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Abstract: The paper studies the problem of finite time formation control for multiple vehicles. The vehicle is modeled
as the full actuated rigid body, both the formation time and the geometric structure of the formation are specified by the
task. An open optimal control law is derived by using Pontryagins minimum principle, and is converted to the closed
form by feeding the current state back under the assumption that the mode of communication between the vehicles is
all-to-all. For the demonstration of the result, a numerical example of formation for planar vehicles is included.
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1 INTRODUCTION

The formation control for multiple vehicles is a cooper-
ative control of a networked system with its nodes to be
vehicles under some given communication topology. The
researches on this mostly consider the dynamics of the ve-
hicles evolving on Euclidean space, such as integrators ,
linear systems , Euler-Lagrange (EL) systems . However,
when the vehicle is considered as a rigid body, its configu-
ration space is a Euclidean group SE(3), which is a nonlin-
ear manifold.

There are research works studying the problem under the
framework of Lie group, for example, [1, 2] considered
the formation of vehicles under the setting of Lie group, in
which, the kinematics of the vehicle is molded by Frenet-
Serret equations of motion, and presented the control law
that leads to vehicle swarm. In order to keep the formation
while moving in space, some researchers [3] studied the
problem of coordinated motion on Lie groups by convert-
ing the problem of coordination to that of consensus on Lie
algebra, and proposed the control law for the coordination.
But they do not deal with the problem of achieving a speci-
fied formation which is quite important for some real appli-
cations. Recently, we studied the problem for multiple ve-
hicles to achieve an arbitrary specified formation under the
framework of Euclidean group, and proposed the asymp-
totic formation control laws for both kinematic model [4]
and dynamic model [5]. We also considered the problem of
finite time optimal formation control of multiple vehicles
under the framework of Euclidean group, in which both the
formation time and the geometric structure of the forma-
tion are specified by the task, and we proposed an optimal
formation control law for the the kinematic model[6].

This paper is the continuation of [6], but the dynamic model
of the vehicle is used, which is quite different from the
kinematic model. In this paper, the formation time and
the geometric structure of the formation are also arbitrar-
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ily specified by the task. We proposed a finite time optimal
formation control law under the assumptions that the vehi-
cles are full actuated with zero initial velocities and that the
communications between the vehicles are all-to-all.

The paper is organized as follows. In section two, we in-
troduce some notions and preliminary results which will be
used. In section three, we focus mainly on the formulation
of the problem. Section four is devoted to develop the main
results of the paper. Section five includes an example and
its numerical simulation results.

2 PRELIMINARIES

In this section, we introduce some notions and preliminary
results which will be used in the paper.
We use the Euclidian group

SE(N) = {[ &op ] : R € SON), p eRN} N =2,3,
Oixs 1

to denote the configuration manifold of a rigid body. Where
SO(N)isa N x N orthogonal matrix group with its element
R € SO(N) satisfies det R = 1. Each column of R is
the base vector of the coordinate system fixed on the rigid
body, thus R can be used to represent the attitude of the
body, and p € R¥ is the position vector of the body.

Let T'SE(/N) denote the tangent bundle of SE(NN) and
T,SE(N) be the tangent space of SE(N) at g €SE(N). For
the special case when g is the identity [, the tangent space
T;SE(N) that is denoted by se(N) has the following struc-
ture,

se(N) = {[ Of:N

where s0(N) C RY*N ig the set of skew-symmetric ma-
trices that represent the rotation velocities of the body, and
v € RV is a real vector that represents the transition ve-
locity of the body. It is obvious that so(3) is isomorphic to
R3, and the outer product defined on R?, e.g., w; x wy can
be written as Wyws for wi,ws € R3, and &1 € s0(3) is the
isomorphic image of w; € R?. It is obvious that se(3), as

8]:@650(N),UERN},
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a linear space, is isomorphic to RS, For this fact, we define
an isomorphic map A : RS — se¢(3), such that

w w v
=] = o 6

which is denoted by A(n) = 7. The inverse of the map A
is denote by V : se(3) — RS, For se(2), it is isomorphic
to R®, the similar isomorphic map and its inverse can be
defined, it is unnecessary to go into details. The meaning
of the notion ” ~ ” used for vectors in s0(3) , se(3) and
se(2) can be distinguished from the context.

