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Abstract: This paper addresses the consensus problem of multi-agent systems with a complete communication topology con-
sisting of second order dynamics defined on Lie groups. The specific results are illustrated on SE(3) and SE(2) (the special
Euclidean groups of rigid body motions and each of which shares the geometric structure of a Lie group). The control algorithm
proposed in the paper drive the multi-agent systems toward consensus of position as well as attitude simultaneously with specific
motion patterns. Several numerical simulations are included to verify the theoretical results.
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1 Introduction

The design and analysis of consensus control have re-
ceived increasing attention in the last decade, due to the
broad applications of consensus in various areas such that
distributed sensor networks, vehicle formations, satellite
synchronization, and so on [1-5]. The theoretical frame-
work of consensus problems for multi-agent systems was
introduced by Olfati-Saber and Murray in [6]. Further the-
oretical extensions based on their work generally involve
two aspects, the dynamics of agents and the communication
topologies of the network.

The problem of consensus control for agents with various
dynamics evolving on vector space is well studied. Early
seminal works [7] and [8] focus on the first and second or-
der integrator dynamics, respectively. The works [9] and
[10] have further broadened the scope of dynamics of agents
and paid attention to the linear system and nonlinear sys-
tem, where both of which evolve on the vector space. The
recently literature [11] focuses on the rigid body defined by
local coordinate in spatial frame.

It should be noted that for a vector space, the tangent space
of which can be seen as the same vector space. However,
in many applications, multiple agents cooperate with each
other evolving on a nonlinear manifold, in which linear op-
eration is no longer effective. So the extension of consensus
control from on vector space (linear space) to on Lie groups
(nonlinear manifold) is nontrivial.

Research about coordinated motion design on Lie groups
is becoming more prevalent. The problem of stabilization
of the relative equilibria (with Lie group structure) is formu-
lated as a consensus one by using Lyapunov function and
consensus estimator in [12]. The work [13] has shown that
naive generalizations of Euclidean consensus algorithms fail
to converge to the correct solution for consensus problems
on SE(3). The paper [14] develops consensus algorithms for
systems with simple (first order) dynamics on Lie groups.
The paper [15] highlights the connection between consensus
control on vector space and on nonlinear space, etc.

In this paper, the matrix Lie groups SE(3) and SFE(2)
are our major concerns, and they are the special Euclidean
groups of rigid body motions in three-dimensional space
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and in two-dimensional space, respectively. In our recent
paper[16], consensus based formation control law for rigid
bodies with first order dynamics defined on Lie groups has
been developed. We have noted that consensus control is one
basic method for formation control. It is interesting to extend
the study of consensus control from for first order to for sec-
ond order dynamics on Lie groups before further research on
formation control. However, it is not so easy.

Many results on consensus control algorithms are given
based on the undirected graph [17] and the directed con-
nected graph [1, 4, 6, 7], both of which have modeled the
patterns of information exchange between agents. In this
paper, we preliminarily consider a complete communication
topology, since the complete communication topology is an
extreme case contained in the directed connected communi-
cation topologies.

The rest of the present paper is organized as follows. In
Section 2, the notations, some known and preliminary re-
sults on matrix Lie groups, and the basic concepts in graph
theory are introduced. Section 3 establishes the problem of
consensus control for multiple dynamic systems defined on
Lie groups. Section 4 develops the consensus algorithm with
complete communication topologies. And Section 5 shows
several numerical simulations. The conclusion is drawn in
the last section.

2 Background and Preliminaries

Let C™*"™ be the linear space of n X n complex ma-
trices, and R~ the closed negative real axis (—oo,0].
diag(ay,---,ay) denotes a diagonal matrix with diagonal
elements a;,7 = 1,---,n. The superscript 1" represents the
transpose of a matrix. tr(-) is the trace of a matrix. [ is the
identity matrix with compatible dimension. O is the matrix
with each element being 0. Tm(+) denotes the imaginary part
of a complex number.

