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Abstract: This paper studies the problem of finite-time optimal formation control for agents evolving on Lie groups SE(2), for
the situation when the formation time and/or the cost function need to be considered. The finite-time optimal formation control
laws are proposed for the two-agent case. Considering that disturbances exist after the terminal time, the trajectory tracking
control law is given to keep the formation. Finally, some numerical examples are given to illustrate the effectiveness of the

theoretical results.
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1 Introduction

Recently, the formation control of multiagent systems has
attracted much attention for the potential applications, such
as satellite attitude control, unmanned aircraft formation fly-
ing and sampling, distributed sensor networks, automated
highway systems (AHS), etc [1-3]. Compared to the tra-
ditional monolithic systems, the formation control reduces
the systems cost, breaches the size constraints, and prolongs
the life span of the systems [4]. Furthermore, the robustness
and flexibility are enhanced.

For systems evolving on Euclidean spaces, various con-
sensus algorithms are designed to achieve the desired for-
mation and many relevant engineering issues are considered,
such as time-delays, switching topology, and finite-time for-
mation [5-8]. However, in many applications, the agents
evolve on nonlinear manifold such as satellite attitudes on
SO(3) and vehicles move in SE(2) or SE(3); these partic-
ular manifolds share the geometric structure of a Lie group
[9]. Formation control on nonlinear manifolds is inherently
more difficult than on Euclidean spaces [10]. For the forma-
tion problem on nonlinear manifolds, the designing methods
for control laws can be divided into two main categories.
The traditional method is to locally convert the formation
problem on nonlinear manifold into the consensus problem
on Euclidean space by parametrization [11-15]. The second
method is to directly design control laws on nonlinear mani-
folds [9, 10, 16—19]. The attitude control of multiple space-
craft is considered in [11-15]. In [11], the attitude of space-
craft is described in terms of the Modified Rodriguez Param-
eters, which have a geometric singularity. The unit quater-
nion is used to describe the attitude of spacecraft in [12—15],
and the derived results are local, because the unit quaternion
is not unique. By contrast, the methods in [9, 10, 16—19] can
apply to arbitrary initial conditions. The authors took into
account the geometry structure of the manifold, i.e. sym-
metries and directly design control laws on the nonlinear
manifold. In [17], the authors presented a Lie group set-
ting for the problem of control of formations, and the set of
all possible relative equilibria for arbitrary G-invariant cur-
vature control is described (where G = SE(2) is a sym-
metry group for the control law), and the proposed control
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law for the two-agent case is proved to stabilize the relative
equilibria, which is determined by the model of agents. The
coordination on Lie groups is considered in [9]. It gave a
general problem formulation, analyzed ensuing conditions
and proposed the control laws for the coordinated motion.
However, the relative configuration between the agents are
constants, which are determined by initial conditions, rather
than task requirements. The authors in [18] studied the op-
timal control problems on some 6-D Lie groups for the case
of one agent. The stable synchronization on Lie groups is
considered in [19]. The asymptotical control laws are pro-
posed to stabilize the desired relative equilibrium. In many
practical applications, the formation algorithms, that obtain
the formation in finite time, are more desirable, especially
when the multi-maneuver is needed and a high precision
control is required. However, it can be seen that for mul-
tiple agents evolving on Lie group the finite-time formation
problem with the general formation conditions is unsolved.
Furthermore, for the formation systems it is significant to
guarantee that some performance index is optimal in prac-
tical applications. For example, the minimal fuel consump-
tion for the satellites formation with limited fuel is crucial.
Therefore, studies of finite-time optimal formation control
on Lie groups make good sense in practical cases.

Motivated by the above analysis, the finite-time optimal
formation problem for agents evolving on Lie groups SE'(2)
is considered in the present paper. For the given formation
time and the cost function, the finite-time optimal formation
control laws are proposed for the two-agent case to achieve
the formation in the terminal time and optimize the cost
function during the formation. Then, considering that dis-
turbances exist after the terminal time, the trajectory track-
ing control law is given to keep the formation. Compared to
the asymptotical formation control, this control laws derive
the formation in finite time, which is specified according to
the task requirements in advance, and the cost function is
guaranteed to be optimal.

