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£�¤Cþ�©l�§µ
dy

dx
= f(x)g(y)

£�¤àg�§µ
dy

dx
= f(x, y)§Ù¥f(tx, ty) = f(x, y)

){µ
dy

dx
= f(1,

y

x
)§-

y

x
= u§K�§z�µ

dy

dx
= u+ x

du

dx
= f(1, u).

£n¤
dy

dx
= f

(
ax+ by + c

a1x+ b1y + c1

)
(a) c = c1 = 0µàg�§

(b) c, c1��k��Ø�"⎧⎨⎩

���///1µµµ Δ =

∣∣∣∣∣∣∣∣
a a1

b b1

∣∣∣∣∣∣∣∣ ∕= 0

�C�µ x = � + �, y = � + �

�, �÷vµ

⎧⎨⎩
a� + b� + c = 0

a1� + b1� + c1 = 0

�§z�µ
d�

d�
= f

(
a� + b�

a1� + b1�

)
£àg�§¤

���///2µµµ Δ = 0§=
a1
a

=
b1
b

= �

dy

dx
= f

(
ax+ by + c

�(ax+ by) + c

)

- ax+ by = z

K
dz

dx
= a+ bf

(
z + c1
�z + c1

)

£o¤���5�§µ
dy

dx
= p(x)y + q(x)
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){µ~êC´{⎧⎨⎩

)àg�§µ
dy

dx
= p(x)y

)�µ y = ce
∫
p(x)dx

��àg�§)�µ y = c(x)e
∫
p(x)dx

Kµ c′(x)e
∫
p(x)dx = q(x)⇒ c(x) = c+

∫
q(x)e−

∫
p(x)dxdx

Ï)µ y = e
∫
p(x)dx

(
c+

∫
q(x)e−

∫
p(x)dxdx

)

5551 Ð�¯Kµ
dy

dx
= p(x)y + q(x), y(x0) = y0�L�ª"

5552 ®�p(x), q(x)�,«5�§?Ø)�,«5�§)~^½È©L«"

£Ê¤Ëã|�§µ
dy

dx
= p(x)y + q(x)yn, (n ∕= 0, 1)

){µz����5�§⎧⎨⎩

Ø±ynµ y−n
dy

dx
= p(x)y1−n + q(x)

-µ y1−n = z

Kµ
dz

dx
= (1− n)p(x)z + (1− n)q(x)£�5�§¤

£8¤T��§§È©Ïfµ

M(x, y)dx+N(x, y)dy = 0 (1)

(a) �§£1¤�T��§µ∃U(x, y)¦�

dU(x, y) = M(x, y)dx+N(x, y)dy = 0⇒ U(x, y) = c

�§£1¤�T��§�¿�^��µ
∂M

∂y
=
∂N

∂x

)µ
∫ x
x0
M(x, y)dx+

∫ y
y0
N(x0, y)dy = c

½µ
∫ x
x0
M(x, y0)dx+

∫ y
y0
N(x, y)dy = c

(b) È©Ïfµ�(x, y)

�(x, y)�È©Ïf§XJ�M(x, y)dx+ �N(x, y)dy = 0�T��§"
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(i) �§k��xk'�È©Ïfµ

∂M

∂y
− ∂N

∂x
N

= '(x)

d�

�
= '(x)dx ⇒ ¦Ñ �(x)

(ii) �§k��yk'�È©Ïfµ

∂M

∂y
− ∂N

∂x
−M

=  (y)

d�

�
=  (y)dy ⇒ ¦Ñ �(y)

(iii) ©|¦È©Ïf

5�: e�(x, y)´M(x, y)dx + N(x, y)dy = 0�È©Ïf§K�(x, y)Φ(U(x, y))�

´�§�È©Ïf§Ù¥dU(x, y) = �(x, y)M(x, y)dx+ �(x, y)N(x, y)dy.

~µ

(M1dx+N1dy) + (M2dx+N2dy) = 0 (2)⎧⎨⎩

e �1M1dx+ �1N1dy = dU1 §= �1´1�|�È©Ïf

e �2M1dx+ �1N2dy = dU2 §= �2´1�|�È©Ïf

K � = �1'(U1) = �2 (U2)´�§£2¤�È©Ïf§Ù¥ ',  �?¿�ëY¼ê"

£Ô¤��Ûª�§F (x, y, y′) = 0§Û)

£I¤y = f(x, y′)
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){µ⎧⎨⎩

-µy’=p

Kµy = f(x, p) (∗)

ü>éx¦�§Kµp = f ′x + f ′p
dp

dx

=��'ux, p�w«�§µ[p− f ′x(x, p)]dx− f ′p(x, p)dp = 0

Ù)�µp = !(x, c)½ö!(x, p, c) = 0

�\(∗)K��§�)µy = f(x, p) = f(x, !(x, c))½ö

⎧⎨⎩
y = f(x, p)

!(x, p, c) = 0

£II¤x = f(y, y′)

){µ⎧⎨⎩

-µy’=p

Kµx = f(y, p) (∗)