2.1 Mathematical Formulas

This paper focuses on the matrix Lie group G C SFE(3)
( SE(2) can be seen as a proper subgroup of SE(3)) whose
Lie algebra is denoted by g C se(3) ( for SE(2) case, g C
s¢(2)). In the following, we only refer to a matrix Lie group
G C SE(3) and its Lie algebra g C se(3) unless further
indicated. For a comprehensive introduction in the contexts
of SE(2) and SE(3), we refer the reader to [18, 19].
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Let exp : g — G be the exponential map. It should be
noted that "exp’ is a local diffeomorphism from the neigh-
borhood of zero element of g to the neighborhood of the
identity element I of G. Hence, there exists the inverse
exp ! = log :G — g. For the case of that G is a ma-
trix group, the corresponding Lie algebra g is a matrix linear
space and on which a binary operation called Lie bracket
is defined as [A, B] = AB — BA, where [A, B] € g for
A,B € g. Forall g € G and all A, B € g, the adjoint
map Ad, and the matrix commutator ad, are defined as
Ad,(A) = gAg~', ada(B)=[A, B] = AB — BA.

Lemma 1. (/20] Theorem 1.31) Let A € C"™*™ have no
eigenvalues on R™. There is a unique logarithm X of A, and
all of whose eigenvalues lie in the strip {z : —m < Im(z) <
7}. We refer to X as the principal logarithm of A and write

X =log(A).

Remark 1. For example, matrix gs = diag(—1,—1,1) €
SE(2) represents the configuration at the origin in a planar
reference frame with the attitude angle of ™ or —m and it has
two eigenvalues on R™. Then, we may identify one attitude
angle (m or —m) for gs. In this way, it avoids singularity
which is excluded by assuming tr(gs) # 1 ([18] Lemma 2 ).

Lemma 2. (/20] Theorem 11.1) For A € C"*" with no
eigenvalues on R,

log(A) = /01 (A= D[t(A—1)+1]""at.

Corollary 1. Let A € C™*"™ have no eigenvalues on R™. If
B € C™ " s invertible such that BAB~' has no eigenval-
ues on R, then,

B(log(A))B~! =1log(BAB™).

Lemma 3. (/20] Theorem 11.2) For A € C"*" with no
eigenvalues on R~ and o € [—1,1], we have log(A%) =
alog(A).  In particular, log(A™') = —log(A) and
2log(AY/?) =log(A).

Lemma 4. (Baker Campbell Hausdorff, [21]) For the two

non-commutative operator X and Y, if Z is defined as
exp Z = exp X oexpV, then Z can be rewritten as

Z=X+Y+ XY+ S1X X Y]] + &

where [-, -] is the Lie bracket.

Lemma 5. (Differential of exponential, [18] Theorem 2) Let
g(t) be a smooth curve on G, X (t) = log(g(t)) be the ex-

ponettal coordinates of g(t), & L — g~ 1§ be the body velocity

and §T =4g9 —1 be the spatial velocity. Then we can relate
X and fl f’ through:

X = Z A’

where {B,} are the Bernoulli numbers.
lowing, let Bx 2 oo o (Bn/nl)ad
> oneo ((=1)"By/nl)adk.

For more contexts of differential of exponential, we refer
the reader to [22].

A7 X Z dn 57"
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2.2 Graph Theory

In this subsection, we introduce the basic concepts in al-
gebraic graph theory (we refer the reader to [23]) that will be
used in the paper.

The communication topology of N agents defined on Lie
groups is modeled as a directed graph G = {V, £, A}, where

={1,2,. ., N} is a set of N integers with the num-
ber i meamng the i-th node (vertex) which represents the
i-th agent, and £ C V x V is an edge set in which each edge
is denoted by a pair of vertices (7, j) representing agent i
can get the information from agent j. For a directed graph,
(,7) € € does not necessarily mean (j,4) € €.