The remainder of this paper is organized as follows. The
preliminaries and problem formulation are given in section
2. In section 3, the finite-time optimal formation control
laws are proposed for the two-agent systems evolving on Lie
group SE(2), and considering that disturbances exist after
the terminal time, the trajectory tracking control law is given



to keep the formation. The numerical examples are given
in section 4 to illustrate the theoretical results. Concluding
remarks are made in section 5.

2 Preliminaries and Problem Formulation

2.1 Model of the Agent

In this paper, the agents are considered to evolve on Lie
group SE(2), i.e. the special Euclidean group in the plane.
SE(2) describes the configuration of the planar rigid body
(translations and rotations) and the element of SE(2) is de-

noted by
=0 1]

where d € R? is the position vector in the plane and R €
SO(2) is an orthogonal matrix with positive determinant.
Let g~ ! denote the group inverse of g € SE(2). T,SE(2)
is the tangent space to SE(2) at the base element g, and for
g = e (identity element), T, SFE(2) is denoted by se(2) and
is called Lie algebra of the group SE(2).

Suppose that the kinematics model of the agent is given
by

R d
0 1

g = g€ = géru + géav + gésw,

where the matrix £ € se(2) is called a twist which can be
written as a linear combination of the basis of se(2), i.e.
é;(i = 1,2, 3) defined as follows,

0 0 1 0 0 O
é1=10 0 0 |,é=|00 1],
0 0 0 0 0 0
0 —1 0
63 = 1 0 5
0 0
and [u, v, w]T € R? is considered as the control input.

Let ¢ = [u,v,w]”. There exists an invertible mapping A :
R3 — se(2).
U 0 —w wu
A v — | w 0 v
w 0 0 0

Itis easy to prove that se(2) is isomorphic to R?. The inverse
mapping is denoted by V : se(2) — R3.

2.2 Linear Functionals on 7, SFE(2) and se(2)

Let Py € T;SE(2) denote the linear functional on
T4SE(2 ), where T;SE(2) is the cotangent space at g,
which is dual to T SE( ). Using the left-invariant property,
it is easy to obtain that

Py(9) = 9" Pylg™'9) = " (&),
where p* € se(2)* is the linear functional on se(2). For the
matrix Lie group concerned, we have

—T ~x

P, pr.

g =49 (1)

For the linear functional on se(2), the following definition
is given.
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Definition 1. 5*(¢) = tr(diag(L, 1, 1)p7¢)
Define the dual basis of se(2)* as éf = é7 (i = 1,2,3)
such that
é; (&) =0i; (4,5 =1,2,3),

where 0;; is the Kronecker delta. Let p; = p*(é;) (¢
1,2, 3). Thus, p* can be expressed as

P* = p1€] + p2é5 + p3és,

and [p1,p2, p3]T € R3 is the coordinates of p* with respect
to the dual basis €} (i = 1,2, 3). Then we have

Py(g) = p*(€) = (p,©),

where (-, -) presents the inner product on R?.

Next, in order to describe the formation condition in the
following, the definition of relative configuration is intro-
duced.

Definition 2. [9] The relative configuration on SE(2) of
agent j with respect to agent k is gj, = gk_lgj.

Remark 1. In the present paper, the left-invariant relative
configuration g, = gk_1 g; is considered. However, the pro-
posed designing methods can also been applied for the case
of the right-invariant relative configuration p;, = g; g,;l.

2.3 Problem Formulation
Consider two identical agents evolving on Lie group

SE(2). The kinematics model of the agent 4 is described
by
i = 9i&i = gié1u; + gibavi + gibswi, i=1,2.  (2)
Suppose the cost function is given as
tr
1=1 [T @wan+oam)e o
to

where to and t; are the initial time and terminal time, re-
spectively. In general, the minimization of the above cost
function is to minimize the length of geodesics or the con-
trol energy.

The agents are said to achieve a formation defined by a
given relative configuration go; € SE(2), if their configura-
tions satisfy the following condition

“

where go; is given according to the formation requirements.
Let g12 denote the inverse of go1.

