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���§§§|||������ÜÜÜ¯̄̄KKKµµµ ⎧⎨⎩
dx

dt
= f(t, x),

x(�) = �,
(1)

ÙÙÙ¥¥¥

x =

⎛⎜⎜⎜⎝
x1
...

xn

⎞⎟⎟⎟⎠ , f(t, x) =

⎛⎜⎜⎜⎝
f1(t, x1, ⋅ ⋅ ⋅ , xn)

...

fn(t, x1, ⋅ ⋅ ⋅ , xn)

⎞⎟⎟⎟⎠ .
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Lipschitz^̂̂���µµµ¡¡¡f(t, x)333444���

R : ∣t− � ∣ ≤ a, ∣x− �∣ ≤ b

þþþ'''uuux÷÷÷vvvLipschitz^̂̂���§§§XXXJJJ���333~~~êêêL§§§¦¦¦���ééé???

¿¿¿(t, x1), (t, x2) ∈ R§§§ÑÑÑkkk

∣f(t, x1)− f(t, x2)∣ ≤ L∣x1 − x2∣.

L¡¡¡���Lipschitz~~~êêê"""
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XXXJJJf(t, x)333Rþþþ'''uuux������©©©þþþ���   ���ûûûÑÑÑ���333���kkk...§§§

KKKf(t, x)333Rþþþ÷÷÷vvvLipschitz^̂̂���"""

½½½nnn1 eeef(t, x)333444���RþþþëëëYYY§§§���÷÷÷vvvLipschitz^̂̂���§§§KKK���§§§

|||������ÜÜÜ¯̄̄KKKuuu«««mmmI0 : ∣t− � ∣ ≤ ℎþþþkkk������)))§§§ÙÙÙ¥¥¥

ℎ = min

{
a,

b

M

}
§§§M ´́́∣f(t, x)∣uuuRþþþ���������þþþ..."""

ℎAAAÛÛÛþþþ���¿¿¿ÂÂÂººº£££���������~~~§§§xxxããã¤¤¤
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yyy²²²ggg´́́µµµ

(i) ÐÐÐ���¯̄̄KKK(1)���)))���ddduuueee���ÈÈÈ©©©���§§§���)))

x(t) = � +

∫ t

�
f(s, x(s))ds (2)
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(ii) ���EEEpicard%%%CCCSSS���µµµ

'0(t) = �,

'k(t) = � +

∫ t

�
f(s, 'k−1(s))ds, k = 1, 2, ⋅ ⋅ ⋅ .

KKK¼¼¼êêê���{'k(t)}333I0þþþëëëYYY������§§§���ØØØ���ÑÑÑ«««���R£££XXXããã¤¤¤"""

���IIIyyy²²²µµµ

(1) ���t ∈ I0���§§§∣'k(t)− �∣ ≤M ∣t− � ∣ ≤Mℎ ≤ b§§§===(t, 'k(t)) ∈ R

(2) 'k(t)333I0þþþëëëYYY������"""
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(iii) Picard%%%CCCSSS���{'k(t)}333«««mmmI0þþþ������ÂÂÂñññ"""

{'k(t)}���������ÂÂÂñññ555⇔???êêê
∑∞

k=1['k(t)− 'k−1(t)]���������ÂÂÂñññ555.

888BBB{{{yyy²²²µµµ

∣'k(t)− 'k−1(t)∣ ≤
M

L

(L∣t− � ∣)k

k!
≤ M

L

(Lℎ)k

k!
,

ÙÙÙ¥¥¥L´́́Lipschitz~~~êêê"""
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(iv) ---'(t) = lim
k→∞

'k(t)§§§KKK'(t)333I0þþþëëëYYY§§§���´́́(1)���)))"""

uuu���ªªª'k(t) = � +
∫ t
� f(s, 'k−1(s))dsüüüààà���444���§§§KKKkkk

'(t) = � +

∫ t

�
f(s, '(s))ds

==='(t)´́́ÈÈÈ©©©���§§§���)))§§§lll´́́ÐÐÐ���¯̄̄KKK���)))"""
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(iv) ������555"""���x = '(t)ÚÚÚx =  (t)´́́ÐÐÐ���¯̄̄KKK(1)333«««mmmI0þþþ���)))§§§

'(t) = � +

∫ t

�
f(s, '(s))ds,

 (t) = � +

∫ t

�
f(s,  (s))ds.