A directed graph is complete if there is an edge from every
node to every other node. Let A = [a;;] € RY*Y be the
normalized adjacency matrix of G. For the complete graph,
it follows that a;; = 0 and a;; = 1/(N — 1), where ¢, j € V
and i # j.

3 Problem Formulation

3.1 Dynamic Systems on Lie Groups

On SE(3) and se(3), we represent a group element g =
(R,p) € SO(3) x R3 and a velocity ¢! = (&, v) € s0(3) x
R3 using homogeneous coordinates,

R p 21 w v
=[5 v)e=[5s]
where SO(3) is the rigid rotation group ( s0(3) is the corre-
sponding Lie algebra), p € R? represents the position of the
rigid body in the spatial frame; w € R3 and v € R3 represent
the angular velocity and linear velocity of the rigid body in
the body frame, respectively. The operator - : R? — s0(3) is
defined so that £y = = x y for all 2,y € R3. For the angular

velocity vector w = [w; wy ws3]T € R? in the body frame,
W € s0(3) is given by

0 —Wws w2
w3 0 —Ww1
—W9 w1 0

Consider the problem of consensus control for /N agents la-
beled 1,2,---, N on SE(3). We assume that the i-th agent
in the network is full actuated (where one actuator is avail-
able for each degree of freedom in the system) and described
by the following equation:

ey

where i € V, g; € SE(3) is the configuration of the i-th
agent, éf € se(3) represents the velocity seen from the body
frame, and wu; is the control input.

Agents are said to achieve consensus if the following
equations are satisfied,

gi(t) = g;(t), as t — oo, 2)

El(t) = &h(t), as t — oo, 3)

where 7,7 € V and i # j. Therefore, consensus means
agents will be overlapping both in the position and the atti-
tude angle, and will finally move at the same velocity.

6857



For the dual version of systems (1), the agents can be de-
scribed by the following equation,

& =,
where i € V, g; € SE(3) is the same configuration of agent
¢ as in (1), u; is the control input in another form and & €
se(3) represents the velocity seen from the spatial frame.

In the following, we only consider the design of u; in the

networked systems (1). queve{, it should be noted that for
agent i there exists Ad,1&] = &.

“4)

3.2 Relative Dynamic Systems on Lie Algebra

For the networked systems (1), consensus is achieved
when (2) and (3) are fulfilled. To solve the problem of con-
sensus control for dynamic systems on Lie group, we pay
attention to the relative dynamic systems on the correspond-
ing Lie algebra.

We define that g;;(t) = g;(t)~'g;(t), which can be inter-
preted as the relative configuration of agent j with respect
to agent 7. Let z; = log(g;) and z;; = log(g;;) be the ex-
ponential coordinates of the configuration and the relative
configuration, respectively.

Note that the time derivative of the relative configuration
gij is as follows,

Gij = —9; " 9ig: "9 + 95 95 = 9i;(€) — Adg;jléf)' (&)
~ A ~ ~
Let& = ¢l — Adgi_jlé“f. Then,

Gij = gijéﬁj’ (6)

where éf ; can be interpreted as the relative velocity of agent
7 with respect to agent ¢.
Note that z;; = log(g;;) € g. From Lemma 5, we have
; £l
Tij = B—x,;j ij* (7
Before moving on further, we introduce some properties
of the exponential coordinate of the relative configuration
z;; and the relative velocity ¢! I’

Properties 1. For i, j, k represent the i-th, j-th, k-th agent
in the networked systems (i, j, k € V), the exponential coor-
dinate of the relative configuration has the following proper-
ties.

(A) From Lemma 3, it follows that
Tji = —Tij.
(B) From Corollary 1 of Lemma 2, it follows that
Adyazij = 957 (108 9ij)gij = ij-
(C) From Lemma 4, it follows that
Adg;xki = x;; + 2, + higher order terms, k # .

It should be noted that the "higher order terms” in (C) of
Properties 1 is composed of Lie brackets (with respect to the
exponential coordinate of the relative configuration). In the
following, we denote these "higher order terms” of relative
configurationby h — o — t.