In this paper, the objective is to design &; (i = 1,2) for
system (2) such that the specified formation condition (4) is
achieved at the given terminal time ¢ ¢, and the cost function
(3) is minimized.

3 Main Results

g1 (ty)ga(ty) — g21 =0,

3.1 Finite-time Formation

In the above section, the problem of finite-time optimal
formation control is converted into the optimal control prob-
lem. Therefore, the next task is to solve the optimal control
problem.



Considering the system (2), the Hamiltonian is written as

H=-1(a+&&)+P, (9151) + Py, <92é22) . (5

where P,, € Ty SE(2) (i = 1,2) represents the costate.
For convemence P,, (i = 1,2) is denoted by P;. Then,
it follows from Pontryagin’s maximum principle (PMP) that
the necessary conditions of optimality are written as [20]

. OH S

gi = op 9i&i; (6)

P - _oH _ —PEr i=1,2. (7
Jg;

Lemma 1. For the given formation condition (4), the
transversality condition is given by

Pi(tf) = —Pa(ts)ga;-
Proof . For the given formation condition (4), let
f =91 (tp)ga(ty)

and f% is the (i,j)th entry of f. According to PMP [20],
we have

— g21,

pq fjk
P Z /\Jka pq

J,k=1

where PP?(ts) and g?? are the (p, q)th entry of P;(ty) and
gi(ty), respectively, and A\, (j,k = 1,2,3) is the undeter-
mined parameter.

Let A € R3*3 denote the undetermined matrix with Ay,

being the (j, k)th entry. Thus
of
(tf)>

tr (AT8 7

(ATa(gng)

) (ty)

dg" pqgl 92> (tr)

PP(ty)

Fori =1,

8

PP (ty) AT _92)

ATgf !

tr (—ATg !

o
«(-
(-
r (qugl

—t
- (91_192AT

Epqgy 92) (tr)
g2 AT 91 1) (tr)
g )" (ty),

where E,, € R3*3 is a constant matrix with only (p, ¢)th
entry being 1 and the others being 0. For ¢ = 2,

<AT8(9192)> (tr)
992

9007
(AT 1_15 pq> (ty)
Eypq) (tr)

tr (A g1
(91 TA)pq( tf).

PYY(ty)
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In the matrix form,

Pits) = — (97 0ATgr ") (t) = —(97 T Agh ) (t5)
Pay(ty) = (g7"A) (tg).
Thus

Pi(ty) = —Pa(ts)9:-

Lemma 2. P;(t)g] (t) is a constant.

Proof . From (6), the control input is written as

& =g g

Substituting the above equality into (7), we obtain
Py =—Pig;'9:)" = —PigF (9?)71
Thus
Bl + Pgl = 0.
From the equality
&(Pigl)

it is easy to see that P;g}
ie.

is invariant with respect to time ¢,

4(Pgl) =0.

Consequently, P;g] is a constant.
From Lemma 2, it can be assumed that

P,(t)gi (1)

where ¢; is an unknown constant. From (1), it is obtained
that

:é:‘,(z:l,2),

®)

g " (0P} (Dgi (£) = ¢
Using the coadjoint operator, we have

Ad*

g7 (¢
Thus

= Adgi—l(t)é

i (1) = gf (t)eig;
pi(t) = g (H)eigi(t) ©)
In a similar manner to [18], the Hamiltonian (5) is func-
tion on the cotangent bundle 7S E(2) which can be trivial-
ized such that T*SFE(2) = SE(2) x se(2)*. Therefore the
appropriate Hamiltonian is a function on se(2)*, the dual of
the Lie algebra se(2) of SE(2). The Hamiltonian (5) can be
pulled back by the left transformation and then is written as

H = -}(fa+g8)+5i(4)+5 (&)

N
M N\»—A

—5(&i, &) + (p1,61) + (P2, &2)

-
—
l\D\»—t



Then, it follows from the PMP [20] that the optimal control
laws are determined from the following condition:

ZZ ==& +pi=0.
Thus
&P =pi, i =1,2.
Using (9), we have
EP (1) = pit) = Ady1 )i (10)

For the problem of finite-time optimal formation control
on Lie group SFE(2), the following theorem is proposed.