Once defining Lie bracket on se(N) by [2,9] = &7 —
g, &,7 € se(N), se(N) is a Lie algebra corresponding
to SE(V) . For a given & € se(N), it defines a linear map
adg : se(N) — se(N), such that adz(9) = [#,9],9 €
se(N). In the following, we shall only discuss for the case
of N = 3, but the results will also hold for the case of
N = 2. For the Lie bracket defined on se¢(3), we have the
following lemma.

}:ﬁ, w,v € R3

Lemma 1. Let 77751752 € 56(3)’ lf [ﬁaéz] = 077/ = 172r
then [gl,fg} =0

Proof. From the definition it is easy and is Omitted. O

The dual of TSE(3), T,SE(3), and se(3) will be denoted by
T*SE(3), T, SE(3) and s¢*(3) respectively.

For each & € se(3), it defines a left invariant vector field
Zr : SE(3) — T'SE(3), such that &1,(¢) = q& € T,SE(3),
for ¢ € SE(3). We shall denote Z1,(q) by Z, in the sequel.
From the definition of the left invariant vector field, for any
given g € SE(3), it defines a left action map denoted simply
by ¢ : se(3) — T,SE(3) with abuse of notion.

For linear spaces 7,SE(3) and se¢(3), defining inner prod-
ucts on the spaces,

Gq(‘riiﬁyq) £

then 77, SE(3) and se(3) are inner product spaces, and SE(3)
will be a Riemannian manifold with a Riemannian metric
induced by the inner product.

Gr(#,9) £ 2"y, (1)

Definition 1. Let V' be linear space, B : V x V — R be
a bilinear map. The linear map B® : V — V* is called the
flat map of B, if B (u),u € V satisfies

(B"(u)(v) =

and denote the image of the flat map B®(u) by u* € V*.
And if the flat map B® is invertible, then the inverse is de-
noted by B : V* — V which is called the sharp map of
B, such that

B(v,u),Yv €V,

B(v, B*(u*)) = u*(v),Yv € V.
By this definition and the above notions, we denote &

q
GZ(:cq) and #* = G% (%), and it is ready to show that iy =

(¢71)*(@*), * = V*(x), and &3 (gq) = 2*(9) = 2" y.
By using the inner product of matrlces we have

@) = ("), ., = @),
w0 = (55" a0,

2

and

=u(@igy), O

where #* = diag (313, 1) 27, 2} = diag ($13,1) £7¢~".
Let {¢;}, {é}, and {é;,} denote the orthonormal ba-
sis of RS, se(3) and T,SE(3) respectively, which satisfy
€i,qg = q(é;) = q(A(e;)),i =1,---,6. And the dual basis
of (R%)*, se*(3) and T, SE(3) will be e] = Goele;), & =
GY(&), €= Gyleig)-

Definition 2. Let V be a finite dimensional linear space
with a basis {;}, f € C*(V,R) be a function defined on
V, then the derivative of f with respect x =y, e;z" € V

is defined by g - Z _of
ox - 'Ozt
For a given ¢ € SE(3), an adjoint map Ad, : se(3) — se(3)
is defined as Ad,(2) £ giq~ !, for & € se(3), and Ad, (%)
is denote by &°. Although both & and Ad,(Z) are in 52(3)
we shall still distinguish the image space Ad,(se(3)) of the
adjoint map from its domain se(3). By the similar way, we
can define inner product on Ad, (se(3)),
GAdq(jjsvg )7'7" y, 2°,9° € Ad, ( ( ))7
and denote the image of z° under the flat map of
Gag, by (%) = ngq (2*), such that (&°)*(9°) =
Gad, (2%,9°), V§* € Adg(se(3)). Since (2°)7(9°) =
#(9) = 2 (Ady1 ((5°)) = Adi-12*(§*) holds for all
7° € Adg(se(3)), this leads to GAdq (Adyz) = (2°)* =
Adz_lzfr*. And it is easy to show that Ad(’;_l = qi*qh
Let exp : s¢(N) — SE(N) be exponential map. We can
define its inverse for the element ¢ € SE(IV) that has no
negative real eigenvalues, and denote it by log(g) (see [8]).