Properties 2. For i, j, k represent the i-th, j-th, k-th agent
in the networked systems (i, j, k € V), the relative velocity
has the following properties.

(D) From Corollary 1 of Lemma 2, it follows that

L= —Ady, & i # jand & = 0,i = j,

(E) A X
Ady-igjy = &0
(F) p
a (Adgj'i) éfc = Adgj'b[/\_il7éi]
(G) o o
Adgz‘k[gllc’ ﬁk] = _[ i’&lﬂ]

(H) From (G) of Properties 2, one also has
Adgfjl [ Aﬁa gllm} = _Adgk’jl [éllca gﬁk} :

@ ir £l 2l £l
ik = —&k; and Adgij ij — —Sji

(J) From (I) of Properties 2, one also has
Adg;jlffk = zl'j - §llcj~

Based on Properties 1 ﬁmd 2, and in addition from Lemma
5 and the definition of &;., one has the following relative

dynamic systems,

1
ij
A £l
Tij = Bz, &

ol PR (8)
§ij = uj — Adgi’jlui - ;7 éj]v

where 7,j € V and ¢ # j. In the following, when we refer
to consensus is achieved we mean that the state of (8) satisfy
tlim 9ij(t) = I, which will be equivalent to

— 00

lim z;;(t) = 0 and tlim éfj(t) =0.

t—o0

For stability analysis of the relative dynamic system (8) on
Lie groups, the following lemma will play an important role.

Lemma 6. (/18] Theorem 6) For the second order fully ac-
tuated systems on SE(3), let K, and K, be the positive-
definite gains. Then, the control law

u(g,€') = —K,log(g) — K4 ©)

locally exponentially stabilizes the state g at I € SE(3).

Furthermore, if scalar gains are employed (K, = k,Ig
and K4 = kqlg), then the control law in (9) exponentially
stabilizes the state g at I from any initial condition g(0) =
(R(0), p(0)) with tr(R(0)) # —1 and for all k, and w(0)
(the initial angular velocity) such that

lo(0)]*
2
™ = [R(O0)ls0es)

where ||R|| g0 3) is the distance between the element R €
SO(3) and the identity eso(3) = I € SO(3) and given by
the norm of the logarithmic function,

IRl|s0s) = (log(R),log(R))"/.

; (10)

P
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Remark 2. The relative equilibrium ([24], representing the
time derivative of velocity equals to O for a single agent) of
systems (8) on SE(3) represents that all agents in the net-
work are overlapping (after they have achieved consensus)
and moving in uniform motion finally with the following pat-
terns,

o in a straight line: moving in the same direction;

e in circular: drawing the same circle with the same ra-
dius in plane;

o in helical: drawing the same circular helix with the
same radius, pitch, axis and axial direction of motion.

The special case is that both agents are asymptotically static
(staying at the same configuration and standing still).

4 Consensus Control on SE(3)

For the networked systems (1), we propose the consensus
algorithm for agent 7,

N
wi =Y an (erwi+ o +€LEL)) A

k=1

where a;;; is the element of the normalized adjacent matrix,
c1 > 0and co > 0 are constant control gains. Then, we have
the following main result.

Theorem 1. If the communication topology between N
agents is complete, then agents with dynamics (1) achieve
consensus asymptotically under the control law (11) from
any initial value with g;;(0) = (R;;(0),p;;(0)) € SO(3) x
R3 and tr(R;;(0)) # —1 for all ¢; and w;;(0) such that

N-1 s (0)]”
N (2 = 1R 0) 2o )

c1 >

where w;;(0) is defined by §;;(0) = ¢,;(0) All-j (0), All-j (0) =
(@i;(0),v;5(0)) and ()~ : s0(3) — R3.
Proof. Based on the analysis above, we begin the proof from

the relative dynamic systems (8). From equation (11), one
has the control algorithm for agent j given by

