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Bellman ØØØ���ªªª999ÙÙÙAAA^̂̂

ÚÚÚnnn1 ���x(t), f(t)´́́½½½ÂÂÂ333«««mmm[t1, t2]þþþëëëYYY!!!���KKK���XXXþþþ¼¼¼

êêê§§§XXXJJJééé� ∈ (t1, t2)§§§kkk

x(t) ≤ k + ∣
∫ t

�
f(s)x(s)ds∣, t ∈ (t1, t2), (1)

ÙÙÙ¥¥¥k´́́���KKK~~~êêê§§§KKK

x(t) ≤ ke∣
∫ t
� f(s)ds∣, t ∈ (t1, t2). (2)

yyy²²²µµµ©©©t ∈ [�, t2)999t ∈ (t1, �)üüü«««���¹¹¹
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Bellman ØØØ���ªªª���^̂̂555yyy²²²������555!!!������555���"""

~~~µµµeeef(t, x)333«««���GþþþëëëYYY§§§'''uuux÷÷÷vvvLipschitz^̂̂���§§§yyy²²²ÐÐÐ

���¯̄̄KKKx′ = f(t, x), x(t0) = x0���)))������"""

½½½nnn1 eeef(t, x)999f(t, x)'''uuux���������©©©þþþ���   ���êêêÑÑÑ333«««���GSSS

ëëëYYY§§§KKKÐÐÐ���¯̄̄KKK���)))x = '(t, t0, x0) ������t, t0, x0���¼¼¼êêê333§§§���

���333������SSSS´́́ëëëYYY���������"""

yyy²²²ggg´́́µµµ

(i)
∂'

∂t
(t, t0, x0)333Sþþþ���333���ëëëYYY"""
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(ii)
∂'(t, t0, x0)

∂x0
333Sþþþ���333§§§ëëëYYY������XXXeeeÐÐÐ���¯̄̄KKK���)))µµµ

⎧⎨⎩
dz

dt
= f ′x(t, '(t, t0, x0))z,

z(t0) = 1.

���ÏÏÏµµµ---z =
∂'(t, t0, x0)

∂x0
§§§uuu

∂'(t, t0, x0)

∂t
= f(t, '(t, t0, x0)) üüüààà

éééx0¦¦¦���ûûû§§§bbb������©©©ÒÒÒ���������§§§KKK

dz

dt
= f ′x(t, '(t, t0, x0))

∂'

∂x0
(t, t0, x0) = f ′x(t, '(t, t0, x0))z,

z(t0) = lim
Δx0→0

'(t0, t0, x0 + Δx0)− '(t0, t0, x0)

Δx0
= 1.
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yyy²²²ggg´́́µµµ

(a) ééé???¿¿¿(t1, �0, �0) ∈ S§§§yyy²²²'(t, t0, x0)333ddd:::������"""ddd���kkk

)))x = '(t, �0, �0)§§§���ÙÙÙ���333«««mmm���444fff«««mmm[a, b]§§§¦¦¦

���t1, �0 ∈ [a, b]§§§KKK���333� > 0§§§'(t, t0, x0)uuu

V : t ∈ [a, b], t0 ∈ [a, b], ∣x0 − '(t0, �0, �0)∣ ≤ �

þþþëëëYYY"""   yyy'(t, t0, x0)333Vþþþ������§§§���dddyyy²²²ÙÙÙ   ���êêê333Vþþþ���

333���ëëëYYY"""
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(b)
∂'(t, t0, x0)

∂x0
= lim

Δx0→0

Δ'

Δx0
, Δ' = '(t, t0, x0 + Δx0)− '(t, t0, x0).

'(t, t0, x0 + Δx0) = x0 + Δx0 +
∫ t
t0
f(s, '(s, t0, x0 + Δx0))ds,

'(t, t0, x0) = x0 +
∫ t
t0
f(s, '(s, t0, x0))ds.

Δ' = Δx0 +

∫ t

t0

[f ′x(s, '(s, t0, x0)) + r]Δ'ds.

Δ'

Δx0
= 1 +

∫ t

t0

[f ′x(s, '(s, t0, x0)) + r]
Δ'

Δx0
ds.

ÙÙÙ¥¥¥§§§ lim
Δx0→0

r = 0.
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(c) z(t, t0, x0) = 1 +
∫ t
t0
f ′x(s, '(s, t0, x0))z(s, t0, x0)ds.

(d) ---u =
Δ'