Theorem 1. For system (2), the specified formation (4) is
achieved at the given terminal time ty, and the correspond-
ing cost function (3) is optimal with the following control
laws

fop

-1 (t) = 20 - 5117 0y Ay (1) 108 (922 0)g1291 ' (to)) an
27 (1) = gy Ad 1) 1og (91(t0) 92195 (to)) -
Proof . From Lemma 1, the transversality condition is
given by
Pi(ty) = —Pa(tf)g3;-
Thus

Pi(ty)gi (tg) = —Pa(ts)gs (t5)-
Using Lemma 2 and (8), it is obtained that
Pi(t)g (t) = —Pa(t)gs (1),

Therefore,

vVt € [to,tf}.

& = —¢65, &1 = —Ca.
Substituting the above equality into (10) gives
PP(8) = Adyor ()01, 657 (8) = —Ad 1 )&
For the system (2), we have
9i = giAd -1 Ci = Cigi-
Solving the above equation gives
gi(t) = ) gi(to),

Substituting (12) into the formation condition (4) gives

97 (to)e 21 =10) gy () = gon.

i=1,2. (12)

Thus

5 1 o8 (9 t0)gmgs ! (10)

2(t; —to) log (g2(to)g1297 ' (to)) -

Then the optimal control laws are given by

(t) !

2(ty —to)
1

©2(ty —to)

“op
1

Ad 0 log (92(t0)912g1 (to))

Adg;l(t) log (91(t0)92192_1(t0)) .
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3.2 Trajectory Tracking

For the above finite-time optimal formation problem, the
proposed control laws are imposed on agents until the de-
sired formation is achieved. However, it is common that dis-
turbances exist after the terminal time. For this reason, the
following trajectory tracking algorithm on SF(2) is given to
keep the formation.

Considering the following systems

13)
(14)

o = gofo,
g1 = 9161,

where &, € se(2) is the external input signal. Our goal is to
design él € se(2) for system (14) to track the trajectory of
system (13).

For arbitrary elements go, g1 € SFE(2), it is not ensured
that g; — go also belongs to SE(2). So, the state differ-
ence which is used in the Euclidean space can not be used to
the tracking problem on S E(2). For the general linear group
G L(n), a sufficiently small open neighborhood U of identity
element I in GL(n) is diffeomorphic to an open neighbor-
hood of zero element in matrix group M (n) (see the theorem
3.2.4 in [21]). It is assumed that g;(t) € SE(2) (i = 0,1)
belongs to an open neighborhood U; of identity element I.
Thus, there exists the unique X;(¢) € log(Uy) () se(2) (i =
0, 1) such that g;(t) = eXi(") or log(g:(t)) = X;(t).

Let
d - )
7 108lgi(t) = &(1), (i = 0,1).

Using Baker-Campbell-Hausdorff formula (see theorem
10.4 in [22]),

log(exp(—Xo) exp X1) = —Xo + X1 + 5

1
12[

[ Xo, Xi]

o 00 - g[xh [~ Xo, X1

51 [X17 [—Xo, [~ Xo, Xa]]] + -+~

Thus,

— log(go) + [log(g1), log(go)]
~+higher order term,

log (g "g1) = log(g1)

where [, -] is the Lie bracket defined on se(2). Let

d
éo + 4 llog(g1), log(g0)]
+h1gher order term.

6 =& —

When log(go) and log(gy) are sufficiently close to each
other, it follows that

0~ & —bo. (15)
Therefore, considering the following system
d .
< (log(g5 ' 91)) = 45, (16)

the problem of trajectory tracking is converted into the sta-
bilization of system (16).



As mentioned above, se(2) is isomorphic to R? . For con-
venience, the system (16) is written as

9 (los(s 'a1))") = o¢.