3 PROBLEM FORMULATION

Consider n vehicles with the dynamics given by

gi = 9:8!, gi(to) = g? _—
g —q, )=

where g; €SE(3) is the configuration of the i-th vehicle,
€Y € se(3) is the i-th velocity seen form the body fixed
corroborate, and ; € se(3) is the i-th control input. The
kinematics g; = g,§b can also be written as g; = § Gis
where {f = Adgglb is the i-th velocity seen from spacial
coordinate.

Now the problem is for given relative configurations g;; =
9; ! gj,t,7 = 1,---,n, determined by the formation task,
and initial states (g9, ff’o),z' =1,
inputs 4;,% = 1, - - -, n, such that

9 (tr)g;(ty) = gij, E2(ty) — Ady, E0(tp) =0,
ivj = 17“'7”7

“)

T,

n, to find the control

(&)

where ty > t is the final time which is given, meanwhile,
to minimize the following cost function,

ty 1 n
J(ﬂlv"wﬂn):/ izGl(amﬂk)dt
to 7 k=1

For g;; = 1,i,j = 1,---,n, this implies that é?(tf) =
ff(tf), i,j = 1,---,n, the corresponding problem is con-
sensus control. For the relation between the problems of
formation and consensus, we have the following lemma.

(6)
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Lemma 2. Let §; = gigi1, & = Ady, &, and @; =
Adg,,t;, for i = 1,---,

n, then the systems (4) achieve
formation under the control u;,i = 1,---,n, if and only

the following systems achieve consensus under the control
Uit =1,---,m.

9i=3i€0, Gilto) = 37
& =iy, (o) =&

Proof. By noting that §;, = giAdgquf;’,
gji = giéf and 53 = Ady,,4; = u;. Besides, by utilizing
Gij = Gndj» 9; " (ty)g;(ts) = Gij = Gingrj» and £ =& =
Ad.@l]{;‘) - Ad!_hig? = Adglj (f? - Adﬁjif?)' it is casy
to obtain that the consensus conditions g; ' (t;)g;(t;) =
I, &b(ty) —&0(ty) =0, i,j = 1,---,n, are equivalent to
the formation condition (5) O

R 2:17...771.

it follows that

Thus, we shall focus on the consensus control problem.

4 THE MAIN RESULTS
4.1 Co-State Of Optimal Trajectories

The problem of finding ;, is an optimal control problem.
In order to use Pontryagin’s minimum principle (PMP)
[10], the Hamiltonian for this problem can be constructed
as follows

1n o nA* . nA*A
HZ*ﬁZ}MWW0+Z¥MMM+Z¥dW%

®)
where py. € Ty SE(3), and pf, € se*(s) are the co-states
(Lagrangian multipliers). By Definition 2, the correspond-
ing Hamiltonian system can be written as

. 0H b 5, OH
i = A~ — YiSi» i = Aa - = U,
g ap!]i g 5 £ apfi
. OH b A . OH -
Py, = “ogT = &Py, D, = _78(577)* = =Py, Yi-
)

Let pe, = Gu](ﬁgi), and p; = Gﬁl(ﬁ;igi), then we have the
following lemma.
Lemma 3. Suppose that [p;, Y] = 0, then

