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§ Peano�35½n

½½½nnn1 ���¼¼¼êêêf(t, x)333ÝÝÝ///«««���

R : ∣t− t0∣ ≤ a, ∣x− x0∣ ≤ b

þþþëëëYYY§§§KKKÐÐÐ���¯̄̄KKK

dx

dt
= f(t, x), x(t0) = x0 (1)

333∣t− t0∣ ≤ ℎþþþ���������333������)))x = x(t)§§§ÙÙÙ¥¥¥ℎ = min

(
a,

b

M

)
,

M ´́́∣f(t, x)∣333Rþþþ���������þþþ..."""
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î.ò�

|||^̂̂îîî...òòò���¦¦¦CCCqqq)))���ggg���"""

îîî...òòò���������EEE

(1) òòò«««mmm[t0 − ℎ, t0 + ℎ]©©©¤¤¤2n���°°°§§§zzz°°°���ÝÝÝ

���ℎn =
ℎ

n
§§§2n+ 1���©©©:::���

tk = t0 + kℎn, k = 0,±1, ⋅ ⋅ ⋅ ,±n.

(2) lllP0(t0, x0)ÑÑÑuuu���mmm������ÇÇÇ���f(t0, x0)���������§§§���t = t1���

uuuP1(t1, x1)§§§222lllP1(t1, x1)ÑÑÑuuu������ÇÇÇ���f(t1, x1)���������§§§

���t = t2���uuuP2(t2, x2)§§§⋅ ⋅ ⋅ , ���mmmòòò���µµµ[P0P1P2 ⋅ ⋅ ⋅Pn]§§§ÓÓÓnnn���

���òòò���µµµ[P−n ⋅ ⋅ ⋅P−1P0].
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î.ò�

������÷÷÷///«««���ΔℎSSS���òòò���µµµ


n = [P−n ⋅ ⋅ ⋅P−k ⋅ ⋅ ⋅P−1P0P1 ⋅ ⋅ ⋅Pk ⋅ ⋅ ⋅Pn].

¡¡¡
n���îîî...òòò���"""

îîî...òòò������§§§x = 'n(t)µµµ

Pk(tk, xk) : xk = xk−1 + f(tk−1, xk−1)(tk − tk−1)

���t0 < t ≤ t0 + ℎ���§§§kkk���êêês§§§¦¦¦���ts < t ≤ ts+1

(0 ≤ s ≤ n− 1)§§§uuu´́́

'n(t) = xs + f(ts, xs)(t− ts)

= x0 +
s−1∑
k=0

f(tk, xk)(tk+1 − tk) + f(ts, xs)(t− ts).
() December 4, 2014 4 / 14



AscoliÚn

ÓÓÓnnnééét0 − ℎ < t ≤ t0"""

yyy²²²îîî...òòò���SSS���{'n(t)}���333������ÂÂÂñññ���fffSSS���"""

AscoliÚÚÚnnnµµµ���¼¼¼êêê���{fn(t)}333kkk���444«««mmmIþþþ������kkk...������ÝÝÝëëë

YYY§§§KKK���333fffSSS���{fnk
(t)} 333Iþþþ������ÂÂÂñññ"""

¼¼¼êêê���{fn(t)}333«««mmmIþþþ������kkk...µµµ

XXXJJJ���333~~~êêêN > 0§§§¦¦¦���ØØØ���ªªª∣fn(t)∣ ≤ Nééé������n = 1, 2 ⋅ ⋅ ⋅ ,

t ∈ IÑÑÑ¤¤¤ááá§§§KKK¡¡¡{fn(t)}333«««mmmIþþþ������kkk..."""
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AscoliÚn