N
uy = age (g + eof + €LEL)) . (12)

k=1

Substitute the control laws (11) and (12) into (8). It follows
that

-l

N ~ PURN
§ij = 2. jk (ijk + ey + é‘agllgj]>
k=1
N « JUN N
— Adg‘—jl (Z 0735 (clxik + CQ&;‘TI@ + [ é,f;éJ)) - [ é‘,
k=1
N
=C1 Z (ajkxjk — aikAdg‘_;xik)
k=1 I

N R ~
2 3 (a5, — aihd, &)
k=1 v

S o -
+ (z (asxlé). €] — auAd, 1€ €L]) — 1€, %j])

k=1
13)

LetT; = Z (ajkmjk — aikAdgi_jlxik)’

5
\
M=

(asnés — amad,1€),

=~
Il
—

&
\
M=

(ajul€), Ady-1€h,] — aimAd -1 [€], €,])-

=~
Il
—

Then, we consider T, T9 and T3 in (13) respectively.
(T1) From (C) of properties 1, it follows that

N
Ty =) (ajuje + ki + aixte;) +h—o—
k=1

N
From (A) of properties 1 and ) a;; =1,7,j € V, one

j=1
has

N
Ty = —(L+aji)zi;+ Z (ajk — aip)zjn+h—o—t.
k=1,
ki
(14)
(T2) From equation (J) of properties 2, we have

N

Ty= > (@jké;k —aiél; + aikéfg]’)
k=1

A A N - A
= —&l; + az€l; + kZ (aju€fy + aikfllcj)'
=1,
k#i,j

From equation (I) of properties 2, we can get

N

Ty = —(1+a;)é; + Y (e —ap)éh;. (15
k=1,
ki)

(T3) From equation (H), (J) of properties 2, it follows that

N
Ts = (ajul), Ady-18L] — ainAd -1 €], €
k=1

From Adg[;l-, fg] = [Adgfll», Adgfé], we have

N

T3 = Ady— > (lajnAdy, & — anl, &L))- (16)
k=1

Note that aj, = a;; = 7 for a complete topology graph.
From equation (A), (B) of properties 1 and (D), (E), (F) and
(H) of properties 2, equation (13) ( the summation of equa-
tions (14), (15) and (16) with constant gain) will be

2l 1

§ij = —c1(1+ y—)zij +h—o—t

. N, A
—co(1+ 55) zl'j -y [Adg;jlfiiaf@l‘j})-

k=1

a7

N N
Note that h —o — £*and > [Ad,—1&;;,&})]) in (17) are the
— ¥

k—
higher order terms of the “exponential coordinates of the rel-
ative configuration” and the relative velocity” accordingly.
Since the impact of the higher order terms is less than the
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linear term, and the higher order terms will be asymptoti-
cally decreasing when agents are approaching consensus, it
is reasonable to omit the higher order terms.

Approximatively, the relative dynamical systems (17) can
be expressed by

-l

€y =—c(l+ )ELL. (18)

1 1
ot el g
Letk, = c1(1 +1/(N = 1)), kg = c2(1 +1/(N —1)).
Then, based on the control algorithm (11) and from lemma
6, it is easy to get that the control law (11) exponentially
stabilizes the state x;; and éf] at 0 from any initial con-
dition with g;;(0) = (R;;(0),p;;(0) € SO(3) x R? and
tr(R;;(0)) # —1, for all ¢; and w;;(0) such that

o s V-1 i (0)]”

|
N (7= 1RGO0 o))

where 7,7 € V. And equivalently, consensus is achieved
asymptotically.

(19

O

Remark 3. For two agents (N = 2) with bidirectional com-
munication, the higher order terms of the "exponential co-
ordinates of the relative configuration” and the relative
velocity” in (17) do not exist. And then, the control algo-
rithm (11) can accurately derive the relative dynamical sys-
tem (18).

