0 5 10 15 20
−1

−0.5

0

0.5
UV velocity in body frame

v1
v3

Fig. 4: Steady translation along the opposite 𝒃1-axis

Case II. The desired coordinated motion is that for 𝑖 =
1, 2

𝜃𝑖𝑒 = (𝜋/4) rad, 𝜔2,𝑖𝑒 = 0, 𝑣1,𝑖𝑒 = 0.5 m/s,

𝑣3,𝑖𝑒 = 0, 𝑟𝑝1,𝑖𝑒 = 𝑟𝑑, �̇�𝑝1,𝑖𝑒 = 0,

where the equilibrium position of the moving mass is com-

puted as

𝑟𝑑 = −𝛾𝑚𝑏 tan(𝜋/4)

𝑚𝑝
.

UV1 is applied the control

𝑢1 = −𝑘𝑠𝑒𝑟𝑝1,1 − 𝑘𝑠(𝑟𝑝1,1 − 𝑟𝑑)− 𝑘𝑠𝑑�̇�𝑝1,1,

UV2 is applied the control

𝑢2 = −𝑘𝑠𝑒𝑟𝑝1,2 − 𝑘𝑝(𝑟𝑝1,2 − 𝑟𝑝1,1)− 𝑘𝑑�̇�𝑝1,2,

where 𝑘𝑠𝑒 is computed as

𝑘𝑠𝑒 =
𝑔𝑚2

𝑝 cos(𝜋/4)

𝛾𝑚𝑏
.

Choose the control parameters according to Proposition 2

as

𝑘𝑠 = 75, 𝑘𝑠𝑑 = 25, 𝑘𝑝 = 75, 𝑘𝑑 = 25.

Assumption 1 requires that for 𝑖 = 1, 2

𝒑𝑖(0) ⋅ Γ𝑖(0) = 𝒑𝑖𝑒 ⋅ (− sin 𝜃𝑖𝑒, 0, cos 𝜃𝑖𝑒),

𝒑𝑖(0) ⋅ 𝒑𝑖(0) = 𝒑𝑖𝑒 ⋅ 𝒑𝑖𝑒.

Choose one set of initial conditions as

(𝜃1, 𝜔1, 𝑣1,1, 𝑣3,1, 𝑟𝑝1,1, �̇�𝑝1,1)(0)

= (−𝜋/15, 0.01, 0.2719,−0.2258,−0.08, 0).

(𝜃2, 𝜔2, 𝑣1,2, 𝑣3,2, 𝑟𝑝1,2, �̇�𝑝1,2)(0)

= (−𝜋/3, 0.01,−0.1298,−0.2600, 0.08, 0).

Fig. 5 shows the simulation result achieving coordination.
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Fig. 5: Coordination with nonzero pitch angle

Choose another set of initial conditions as

(𝜃1, 𝜔1, 𝑣1,1, 𝑣3,1, 𝑟𝑝1,1, �̇�𝑝1,1)(0)

= (−𝜋/15, 0.01,−0.4190,−0.1467,−0.08, 0).

(𝜃2, 𝜔2, 𝑣1,2, 𝑣3,2, 𝑟𝑝1,2, �̇�𝑝1,2)(0)

= (−𝜋/3, 0.01,−0.4826, 0.069, 0.08, 0).

Instead of coordination, each UV converges to another rel-

ative equilibrium corresponding to a steady translation along

the opposite direction of 𝒃3-axis as shown in Fig. 6.

The above simulation results illustrate that the region of

attraction is limited by the proximity of the nearest neighbor-

ing relative equilibrium. Neighboring relative equilibria ex-

ist due to the translational symmetry. External forces and/or

torques are needed to break the symmetry, thus exclude these

relative equilibria.

6 Conclusions

In this paper, we have considered the problem of stabi-

lization and coordination of UVs with internal moving mass

actuators. The feedback control is designed in the context of

mechanics, and does not rely on the linearization or cancel-

lation of the nonlinearities. The proposed potential shaping

laws have physical meaning, and can be easily implemented.

Being energy based, the design method provides Lyapunov

functions constructively, and gives nonlinear stability proofs

for the relative equilibria.
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Fig. 6: Steady translation along the opposite 𝒃3-axis

Without external forces or torques, both the stabilization

and coordination are restricted to a constant momentum sur-

face which makes the control problem academic. To com-

bine the external control with internal actuation, and use

energy shaping to solve the stable coordination problem is

our ongoing work. It also needs to consider hydrodynamic

forces when modeling the UV to make the control design

more realistic to real engineering problems.
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