This problem is solved by the classical Euclidean space state
feedback control. For control input 6&, the state feedback
matrix K € R"*" is designed such that

6¢ = Klog(gy ' 91)]",

and system (17) is asymptotically stable. Solving (17) gives

log(gy ! (£)g1(1))]" = e~ [log gy (t0)g1(t0))] "

Obviously, eX(*=t0)[log(g;* (to)g1(t0))]" — 0 implies that
91(t) = go(t). Following from (15,18), the desired tracking
control law for system (14) is given by

£1(t) = &o(t) + [K [log(gg ' (g (D"

For the problem of trajectory tracking, the following the-
orem is proposed.

a7)

(18)

(19)

Theorem 2. Considering the systems (13,14) and assuming
that the initial conditions for systems (13,14) are sufficiently
close, the trajectory tracking control law is given by

&1(t) = &o(t) + [K[log(gg ' (£)g1(£))] V1",

where K € R"™*™ is chosen such that all the eigenvalues
have negative real parts.

(20)

For system (2), the desired formation is achieved at the
given terminal time. Then, for each agent, the control law
switches to the tracking control law to keep the formation.
The tracking control laws are given by

£1(t) = [KTlog(ga(tr) ™ ()g1())]]",
&(t) = [Klog(ga(ts) ™" ()gr (D))"

Remark 2. The above theorem requires that the initial con-
ditions are sufficiently close. It restricts the application
range. However, for the problem concerned, the initial con-
ditions are justified when the desired formation is achieved
at the terminal time. Besides, the simulation indicates a
large basin of attraction.

4 Numerical Examples

In this section, some numerical examples are given to il-
lustrate the effectiveness of the control laws proposed in the
above sections. For simplicity, the initial time is given by
to = 0.

Example 1. Consider the system with two agents de-
scribed by (2). The desired formation is that the configura-
tions of these two agents achieve consensus, so the formation
condition is given by go1 = [1,0,0;0,1,0;0,0,1]. And the
desired formation time is 3. Select the initial configurations
as follows

cosay; —sina; 3

q1(tp) = | sinay  cosa; 2 |,
0 0 1
cosay —sinas 0

ga(to) = | sinae cosas 4.5 |,
0 0 1
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Agents on SE(2)

X axis of Agents Y axis of Agents

— Agent 1
“ = = = Agnet 2

4.5

3.5 1y

25

(b)

Fig. 1: Formation of two agents and t; = 3, (a) Finite-time
formation in the plane, (b) the position curves for two agents.

where vy = —10, ag = 1.2. The simulation time is 4.

Fig.1 (a) shows the formation for system (2) using the
finite-time optimal control laws (11). The dark-colored
agent and the light-colored agent represent Agent 1 and
Agent 2, respectively. The agents without color are the ini-
tial configurations. The position curves for the agents are
presented in Fig.1 (b), which indicate that the formation is
achieved at terminal time 3. Besides, the performance index
is 3251.9.

Example 2. Consider the systems (13,14). The external
input is given by

A 0 02t 1
&= 0.2t 0 2 | €se(2).
0 0 0

Select the initial configurations as follows

cosqg —sinag —2
go(to) = | sinag cosag 4.5 |,
0 0 1
cosay —sinag 1
g1(to) = | sinay  cosay 2 |,
0 0 1
where g = —1.2, ;7 = 1. The state feedback matrix is

—F, where E is the unite matrix. The simulation time is 8.
Fig.2 (a) shows the trajectory tracking result for system
(14) using the trajectory tracking control law (20). The dark-
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" Agent 1
2 ‘ ; ‘ ‘ ‘
-4 -2 0 2 4 6

X
(a)

X axis of Agent Y axis of Agent

= = =Agent 1

Agent 0

-2 2

4 6 8

(b)

Fig. 2: Trajectory tracking for two agents (a) Tracking result
in the plane, (b) the position curves.

colored agent and the light-colored agent represent Agent
1 and Agent 0, respectively. The position curves for the
agents are presented in Fig.2 (b), which show that the Agent
1 asymptotically tracks the trajectory of Agent 0.

5 Conclusions

In this paper, the finite-time optimal formation control
laws are proposed for the two-agent system evolving on
SE(2). The formation time is given in advance according
to the task requirements and during the formation, the given
performance index is optimal. Additionally, for the case
when disburses exist after the terminal time, the trajectory
tracking control law is designed to keep the formation.

Nevertheless, there are still some problems remained to
be solved, such as the finite-time optimal formation control
for the case of multiple agents and considering the dynamics
model of the agents. The solving of these problems could be
important both for theoretical research and practical applica-
tions.
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