---u(t) = ∣'(t)−  (t)∣§§§M0 = max
t∈I0
{u(t)}§§§KKK

u(t) ≤ L
∣∣∣∣∫ t

�
u(s)ds

∣∣∣∣ . (3)

???���ÚÚÚkkku(t) ≤M0L∣t− � ∣§§§���EEE|||^̂̂(3)KKKkkk

u(t) ≤M0L
k ∣t− � ∣k

k!
≤M0L

k ℎ
k

k!
.

---k →∞§§§KKKkkku(t) = 0.
() December 2, 2014 10 / 19



Picard�3��5½n

~~~1 iiikkkJJJ���§§§
dy

dx
= x2 + y2.

LLL²²²¡¡¡þþþ???¿¿¿���:::kkk)))������kkk���)))"""

CCCqqqOOO���£££������¤¤¤µµµ

���ÑÑÑ���§§§(1)���111ngggPicardCCCqqq)))'n(t)ÚÚÚýýý¢¢¢)))'(t)333«««

mmm∣t− t0∣ ≤ ℎSSS���ØØØ������OOOLLL���ªªª"""

Lipschitz^̂̂���´́́���yyy)))���������¿¿¿©©©^̂̂���§§§f(t, x)ëëëYYY������yyy)))���

���333555£££Peano½½½nnn¤¤¤"""

~~~µµµ
dx

dt
= x

2
3 , x(0) = 0. x = (13 t)

3.
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ÛÜLipschitz^�

f(t, x)333���GSSS'''uuux÷÷÷vvvÛÛÛÜÜÜLipschitz^̂̂���µµµ

XXXJJJéééuuu???���(t0, x0) ∈ G§§§ðððkkk¹¹¹uuuGSSS���///XXX

R : ∣t− t0∣ ≤ a, ∣x− x0∣ ≤ b

���444���§§§333ÙÙÙþþþf(t, x)÷÷÷vvvLipschitz^̂̂���§§§¡¡¡f(t, x)333���GSSS÷÷÷vvv

ÛÛÛÜÜÜLipschitz^̂̂���"""

XXXJJJf(t, x)333GSSS'''uuux���   ���êêê���333���ëëëYYY§§§KKKf(t, x)333���GSSS

÷÷÷vvvÛÛÛÜÜÜLipschitz^̂̂���"""
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½½½nnn2 eeef(t, x)333���GSSSëëëYYY§§§���÷÷÷vvvÛÛÛÜÜÜLipschitz^̂̂���§§§KKKééé

???¿¿¿(t0, x0) ∈ G§§§���§§§÷÷÷vvvÐÐÐ���^̂̂���x(t0) = x0���)))���333���������"""

£££|||^̂̂Picard���333������555½½½nnnyyy²²²¤¤¤

������555���888vvvkkk¿¿¿���^̂̂���§§§Osgood^̂̂���'''Lipschitz������������


"""

Osgood^̂̂���µµµeeef(t, x)333GSSSëëëYYY§§§���÷÷÷vvv^̂̂���

∣f(t, x1)− f(t, x2)∣ ≤ F (∣x1 − x2∣),

ÙÙÙ¥¥¥F (r) > 03330 < r ≤ r1þþþëëëYYY§§§���
∫ r1
0

1

F (r)
dr = +∞§§§KKK

¡¡¡f(t, x)333GSSSéééx÷÷÷vvvOsgood^̂̂���"""

Lipschitz ^̂̂���´́́Osgood^̂̂������AAA~~~§§§F (r) = Lr.
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½½½nnn3 ���f(t, x)333«««���GSSSéééy÷÷÷vvvOsgood^̂̂���§§§KKK���

§§§
dx

dt
= f(t, x)333GSSS²²²LLLzzz���:::���õõõ���kkk������)))"""

���yyyÐÐÐ���¯̄̄KKKÛÛÛÜÜÜ)))���������^̂̂���´́́ÄÄÄ���UUU���yyy���NNN)))������ººº

½½½nnn4 XXXJJJééé���G¥¥¥???���(�, �)§§§ÐÐÐ���¯̄̄KKK(1)���)))333¹¹¹����,,,���

«««mmmþþþ´́́���������§§§KKKéééG¥¥¥???���(�, �) §§§ÐÐÐ���¯̄̄KKK(1)���???¿¿¿üüü���)))333