ﬁﬁi (t) = f’fi (tU) + ﬁb(t - to),
where, both pe,(to) € se(3) and p; € se(3) are constants.
Pmof By writing §; = ch — =g; 14; and substltutlng to the equa-
—Ebpr, Py, of (9), it follows that £ (g:p} ) =
9iDy, + 9ip,, = 0. This shows that g;p,, does not vary
with time, and can be denoted as a constant (p;)* = g;p;, .
Let p; = p;. 9 thenﬁ:‘ =g, () g = Adg, (p7)*, and
by sharp map G4 7, it follows that p; = Ad -1 D, where

tion pgl =

pf as the dual of (pf)* is constant. By dlfferentlatmg the
equahty with respect to time, it follows that

pL - _gz gzgz p1 gz+gz p1 gz
= —&PAd iP5 + AdypiEL = [pi, €] =
This implies that p; is constant, and so is the p;. Sub-

stituting this result into the last equation of the Hamilto-
nian system (9) and integrating from ¢, to ¢, then we get

pg,(t) = pg,(to) — P (t — to), where P, (to) is the initial
value of p¢ . After the transform by sharp map, the result
follows. O

Remark 1. The condition of lemma 3 will make restric-
tions on the kind of the problem to be dealt with, we shall
show that when the initial velocity is zero, the condition is
automatically satisfied.

4.2 Solution Of Optimal Control

In this subsection, we studies the optimal control. Accord-
ing to PMP, the optimal control @; must satisfies the neces-
sary condition that

OH

o,
Since these equations have the unique solutions, the above
condition is also sufficient. Recall Lemma 3, the optimal
control can be written as

= i +pg, =0, i=1,-,n.

~0

;" = pe, (to) — pi(t — to). (10)
For this control law, the constant ¢, (t9) and p; must be de-
termined by boundary conditions (5). First, we give several
results related to the transversality condition corresponding
to (5) in the meaning of consensus.

Lemmad. If&5(t5) = €h(ts), 0, 8=1,---,n, then
Zﬁfk (tr) =0
k=1

Proof. From the boundary conditions (5), let

has(alty),E5(tr)) = €(ty) — E5(ty), B =1, .n
and the (i, j)-th entry of /. is denoted by h/;. Then ac-
cording to PMP, the transversality condition corresponding
to hop = 0 for fixed 3 can be written as

;Z aﬁa[é’]m v
Fb
Z“ <Focﬂ (é ]gﬁ))(tf)

k=1,- np,q—1234

where the superscript *pq’ represents the (p, ¢)-th entry of
the corrf:sponding matr.ix, and '3 = [I’Z’jﬂ] is the parame-
ter matrix to be determined.

For the case k # [3, the above equality will be

- - 3(5 &)
= (rk57qu) =17
T'yp, k # B. For the case k = j3,

[pgk tf

this gives that pg, (t5) =
o

we have
a(&h - 52))
aﬂa (‘” o "

[Pe, (t5)]P
= —Ztr aB’ pq tf
a#B a8
this leads to that py (tf) = = > nzp ap. Combining the
two cases, we get >, _; g, (ty) = 0. After taking its sharp
image, the result follows. |

-y e
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Lemma 5. If g, ' (tf)gs(ty) = 1,0, B =1, -+, n, then
> by (ts) = 0.
k=1

Proof. Let faﬁ(ga(tf)vgﬁ(tf)) = g, (tr)gs(ty) —

1 a,ﬁ =1,---,n,and the (¢, j)-th entry of f,z is denoted
by s- By the same argument as in lemma 4, the transver-
sahty condmon corresponding to f,s = 0 for fixed /3 can
be written as

[ﬁ;k (tf)lpq = Z Z aﬁ 8 pq
kB ij )
9o 98
= Z (Aaﬁ dg Pq ) (tf)
a,a#pB
k= ]-7"'7”’ p,q= 1a27374'

where the superscript *pq’ represents the (p, ¢)-th entry of
the corresponding matrix, and Ayg = [Agﬂ] is the parame-
ter matrix to be determined.
For the case k # [3, the above equality will be
—1
AT 995, " 9p