Δx0
− z§§§yyy²²² lim

Δx0→0
∣u∣ = 0.

u =

∫ t

t0

[f ′x(s, '(s, t0, x0))u+ r(u+ z)]ds.

333Vþþþ§§§��� ∣f ′x(s, '(s, t0, x0))∣ ≤M, ∣z(s, t0, x0)∣ ≤ N .

|||^̂̂������ùùùØØØ���ªªª===���yyy²²²"""
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(iii)
∂'(t, t0, x0)

∂t0
333Sþþþ���333§§§ëëëYYY������XXXeeeÐÐÐ���¯̄̄KKK

⎧⎨⎩
dz

dt
= f ′x(t, '(t, t0, x0))z,

z(t0) = −f(t0, x0)

���)))"""
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���yyyÐÐÐ©©©^̂̂���µµµ

'(t0, t0 + Δt0, x0)− '(t0, t0, x0)

Δt0

=
'(t0, t0 + Δt0, x0)− '(t0 + Δt0, t0 + Δt0, x0)

Δt0

= − 1

Δt0

∫ t0+Δt0

t0

f(s, '(s, t0 + Δt0, x0))ds

z(t0) =
∂'(t, t0, x0)

∂t0

∣∣∣∣ t = t0 = − lim
Δt0→0

f(�, '(�, t0 + Δt0, x0),

ÙÙÙ¥¥¥§§§ t0 ≤ � ≤ t0 + Δt0. ���

z(t0) = −f(t0, x0).
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5551
∂'(t, t0, x0)

∂x0
= e

∫ t
t0
f ′x(s,'(s,t0,x0))ds

.

5552
∂'(t, t0, x0)

∂t0
= −f(t0, x0)e

∫ t
t0
f ′x(s,'(s,t0,x0))ds

.

5553 ���§§§|||kkkaaaqqq���(((JJJ"""

5554 )))éééÐÐÐ������ppp���������555£££^̂̂���999(((ØØØ¤¤¤"""
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)))éééÐÐÐ���ÚÚÚëëëêêê���������555µµµ

½½½nnn2 eeef(t, x, �)±±±999f(t, x, �)éééxÚÚÚ����   ���êêê333���D�SSSëëëYYY§§§

KKK���§§§|||ÐÐÐ���¯̄̄KKKx′ = f(t, x, �), x(t0) = x0���

)))x = '(t, t0, x0, �)������t, t0, x0, ����¼¼¼êêê333§§§������333������SSS´́́ëëëYYY

���������"""
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ppp������§§§

x(n) = f(t, x, x′, ⋅ ⋅ ⋅ , x(n−1))

������///���zzz������§§§|||£££���)))���333555!!!���333������555!!!òòòÐÐÐ555!!!)))ééé

ÐÐÐ���ÚÚÚëëëêêê���ëëëYYY555ÚÚÚ������555¤¤¤"""

½½½nnn£££���333������555¤¤¤µµµbbb

���f(t, x, x1, ⋅ ⋅ ⋅ , xn−1)333(t, x, x1, ⋅ ⋅ ⋅ , xn−1)���mmm,,,«««���GSSSëëëYYY§§§

���÷÷÷vvvÛÛÛÜÜÜLipschitz^̂̂���§§§===éééuuuzzz���

:::(t0, x
0, x0

1, ⋅ ⋅ ⋅ , x0
n−1) ∈ G§§§���333a > 0, b > 0, N > 0§§§¦¦¦ÙÙÙ333444

���
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∣t− t0∣ ≤ a, ∣x− x0∣+ ∣x1 − x0
1∣+ ⋅ ⋅ ⋅+ ∣xn−1 − x0

n−1∣ ≤ b

þþþ÷÷÷vvv

∣f(t, x, x1, ⋅ ⋅ ⋅ , xn−1)− f(t, x̄, x̄1, ⋅ ⋅ ⋅ , x̄n−1)∣

≤ N(∣x− x̄∣+ ∣x1 − x̄1∣+ ⋅ ⋅ ⋅+ ∣xn−1 − x̄n−1∣).

KKK���§§§333,,,«««mmm∣t− t0∣ ≤ ℎþþþkkk÷÷÷vvvÐÐÐ©©©^̂̂���

x(t0) = x0, x′(t0) = x0
1, ⋅ ⋅ ⋅ , x(n−1)(t0) = x0

n−1

���)))§§§¿¿¿���´́́���������"""

������ P135: 2, 3; P136: 1, 2(1).
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