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���§§§µµµ
dx

dt
= f(t, x).

ÐÐÐ©©©^̂̂���µµµx(t0) = x0.

ÐÐÐ���¯̄̄KKK���)))µµµ'(t, t0, x0).

~~~µµµÐÐÐ���¯̄̄KKKx′ = x, x(t0) = x0 ���)))���x(t, t0, x0) = x0e
t−t0.

ÐÐÐ©©©���CCCÄÄÄ���§§§)))XXXÛÛÛCCCÄÄÄººº¢¢¢SSS¿¿¿ÂÂÂººº
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½½½nnn1 ���f(t, x) 333«««���GSSSëëëYYY§§§���'''uuux÷÷÷vvvÛÛÛÜÜÜLipschitz^̂̂

���"""eeex =  (t) ´́́���§§§���������)))§§§


[a, b]´́́ÙÙÙ���333«««mmm���???���444

fff«««mmm§§§KKK���333� > 0§§§���(t0, x0)���333«««���

R : t0 ∈ [a, b], ∣x0 −  (t0)∣ ≤ �

þþþ���§§§ÐÐÐ���¯̄̄KKK���������)))x = '(t, t0, x0)������333[a, b]þþþkkk½½½ÂÂÂ§§§¿¿¿

���333444���

V : t ∈ [a, b], t0 ∈ [a, b], ∣x0 −  (t0)∣ ≤ �

þþþ'''uuut, t0, x0ëëëYYY"""
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AAAÛÛÛ¿¿¿ÂÂÂµµµ

(i) ���333������±±±­­­���x =  (t)���¥¥¥%%%������///«««���R§§§���ÐÐÐ���(t0, x0)���333

ùùù���«««������§§§)))'(t, t0, x0)������333[a, b]þþþ���333§§§���

)))x = '(t, t0, x0)333t ∈ [a, b], (t0, x0) ∈ Rþþþ´́́nnn���ëëëYYY¼¼¼êêê"""

(ii) ���)))x = '(t, t0, x0)333[a, b]þþþ���333§§§ééé???���±±±­­­���x = '(t, t0, x0)���

¥¥¥%%%���" ���///«««���§§§���½½½���333±±±­­­���x = '(t, t0, x0)���¥¥¥%%%�������

///«««���§§§���ÐÐÐ©©©:::(t0, x0)���333ùùù�������///«««������§§§

)))x = '(t, t0, x0)ØØØ¬¬¬���ÑÑÑ" ���///«««���"""

555¿¿¿���µµµ

∣'(t, t0, x0)− '(t, t0, x0)∣ = ∣'(t, t0, x0)− '(t, t0, '(t0, t0, x0))∣ < �
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íííØØØ1 ���f(t, x)333GSSSëëëYYY§§§���'''uuux÷÷÷vvvÛÛÛÜÜÜLipschitz^̂̂���"""

eee)))x = '(t, t0, x0)333[a, b]þþþkkk½½½ÂÂÂ§§§KKK���(t0, x0) ���(t0, x0)¿¿¿©©©���

CCC���§§§)))x = '(t, t0, x0)���������333[a, b]þþþkkk½½½ÂÂÂ§§§¿¿¿���

ééét ∈ [a, b]������///¤¤¤ááá

lim
(t0,x0)→(t0,x0)

'(t, t0, x0) = '(t, t0, x0).

£££���(t0, x0)���(t0, x0)���CCC���§§§(t0, x0)���(t0, '(t0, t0, x0))���CCC£££���

ããã¤¤¤¤¤¤

ÐÐÐ������CCC§§§éééAAA���)))������CCC"""
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íííØØØ2 ���f(t, x)333GSSSëëëYYY§§§���'''uuux÷÷÷vvvÛÛÛÜÜÜLipschitz^̂̂���"""

KKK���§§§|||���)))x = '(t, t0, x0)������t, t0, x0���¼¼¼êêê333§§§������333������SSS

´́́ëëëYYY���"""

'(t, t0, x0)− '(t, t0, x0) = '(t, t0, x0)− '(t, t0, x0)

+'(t, t0, x0)− '(t, t0, x0).
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½½½nnn1���yyy²²²ggg´́́µµµ

(I) ���333�1 > 0¿¿¿©©©���§§§¦¦¦���444���

U : t ∈ [a, b], ∣x−  (t)∣ ≤ �1

¹¹¹uuuGSSS§§§���f(t, x)333Uþþþ÷÷÷vvvLipschitz^̂̂���"""

���ÏÏÏµµµÈÈÈ©©©­­­���x =  (t)´́́GSSSkkk...444888§§§|||^̂̂kkk���CCCXXX½½½nnn(((½½½

fff«««���G1§§§f(t, x)333ÙÙÙþþþ÷÷÷vvvLipschitz^̂̂���§§§PPPLipschitz~~~êêê

���N"""������///«««���U¦¦¦���U ⊂ G1"""
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(II) ���� > 0¦¦¦� < e−N(b−a)�1"""

���EEEëëëYYY���%%%CCCSSS���'n(t, t0, x0)§§§¦¦¦ÙÙÙ333Vþþþ������ÂÂÂñññ§§§ÙÙÙ444���

¼¼¼êêê´́́'(t, t0, x0)§§§uuu´́́'(t, t0, x0)333VþþþëëëYYY"""

���EEE%%%CCCSSS���XXXeeeµµµ

'0(t, t0, x0) = x0 −  (t0) +  (t),

'k(t, t0, x0) = x0 +

∫ t

t0

f(s, 'k−1(s, t0, x0))ds.
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KKKééé¤¤¤kkk���kÚÚÚ(t, t0, x0) ∈ Vkkk

(i) (t, 'k(t, t0, x0)) ∈ U .

(ii) 'k(t, t0, x0)333VþþþëëëYYY"""

(iii) ∣'k+1(t, t0, x0)− 'k(t, t0, x0)∣ ≤
Nk+1∣t− t0∣k+1

(k + 1)!
∣x0 −  (t0)∣.

uuu´́́'k(t, t0, x0)333Vþþþ������ÂÂÂñññ§§§ÙÙÙ444���¼¼¼êêêx = �(t)´́́ÈÈÈ©©©���§§§

���)))§§§lll


´́́ÐÐÐ���¯̄̄KKK���)))§§§ddd)))���������555����(t) = '(t, t0, x0)§§§

���'(t, t0, x0)333VþþþëëëYYY"""

yyy²²²£££i¤¤¤§§§£££ii¤¤¤ÚÚÚ£££iii¤¤¤^̂̂888BBB{{{"""
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(a) k = 0���§§§(i),(ii),(iii) ¤¤¤ááá"""

(b) bbb���k ≤ m− 1���§§§(i),(ii),(iii) ¤¤¤ááá§§§   yyyk = m���§§§(i),(ii),(iii)

½½½¤¤¤ááá"""

∣'m(t, t0, x0)−  (t)∣ ≤
∑m

k=1 ∣'k(t, t0, x0)− 'k−1(t, t0, x0)∣

+∣x0 −  (t0)∣

≤ eN ∣t−t0∣∣x0 −  (t0)∣ ≤ eN ∣b−a∣� < �1
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���§§§|||
dx

dt
= f(t, x, �) (1)

ÐÐÐ���)))'(t, t0, x0, �) '''uuuëëëêêê���������¿¿¿ÂÂÂ"""

���G´́́(t, x)���mmm¥¥¥,,,«««���§§§I� = (�, �)´́́�¶¶¶þþþ,,,«««mmm§§§---

D� : (t, x) ∈ G, � ∈ I�.
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½½½nnn2 ���f(t, x, �) 333«««���D�SSSëëëYYY§§§���'''uuu(x, �)÷÷÷vvvÛÛÛ

ÜÜÜLipschitz^̂̂���"""eeex =  (t) ´́́���§§§���������)))333[a, b]þþþkkk½½½ÂÂÂ§§§

KKK���333� > 0§§§���(t0, x0, �0)���333«««���

R : t0 ∈ [a, b], ∣x0 −  (t0)∣+ ∣�− �0∣ ≤ �

þþþ���§§§ÐÐÐ���¯̄̄KKK���������)))x = '(t, t0, x0, �)������333[a, b]þþþkkk½½½ÂÂÂ§§§

¿¿¿���333444���

V� : t ∈ [a, b], t0 ∈ [a, b], ∣x0 −  (t0)∣+ ∣�− �0∣ ≤ �

þþþ'''uuut, t0, x0, �ëëëYYY"""
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yyy²²²ggg´́́µµµ===zzz������§§§|||

⎧⎨⎩
dx

dt
= f(t, x, �)

d�

dt
= 0

ÐÐÐ���¯̄̄KKK���)))���x = '(t, t0, x0, �), � = �.
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íííØØØ3 ���f(t, x, �)333D�SSSëëëYYY§§§���'''uuu(x, �)÷÷÷vvvÛÛÛ

ÜÜÜLipschitz^̂̂���"""eee(1)���)))x = '(t, t0, x0, �)333[a, b]þþþkkk½½½ÂÂÂ§§§KKK

���(t0, x0) ���(t0, x0)§§§� ����¿¿¿©©©���CCC���§§§)))x = '(t, t0, x0, �)������

���333[a, b]þþþkkk½½½ÂÂÂ§§§¿¿¿���ééét ∈ [a, b]������///¤¤¤ááá

lim

(t0, x0)→ (t0, x0)

�→ �

'(t, t0, x0, �) = '(t, t0, x0, �).

() December 11, 2014 14 / 15



)éÐ�Úëê�ëY5

íííØØØ4 ���f(t, x, �)333D�SSSëëëYYY§§§���'''uuu(x, �)÷÷÷vvvÛÛÛ

ÜÜÜLipschitz^̂̂���"""KKK���§§§|||���)))x = '(t, t0, x0, �)������t, t0, x0, ����

¼¼¼êêê333§§§������333������SSS´́́ëëëYYY���"""

kkk������555§§§ÑÑÑkkk)))éééÐÐÐ���ÚÚÚëëëêêê���ëëëYYY������555"""

kkk���«««mmm���ëëëYYY������555,ÃÃÃ¡¡¡«««mmm���­­­½½½555"""

������µµµP112µµµ1£££2§§§4¤¤¤§§§2£££1¤¤¤§§§4
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