[y, (t7)]P? = k85 pa ) (tf)
T 1 1 agk
tr (Aps9r  Epqgr, '9s) (tr) —

By noting that gg(tf)g,:T(tf) = I, it follows that
Ph (ty) = —(g5 "ALs)(ts), k # B. For the case k = 3,
we have
. 994 9
[pgg (tf)]pq = Z (Aaﬁ o PQB) (tf)
a,a#B

= Z tr (Agﬁg;IEPQ) (tr) Z (ga TAgﬁ)pq (ty)

a,a#f ]

this leads to that py_(ty) >, a#;( oA (ty).
Combining the two cases, we get ., ps (t7) = 0. After

taking its sharp image, the result follows. L
Corollary 1.

D 3 pk = 0.

2) k=1 Pey (to) = 0.
Proof. By noting that g;(t7) = g;(ts),i,j =1,---,nand

Py (ty) = gr(ty)pr, the result of item 1) follows from
lemma 5. From the lemma 3, by taking t = t;, then
De, (tr) = Pe, (to) — Pr(ty — to), summing it up for in-
dex k, and using lemma 4 and item 1), then the result of
item 2) follows. O

The optimal control (10) shows that the determination of
the optimal control is boiled down to finding the initial co-
states P, (to) and parameter p;. For finding the initial co-
states pe, (to) we give the following lemma.

Lemma 6.
- A 1
5 ; b, .
Pe, (to) = (€0 =& + Sty —to)ps (D)
tr —to 2
where fb’o = %Zl éf’o is an arithmetic mean of initial
velocities.

(95 " Miggb g T)P(ty)

b

Proof. By substituting the optimal control (10) to the sys-
tems (4) and integrating the dynamics equation, we get

. . 1.
ER(D) = &7 + e, (o) (t — to) = 5pr(t — to)*, (1)
then summing it up for index k, it follows from (12)that

Zpgk to)(t—to) — Zpk t—t)?

where £0(t) = %Zk €2 (t). From corollary 1, it easy to
get that £2(t) = €20Vt > to. Thus £87 £ £0(t;) = €00,
and the consensus condition implies that £2 () = £/. By
taking ¢ = ¢ in (12) and using £ to replace £2 (¢ ), then
De;, (to) can be solved. O

&) =&+

Remark 2. From the proof of lemma 6, we know that the
velocity under the optimal control has the form

b _ t—

é(ty = =10

ty —to

g0 - LU0 L to)t— 1)
ty —to 2

(13)
For this form of velocity, it is obvious that the condition of
lemma3 ie., [pi, €2(t)] = 0, if and only [p;, £>°] = 0 and
{pz, } =0. Generally, this dose not hold for arbitrary
initial velocities fi ,i = 1,---,n. But there is an impor-
tant case that the initial velocity ff 0 has the Sform cp; for
some scalar c € R, in this case éb’o = 0 by corollary 1,

and[“ b =0

Now the problem of determination of optimal control (10)
is further reduced to finding parameter p;, which is not triv-
ial, we need some preparatory work. In order to use the the
final values of the configuration, we need to integrate the
kinematic equation §; = gzéf’ by utilizing velocity (13).
The following lemma gives the result.

Lemma 7. Suppose that both [p;, fl”o] = 0and [p;, éﬁ”o]

0,i = 1,---,n. Let z;(t) = log(g71(to)g:(t)), i =
1,---,n. Then

~ t —t R

zi(ty) = (tf—to)‘f?’o b —fo)” Zf 0) ——5Di

(14)

where é?jio = g?,o — éf’o is the relative initial velocity of
vehicle j with respect to vehicle 1.

Proof. Let z;(t) = log(g~1(t0)gi(t)), i = 1,---,n, then
according to the differential of exponential (see [9]), we
have

&), wi(te) =0.  (15)

=&y Z u adk

where {Bk} are Bernoulh numbers. If we show that
ft &(r b )dT solve this equation, then the result fol-

lows From (13) 2;(t) should has the form of z;(t) =
a(t)e0 + b(t)éf’o + ¢(t)p;, where a,b and c are scalar
functions of time. Thus, it can be varified by lemma 1
that ad_,, (€?) = 0. This implies that ad® , (£) = 0
for £ > 1, and thus equation (15) becomes &; = éf’ By
integrating this equation, the result follows. O
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Now, we first determine the parameter p; for the case of
n=2.