5 Simulations

Without loss of generality and for simplicity, two numeri-
cal simulation examples are shown for 3 agents labeled 1,2,3
with dynamics described by (1) on SE(2) in this section.
Note that here group element g; = (R;,p;) € SE(2),

£l = (&, v) € se(2) and
cost; —sinb; |
cos 91‘ yDi = n )

sin 9,

R =

The communication topology is complete and shown in
Fig.1. Note that these examples illustrate the relative equi-
librium on SFE(2) (in uniform motions in circular and in a
straight line) correspondingly.

Fig. 1: The complete communication topology.

Example 1. The initial values of these agents are given
in Table 1. where g, yo are the initial position with respect
to horizontal coordinate z, vertical coordinate y respectively;
0o is the initial attitude angle;v,0, vy are the initial velocity
with respect to x, y coordinate ; and wy is the initial angular
velocity.

Then, with the control algorithm (11) (here let ¢; = ¢co =
5), the agents asymptotically achieve consensus and move in

Table 1: The initial values (Example 1)
node | zo | wo Bo | vao | vyo | wo
1 0 10 | w/2 0 0 0
2 30 | 43 0 0 0 0
3 301 0 | n/2 | 10 0 -0.8

for 20% of the total time

for 35% of the total time

node 2

node 1
~20 node 3

0 20 40 60 80 0 20 40 60 80
X X

for 50% of the total time for the total time

Fig. 2: Moving in circle uniformly after achieving consen-
sus. The 4 subgraphs in sequence show agents’ trajectories
for 20%, 35%, 50% and total of the simulation time, respec-
tively.

Gontol st Contl st Contl st

Bory Velocty Body Velocty Bocy Velocty

1
2 o5
1
1)
E > 5 = 0
o
o
o8|
-10) B -5
0

15 "

o 15 o 15

B 0 5 0
Tim (secon) Time (secone)

Fig. 3: States of agents (Example 1). From top to bottom:
agents’ control input, configuration and body velocity; from
left to right: with respect to the x, y coordinate in a planar
reference frame, and the attitude 6.

circle uniformly in plane, see Fig.2. The state values of these
agents are shown in Fig.3.

Example 2. The initial values of three agents are given
as in Table 2. Then, with the control algorithm (11) (here let

Table 2: The initial values (Example 2)

node | xo Yo 0o Vz0 | Vyo | Wo
1 10 0 0 15 0 0
2 15| 10 | —w/4 0 0 0
3 -20 | -10 /4 0 0 0

c1 = co = b), the agents asymptotically achieve consensus
and move in a straight line uniformly, see Fig.4. The state
values of these agents are shown in Fig.5.
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for 20% of the total time for 35% of the total time

node 2
10 < 10
5 no;e 1 5
[E>>5)]

-20 -10 0 10 20

Fig. 4: Moving in a straight line uniformly after achieving
consensus. The 4 subgraphs in sequence show agents’ trajec-
tories for 20%, 35%, 50% and total of the simulation time,
respectively.

Control twist Control wist Control twist

Configuration Configuration Configuration

Body Veloity Body Velocity Body Velocty

2
1
>0 >0
1
2

K 6 0 1 5 6 K

2 3 4 2 3 4 2 3 4
“Time (second) Time (second) Time (second)

Fig. 5: States of agents (Example 2). From top to bottom:
agents’ control input, configuration and body velocity; from
left to right: with respect to the x, y coordinate in a planar
reference frame, and the attitude 6.

6 Conclusions

In this paper, we study the problem of consensus control
for dynamical (second order) systems on Lie groups. The
consensus algorithm is given for agents defined on SF(3)
and SFE(2) with the communication topology being com-
plete. The numerical simulations are shown for consensus
control on SE(2). In the future, we plan to discuss multi-
form communication patterns which leads to various behav-
iors more than consensus.

References

[1] A. Fax and R. M. Murray, Information flow and cooperative
control of vehicle formations, IEEE Trans. on Automatic Con-
trol, 49: 1465-1476, 2004.