¼¼¼êêê���{fn(t)}333«««mmmIþþþ���ÝÝÝëëëYYYµµµ

XXXJJJééé∀" > 0,∃� = �(")§§§ééé∀t1, t2 ∈ I, ∣t1 − t2∣ < �§§§∀n§§§kkk

∣fn(t1)− fn(t2)∣ < ",

KKK¡¡¡{fn(t)}333«««mmmIþþþ���ÝÝÝëëëYYY"""

~~~1 fn(t) = (−1)n + tn, (n = 1, 2 ⋅ ⋅ ⋅ ).

(1) 333∣t∣ ≤ 1

2
þþþ������kkk...§§§���ÝÝÝëëëYYY"""

(2) 333∣t∣ ≤ 1þþþ������kkk...§§§���������ÝÝÝëëëYYY"""

(3) 333∣t∣ ≤ 2þþþ���������kkk...§§§���������ÝÝÝëëëYYY"""
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AscoliÚn

ÚÚÚnnn1 îîî...SSS���{'n(t)}333«««mmm[t0 − ℎ, t0 + ℎ]þþþ���������333���������

���ÂÂÂñññ���fffSSS���"""

yyy²²²ggg´́́µµµ

£££1¤¤¤îîî...SSS���{'n(t)}   uuuÝÝÝ///RSSS§§§ÏÏÏddd������kkk..."""

£££2¤¤¤îîî...òòò���¥¥¥���������ããã������ÇÇÇ   uuu−MÚÚÚM���mmm§§§òòò���
n���???

ÛÛÛ������������ÇÇÇ���000uuu−MÚÚÚM���mmm§§§===

−M ≤ 'n(s)− 'n(t)

s− t
≤M.

===

∣'n(s)− 'n(t)∣ ≤M ∣s− t∣, ∀s, t ∈ [t0 − ℎ, t0 + ℎ].

lll


���ÝÝÝëëëYYY"""
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ÚÚÚnnn2 îîî...SSS���{'n(t)}333«««mmm[t0 − ℎ, t0 + ℎ]þþþ÷÷÷vvv'''XXXªªª

'n(t) = x0 +

∫ t

t0

f(s, 'n(s))ds+ �n(t),

ÙÙÙ¥¥¥ lim
n→∞

�n(t) = 0.

yyy²²²ggg´́́µµµ

(1) ééé∀t ∈ [t0 − ℎ, t0 + ℎ], ∃s¦¦¦���ts < t ≤ ts+1§§§���

'n(t) = x0 +

s−1∑
k=0

f(tk, xk)(tk+1 − tk) + f(ts, xs)(t− ts).

(2)

f(tk, xk)(tk+1 − tk) =

∫ tk+1

tk

f(tk, xk)d� =

∫ tk+1

tk

f(t, 'n(t))dt+ dn(k),
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f(ts, xs)(t− ts) =

∫ t

ts

f(ts, xs)d� =

∫ t

ts

f(�, 'n(�))d� + d̄n(t),

ÙÙÙ¥¥¥

dn(k) =

∫ tk+1

tk

f(tk, xk)d� −
∫ tk+1

tk

f(t, 'n(t))dt,

d̄n(t) =

∫ t

ts

f(ts, xs)d� −
∫ t

ts

f(�, 'n(�))d�.

(3)

'n(t) = x0 +

∫ t

t0

f(�, 'n(�))d� + d̄n(t) +

s−1∑
k=0

dn(k).
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(4) yyy²²² lim
n→∞

�n(t) = 0, �n(t) = d̄n(t) +
s−1∑
k=0

dn(k).

£££|||^̂̂îîî...òòò������555���999f(t, x)���ëëëYYY555yyy²²²¤¤¤

(i) f(t, x)333Rþþþ������ëëëYYY⇒ ∀" > 0,∃� > 0,

ééé∀(t, x), (t̄, x̄), ∣t− t̄∣ < �, ∣x− x̄∣ < �§§§kkk

∣f(t, x)− f(t̄, x̄)∣ < "

ℎ
.

(ii) ééét ∈ [tk, tk+1]§§§kkk

'n(t) = xk + f(tk, xk)(t− tk).
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î.S��5�

(iii) ���333N > 0§§§���n > N���§§§kkk

∣'n(t)− xk∣ ≤M ∣t− tk∣ ≤M
ℎ

n
< �, ∣t− tk∣ ≤

ℎ

n
< �.

ddd£££i¤¤¤kkk

∣f(tk, xk)− f(t, 'n(t))∣ < "

ℎ
.

∣dn(k)∣ < "

ℎ
(tk+1 − tk)

ÓÓÓnnnkkk§§§∣d̄n(t)∣ < "
ℎ(t− ts).

∣�n(t)∣ < "
ℎ(t− t0) < ".
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Peano½n�y²

Peano½½½nnn���yyy²²²ggg´́́µµµ

(i) dddÚÚÚnnn2µµµ'n(t) = x0 +
∫ t
t0
f(s, 'n(s))ds+ �n(t).

(ii) {'n(t)}333«««mmm[t0 − ℎ, t0 + ℎ]þþþ���333������ÂÂÂñññ���fffSSS���{'nk
(t)}§§§

---'(t) = lim
k→∞

'nk
(t)§§§KKK'(t)ëëëYYY"""uuu���ªªª

'nk
(t) = x0 +

∫ t

t0

f(s, 'nk
(s))ds+ �nk

(t)

üüüàààééék���444���§§§¿¿¿|||^̂̂ÚÚÚnnn2§§§KKKkkk

'(t) = x0 +

∫ t

t0

f(s, '(s))ds

===x = '(t) ´́́ÐÐÐ���¯̄̄KKK���)))"""
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íííØØØ1 eeef(t, x)333mmm«««���GSSSëëëYYY§§§KKKééé∀(t0, x0) ∈ G§§§ÐÐÐ���¯̄̄

KKK(1)ðððkkk)))x = '(t)§§§ùùù���)))������333t0���,,,���������∣t− t0∣ ≤ ℎþþþkkk½½½

ÂÂÂ"""
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5)

5551 îîî...SSS������???ÛÛÛÂÂÂñññ���fffSSS���ÑÑÑÂÂÂñññuuu(1)���)))§§§���ÐÐÐ���)))

���������§§§SSS���ÂÂÂñññuuuùùù���������)))"""���PicardSSS���333ØØØ÷÷÷

vvvLipschitz^̂̂������§§§���UUUØØØÂÂÂñññ£££���¶¶¶ÓÓÓ;;;ÖÖÖ~~~fff§§§PicardSSS���

ØØØÂÂÂñññ§§§���ÐÐÐ���)))������"""¤¤¤"""

5552 Peano ½½½nnnØØØ���yyy������555§§§���±±±333ÝÝÝ///«««���Rþþþ���EEE������

ëëëYYY¼¼¼êêêf(t, x)§§§LLLRSSS???���:::ÑÑÑkkk���§§§
dx

dt
= f(t, x) ���)))���LLLzzz

���:::������kkküüü^̂̂ØØØÓÓÓ���ÈÈÈ©©©­­­���£££ccc���éééµµµ...ËËËÕÕÕ$$$ÅÅÅ¤¤¤"""

5553 Peano½½½nnnééé���§§§|||���¤¤¤ááá"""
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