ÙÙÙ���ÓÓÓ���333«««mmmþþþ777������"""

£££���yyy¤¤¤
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Ø����/§Û)

)))ØØØ���������444ààà���///µµµÛÛÛ)))

~~~2µµµ���ÄÄÄ���§§§x′ = e
t
x
x′

ÏÏÏ)))µµµx =
1

c
ect§§§AAA)))µµµx = et.

ÛÛÛ)))���½½½ÂÂÂ£££ÛÛÛªªª���§§§¤¤¤µµµ

���x = '(t)´́́���§§§F (t, x, x′) = 0333«««mmmIþþþ���)))§§§XXXJJJÙÙÙÈÈÈ©©©���

þþþ???ÛÛÛ���:::ÑÑÑkkk���§§§���,,,���^̂̂ÈÈÈ©©©���ÏÏÏLLL§§§¿¿¿���333ddd:::���������

���§§§KKK¡¡¡x = '(t)������§§§333ddd«««mmmþþþ���ÛÛÛ)))"""

¦¦¦ÛÛÛ)))������{{{µµµp-���OOO���§§§C-���OOO���§§§���������äää"""
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x = '(t)������§§§ÛÛÛ)))���777���^̂̂���µµµ

���F (t, x, p) ëëëYYY������§§§KKKx = '(t)������§§§ÛÛÛ)))���777���^̂̂������

F (t, '(t), '′(t)) = 0, F ′p(t, '(t), '
′(t)) = 0, t ∈ I.

���ÏÏÏµµµ£££���yyy¤¤¤|||^̂̂ÛÛÛ¼¼¼êêê½½½nnn999ÐÐÐ���)))���������555"""

þþþããã(((JJJLLL²²²���§§§���ÛÛÛ)))���¹¹¹333ddd���§§§|||

F (t, x, p) = 0, F ′P (t, x, p) = 0 (4)

������p������������¥¥¥"""¡¡¡þþþããã������p-���OOO���"""
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Ø����/§Û)

p-���OOO���ØØØ���½½½´́́)))§§§===¦¦¦´́́)))§§§���ØØØ���½½½´́́ÛÛÛ)))"""

~~~3µµµ

(
dx

dt

)2

+ x− t = 0

~~~4µµµ

(
dx

dt

)2

− x2 = 0

½½½nnn5 bbb���

(i) F (t, x, p)333«««���GSSS���gggëëëYYY������"""

(ii) p-���OOO���x = '(t)´́́���©©©���§§§���)))"""

(iii) F ′x(t, '(t), '
′(t)) ∕= 0, F ′′pp(t, '(t), '

′(t)) ∕= 0, t ∈ I.

KKKx = '(t)´́́ÛÛÛ)))"""
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~~~5µµµ¦¦¦���§§§(x′)2 + x2 − 1 = 0���ÛÛÛ)))"""

~~~6µµµ¦¦¦���§§§(x′)2[(t− x)2 − 1]− 2x′ + [(t− x)2 − 1] = 0���ÛÛÛ)))"""

~~~7: yyy²²²���444ÛÛÛ���§§§x = tx′ + g(x′)ðððkkkÛÛÛ)))§§§ÙÙÙ¥¥¥¼¼¼êêêg(p)üüüggg

ëëëYYY������§§§���g′′(p) ∕= 0.
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P 100: 1; P 104: 1, 2.

1. ���§§§
dx

dt
= t2 + x2½½½ÂÂÂ333R : −1 ≤ t ≤ 1, −1 ≤ x ≤ 1þþþ§§§ÁÁÁ|||

^̂̂)))������333������555½½½nnn(((½½½²²²LLL:::(0, 0)���)))������333«««mmm§§§¿¿¿¦¦¦333ddd«««

mmmþþþ���ýýý���)))���ØØØ���ØØØ���LLL0.05���CCCqqq)))���LLL���ªªª"""

2. ¦¦¦���§§§
dx

dt
= t− x2ÏÏÏLLL:::(1, 0)���111���gggCCCqqq)))"""
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