[2] M. VanDyke, C. Hall, Decentralized coordinated attitude con-
trol of a formation of spacecraft, Journal of Guidance, Con-
trol and Dynamics, 2006.

[3] Z. Qu, Cooperative control of dynamical systems: applica-
tions to au- tonomous vehicles, Springer-Verlag, 2009.

6861

[8]

[91

[10]

[11]

[12]

[13]

[14]
[15]

[16]

[17]

[18]
[19]
[20]
(21]
(22]
(23]

(24]

Z.Li, Z. Duan, G. Chen, L. Huang, Consensus of multiagent
systems and synchronization of complex networks: a unified
viewpoint. IEEE Transactions on Circuits and Systems I: Reg-
ular Papers, 2010.

Y. Liu, Y. Jia, An iterative learning approach to formation
control of multi-agent systems, Systems and Control Letters
61,2012.

R. Olfati-Saber, R. M. Murray, Consensus problems in net-
works of agents with switching topology and time-delays.
IEEE Transactions on Automatic Control, 49(9):1520-1533,
2004.

W. Ren, Beard RW, Consensus seeking in multiagent systems
under dynamically changing interaction topologies, IEEE
Transactions on Automatic Control, 50(5): 655-661, 2005.
W. Ren, E. Atkins, Second-order consensus protocols in mul-
tiple vehicle systems with local interactions, In AIAA guid-
ance, navigation, and control conference, 2005.

M. Porfiri, D. Roberson, D. Stilwell, Tracking and formation
control of multiple autonomous agents: A two-level consen-
sus approach, Automatica, 43 , 2007.

W.Yu , G.Chen, M.Cao, J. Kurths. Second-order cosnensus
for multi-agent systems with directed topologies and non-
linear dynamics. IEEE Transactions on Systems, Man, and
Cybernetics—Part B. DOI: 10.1109/TSMCB.2009.2031624.
E. Nuno, R. Ortega, L. Basanez, D. Hill, Synchronization of
networks of nonidentical Euler—Lagrange systems with un-
certain parameters and communication delays, /[EEE Trans-
actions on Automatic Control, 56(4): 935-941, 2011.

Luca Scardovi, Naomi Ehrich Leonard and Rodolphe Sepul-
chre, Stabilization of Collective Motion in Three Dimensions:
A Consensus Approach, in Proceedings of the 46th IEEE
Conference on Decision and Control, 2007:12-14

R Tron, R Vidal, A Terzis, Distributed pose averaging in cam-
era networks via consensus on SE (3), Distributed Smart
Cameras, 2008

A. Sarlette, S. Bonnabel, Coordinated motion design on lie
groups, Automatic Control, 55, 2010.

R. Sepulchre, Consensus on nonlinear spaces, Annual Re-
views in Control, 35, 2011.

R. Dong and Z. Geng, Consensus based formation control
laws for systems on Lie groups, Systems and Control Letters,
Accepted

G. Xie and L. Wang, Consensus control for a class of net-
works of dynamic agents: Fixed topology, in Proc. IEEE
Conf. Decision Control, European Control Conf, 2005: 96—
101.

F. Bullo, R. Murray, Proportional derivative (pd) control on
the Euclidean group, In European Control Conference,1995.
Y. L. Sachkov, Control Theory on Lie Groups. Lecture Notes
SISSA, 2006.

N. J.Higham, Functions of Matrices, Theory and Computa-
tion, Univer- sity of Manchester Manchester, 2008.

J. A. Oteo, The baker-campbell-hausdorff formula and nested
commutator identities, J. Math. Phys 32 ,1991.

A. Iserles, Lie-group methods, Acta Numerica 9: 215-365,
2000.

C. Godsil, G. Royle,
Verlag, 2001.

E. Frazzoli, Robust Hybrid Control for Autonoumous Vehi-
cle Motion Planning, Ph.D. thesis, Massachusetts Institute of
Technology, Cambridge, MA, 2001.

Algebraic Graph Theory, Springer-



	Main Menu
	Previous View
	----------------
	Search
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