Lemma 8. For the case that n = 2, and éf’o =0,1=1,2,

R 6 o . 6 0
P (tf . t0)31.127 D2 (tf 7 t0)3w21 ( )
where x9; = log(gy;) = log(g; * (to)g;(to)),i,j = 1,2.

Proof. Let z;(t) = log(g; ' (to)gi(t)). In the meaning of
consensus, i.e., g1(ty) = g2(ts), recall (14), it is easy to
get exp(x1(ty)) - exp(—x2(ty)) = g%. By using Baker-
Campbell-Hausdorff (BCH) formula [7], we have

=z1(ty) —@2(ty) — %[xl(tf) Ta(ty)] + -

3
M(pl p ) (2f><122 [p17p2]+

0
T2

From corollary 1, p; + 132 = 0, this implies that all Lie
(tf to) (t_f*to)sﬁ2 _
12

L= py. Thus, p1 = mﬂﬁlg, and by noting p; =

brackets will vanish, and 2, =
(tr—to)” to)
—Pa, 29; = —x,, we have py = ﬁxgl. O
We now give the optimal control law for the case of n = 2.

Theorem 1. For the case of n = 2 and éﬁ“o =0,i=12
the optimal consensus control is

3(tp +to —2t)

~0,0p __ . . ..
u; = W%p i#g, 4,5=12 (7
Proof. By substituting pe, (to) and p; given by (11) and
(16) into the control law (10), the result follows. O

For the case of n > 2, we can not obtain the exact ex-
plicit optimal control law as that for the case of n = 2. In
this case, we only can get the approximate explicit optimal
control as shown in the following theorem.

Theorem 2. For the case that n > 2, and .ff’o = 0,1 =
1,-- -, n the approximate optimal consensus control is

oop  B(tr +10—2t) =~ o
i zm Tij
f 0 =1
j#i
log(g; ' (to)g; (to))-

Proof. Let z;(t) = log(g; ' (to)gi(t)). Since ézl.”o =
0,i = 1,---,n, it can be seen from (14) that z,;(t;) =

tp—to)® ~ .
(f120) Piyi o= 1,--

1,7=1,---,n. (18)

where x; = log(gy;) =

,n. In the meaning of consen-
sus, i.e., gi(ty) = g;(ty), it is easy to get exp(z;(ts)) -
exp(—z;(tf)) = gi;. By using Baker-Campbell-Hausdorff
formula ([7]), we have

xd = (xi—xj—

(tr),

by summing it up for index j, and noting that ), x;(t¢) =
0, it follows that

%[m%xji + 112 ixjv [mjvxZii + -

n

Zw = (i) + 3 Dl sl +

7j=1

1=1,-
This is a group of equations about unknowns p;,i =
1,---,n,itis generally imposable to solve p;, 2 = 1, -+, n,

explicitly. For this problem, when the configurations

approach consensus, the influence of the higher order
Lie brackets will attenuate quickly, and can be omit-
ted. Thus we get a group of approximate equations

et
as follows, Z?:l x?j w p;, thus

Pi ~ W_Qto)g >0yl Recall (11), we have pe, (to) =
%(tf — to)p;, by substituting pe, (t9) and p; into (10), then
the result follows. O

~ nxi(ty) =

Remark 3. By substituting p;,i = 1,---
final configuration of g;,© = 1,2 will be

n
1
0 -
- E Ty |, i=1,---
j=1

Forn = 2, we have exactly that g1 (ty) = ga(ty).

,n, into (14), the

gi(ty) :g? exp , 1. (19)

In order to overcome the deficiency that open control is
sensitive to perturbations, it is suggested to use the closed
optimal control, i.e., to take the current time and state as the
initial time and state when constructing the optimal control
[11]. In this case the control law (17) and (18) can not
be used, since it is obtained under the assumption that the
initial velocities are zeros, but the current velocities, when
being taken as initial velocities, can not be zeros as shown
in (13), £2(t) = —L1(t — to)(t — tf)p;. If we take the ini-
tial time as zero, and current time as tg, the current veloc-
ities will be £0(ty) = —1(to)(to — tg)p;. Obviously, this
form of velocity has the property that [f;, £2(to)] = 0, and
> €%(to) = 0 which satisfies the condition of lemma 7.
See remark 2.

Theorem 3. Suppose that [p;, €2 (to)] = 0,i = 1,---,n,
and )", 51?(750) = 0, then the optimal control is
22t +to — 3t) a0
fi,j

) Z & nlty —to)?

J;ﬁz

(ty +to—2t) 20
n(ty —tg)3 4
i=1,---,n.

(20)

Proof. Noting that in this case, we also have >, z;(t5) =
0, by almost the same argument as that of theorem 2, then
the result will follows. O

Theorem 4. Suppose that the initial velocities satisfies
éf’o = 0,i = 1,---,n. For the required formation des-
ignated by relative configurations g;;,1,j = 1,---,n, the
optimal feedback formation control is

~ 6 4
~fop ( » b
u; ~ I’Lj (t) + ‘f (t)) ’
’ Z n(ty — 1) nity — 1)

1#£]
i=1,--,n.

A o 2n
where x;; = log(gi;g;i), and 511-’]- = Adg,; 5;’ — &b
Proof. Recalling lemma 2, by taking the current time ¢ as
the initial time ¢, and using uf’ P %;; = log g;lgj, and
= Adgljéb Adg, ,£" to replace @, z;; and &Y} re-
spectively in (20) we shall obtain

il Z ( (0 + ﬁéﬁy(ﬂ) ,
#J

i=1,--

, M.
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From lemma 2, the optimal feedback formation control can
will be 4P = Adj, @/*”. Also, by the Corollary 1 of
[4], we have Adg,, Z;; log (g;lg]-gji). And Adgiléfj =
Adg,, é;’ — éﬁ’ . This proves the theorem. O

Remark 4. In theorem 4,
1) whenn = 2, the optimal feedback control law is exact,
no approximation is assumed in this case;
2) when g;j = I,i,j = 1,---,n, the formation control
law (21) will be reduced to the consensus control law.

5 SIMULATIONS

Given four vehicles with the initial configurations shown in
Table 1, now consider formation problem with the required
formation given by Table 2. The control law to be utilized
is the feedback optimal control law (21), the t; is taken
to be 10 and the total simulation time is 15. The dynami-
cal process of simulation is shown in Figure 1 and Figure
2. The result shows that the system archives the required
formation at ¢y = 10.

Table 1: Initial Configurations of Agents

order number | 6(0) z(0) | y(0)
1 0 100 100
2 -7 —100 | —100
3 w/2 —100 100
4 —7/2 100 | —100

Table 2: relative configurations at final time

relative index (1) | 01:(¢tr) | x1:(ty) | vai(ty)
(11) 0 0 0
12) 0 —20 20
(13) 0 —20 —20
(14) 0 —40 0

for 20% of the total time for 35% of the total time

P '0""
100 (=N 100 \
50 50
- 0 - 0
-50 -50
-100 ‘ ' -100 %
il
“2f50 100 50 0 50 100 150 200  -150 -100 -50 O 50 100 150 200
x x
for 50% of the total time for the total time
999 o £
100 " - 100 -
50 50
- 0 - 0
-50 -50
-100 ‘ -100 u ']
oy dd 0000

" 2150 100 -50 0 50 100 150 200 “2150 100 -50 0 50 100 150 200
x x

Figure 1: The trajectories of multiple vehicles with head-
ings
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