ü>éy¦�§K��'uy, p�w«�§µ
1

p
= f ′y(y, p) + f ′p(y, p)

dp

dy

Ù)�µp = !(y, c)§½ö!(y, p, c) = 0

�\(∗)K��§�)µx = f(y, p) = f(y, !(y, c))§½ö

⎧⎨⎩
x = f(y, p)

!(y, p, c) = 0

£III¤F (x, y′) = 0

){µ ⎧⎨⎩

x = '(t), y′ =  (t)

dy = y′dx =  (t)'′(t)dt⎧⎨⎩
x = '(t)

y =
∫
 (t)'′(t)dt+ C

£IV¤F (y, y′) = 0
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){µ ⎧⎨⎩

y = '(t), y′ =  (t)

dx =
dy

y′
=
'′(t)

 (t)
dt⎧⎨⎩

x =
∫ '′(t)
 (t)

dt+ C

y = '(t)

Û)µ½Â§�O{£»���5§P�O{¤"

£l¤p��§�A«�Èa.

(I) y(n) = f(x)

(II) F (x, y(n)) = 0

(III) F (y(n−1), y(n)) = 0

(IV) F (y(n−2), y(n)) = 0

(V) F (x, ty, ty′, ty′′) = tmF (t, y, y′, y′′)

(VI) F (tx, tmy, tm−1y′, tm−2y′′) = tkF (t, y, y′, y′′)

111���ÙÙÙ: ���555���§§§|||������555���§§§

���. ���555���§§§|||

x′ = A(t)x+ f(t)

Ù¥Ý
¼êA(t)Ú�þ¼êf(t)3(a, b)þëY"

£1¤�3��5½n£Qã§^�§(Ø¤

y²�{µ3(a, b)�?¿4f«mþ^ÅÚ%C{"

£2¤àg�5�§x′ = A(t)x�Ï)(�½n£Qã§y²�{§$^¤"

£3¤�àg�5�§x′ = A(t)x + f(t)�Ï)(�½n£Qã§y²�{§$

^¤"
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£4¤~êCÉ{µ⎧⎨⎩

�X(t)´àg�5�§�Ä�)Ý


àg�§�Ï)�: x = X(t)c, c�~ê�þ

��àg�§�)�: x(t) = X(t)c(t)

Kµ X(t)c′(t) = f(t)

l
: c(t) =
∫ t
t0
X−1(s)f(s)ds+ c

�àg�§�Ï)�: x(t) = X(t)c+X(t)
∫ t
t0
X−1(s)f(s)ds

£5¤4��úªµ

W (t) = W (t0)e
∫ t

t0
trA(s)ds

àg�§�)x1(t), x2(t), ⋅ ⋅ ⋅ , xn(t)�5Ã'�¿�^��§��¤�KdÄ1�

ªW (t)3,�:?Ø�""

£6¤>�¯KÚ±Ï)µ

±Ï>�^�µx(a) = x(b)¶

ü:>�^�µLx(a) +Nx(b) = 0.

(a) eàg�§|�>�¯K=k²�)x = 0,Ké?Ûf(t)�àg�§|�>�

¯Kðk)"

(a) eA(t), f(t)3Rþk½Â§¿�´!±Ï¼ê§K�àg�§|�3!±Ï)

�¿�^�´µ�àg�§|k��3Rþk.�)"£¬$^¤

5551 àg�5�§�¤k)�¤n��5�m§��àg�§�¤k)Ø�¤�

5�m"

5552 �àg�5�§k��õkn+ 1��5Ã')"

��¡§�x1(t), x2(t), ⋅ ⋅ ⋅ , xn(t)´éA�àg�§���Ä�)|§x0(t)´�à

g�§���A)§Kx0(t), x0(t) + x1(t), x0(t) + x2(t), ⋅ ⋅ ⋅ , x0(t) + xn(t)´�àg�

5�§�n+ 1��5Ã')"

,��¡§�àg�5�§�õkn+ 1��5Ã')£�y¤"
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5553 ®��àg�5�§�n + 1��5Ã')µ'1(t), '2(t), ⋅ ⋅ ⋅ , 'n+1(t)§Ké

Aàg�5�§���Ä�)|�L«�µ'1(t)−'n+1(t), '2(t)−'n+1(t), ⋅ ⋅ ⋅ , 'n(t)−

'n+1(t)"

ppp������555���§§§µµµx(n) + a1(t)x
(n−1) + ⋅ ⋅ ⋅+ an(t)x = f(t)

£1¤�3��5½n"

£2¤àg!�àg�5�§�Ï)(�½n"

£3¤4��úªµW (t) = W (t0)e
−
∫ t

t0
a1(s)ds

£4¤~êCÉ{µ�x1(t), x2(t), ⋅ ⋅ ⋅ , xn(t)´àg�§���Ä�)|§Kàg

�5�§�Ï)�µ

x(t) = c1x1(t) + c2x2(t) + ⋅ ⋅ ⋅+ cnxn(t)

��àg�§�)�µ

x(t) = c1(t)x1(t) + c2(t)x2(t) + ⋅ ⋅ ⋅+ cn(t)xn(t)

K ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1(t) x2(t) ⋅ ⋅ ⋅ xn(t)

x′1(t) x′2(t) . . . x′n(t)

. . . . . . . . . . . .

x
(n−1)
1 (t) x

(n−1)
2 (t) ⋅ ⋅ ⋅ x(n−1)n (t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c′1(t)

c′2(t)

⋅ ⋅ ⋅

c′n(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

⋅ ⋅ ⋅

0

f(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
¦Ñci(t)§���ÑÏ)"

£5¤¦)p��§�ü�{µ

®���)x = '(t)§-x = '(t)y§�z�'uy�$����§"AOéu�

��àg�5�§�I��éAàg�§���)§=�¦ÑÏ)"

£6¤�?ê){"
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111nnnÙÙÙµµµ~~~XXXêêê���555���§§§|||!!!���§§§���))){{{

��� ~~~XXXêêê���§§§|||µµµ
dx

dt
= Ax

£1¤Akn�ØÓ�A���1, �2, ⋅ ⋅ ⋅ , �n§Kn��5Ã')�µ

e�1t�1, e
�2t�2, ⋅ ⋅ ⋅ , e�nt�n

Ù¥§�i´éA�i�A��þ"

£2¤Aks�ØÓ�A���1, �2, ⋅ ⋅ ⋅ , �s§­ê©O�n1, n2, ⋅ ⋅ ⋅ , ns§n1 + n2 +

⋅ ⋅ ⋅+ ns = n"

éAu�1�n1��5Ã')x1(t), x2(t), ⋅ ⋅ ⋅ , xn1(t)µ⎧⎨⎩

(A− �1I)n1� = 0 ⇒kn1��5Ã')r
(0)
1 , r

(0)
2 , ⋅ ⋅ ⋅ , r(0)n1

r
(0)
1

A−�1I−→ r
(1)
1

A−�1I−→ r
(2)
1

A−�1I−→ ⋅ ⋅ ⋅ A−�1I−→ r
(n1−1)
1

x1(t) = e�1t(r
(0)
1 + r

(1)
1 t+

r
(2)
1

2!
t2 + ⋅ ⋅ ⋅+ r

(n1−1)
1

(n1 − 1)!
tn1−1)

Ón|^r
(0)
2 , ⋅ ⋅ ⋅ , r(0)n1

�¦Ñx2(t), ⋅ ⋅ ⋅ , xn1(t)

(3) ¦)�§|�z�p��§"

(4) ¢Xê�§|(�§)Ñ�¦¦Ñ¢�)"

(5) )�ìC5�

��� ~~~XXXêêê���§§§x(n) + a1x
(n−1) + ⋅ ⋅ ⋅+ anx = 0

£1¤¦)�{µ

A��§µ�n + a1�
n−1 + ⋅ ⋅ ⋅+ an = 0

A���1, �2, ⋅ ⋅ ⋅ , �s§­ê©O�n1, n2, ⋅ ⋅ ⋅ , ns§n1 + n2 + ⋅ ⋅ ⋅+ ns = n"

KÄ�)|�µ

e�1t, te�1t, ⋅ ⋅ ⋅ , tn1−1e�1t; e�2t, te�2t, ⋅ ⋅ ⋅ , tn2−1e�2t; ⋅ ⋅ ⋅ ; e�st, te�st, ⋅ ⋅ ⋅ , tns−1e�st

£2¤)�ìC5�Ó�§|"

£3¤¦)~Xê�àg�5�§x(n) + a1x
(n−1) + ⋅ ⋅ ⋅+ anx = f(t)A)��{µ

8



£I¤~êCÉ{

£II¤�½Xê{:

Case 1µf(t) = Pm(t)e�t§Pm(t)�mgõ�ª"

e� = �Ø´A��§K�àg�§kA)µx0(t) = Qm(t)e�t§Ù¥Qm(t)�mg

�½õ�ª"

e� = �´k­A��§K�àg�§kA)µx0(t) = Qm(t)tke�t§Ù¥Qm(t)�mg

�½õ�ª"

Case 2µf(t) = [Am(t) cos �t + Bl(t) sin �t]e�t§Am(t), Bl(t)©O�mgÚlgõ�

ª"

e�±i�Ø´A��§K�àg�§kA)µx0(t) = [Cp(t) cos �t+Dp(t) sin �t]e�t§

Ù¥Cp(t), Dp(t)�pg�½õ�ª§Ù¥p = max{m, l}"

e� ± i� ´k­A��§K�àg�§kA)µx0(t) = tk[Cp(t) cos �t +

Dp(t) sin �t]e�t§Ù¥Cp(t), Dp(t)�pg�½õ�ª§Ù¥p = max{m, l}"

£III¤: �f){µ⎧⎨⎩

1

P (D)
e�t =

1

P (�)
e�t P (�) ∕= 0

1

P (D)
cos�t = cos�t

1

P (−�2)
P (−�2) ∕= 0

1

P (D)
sin�t = sin�t

1

P (−�2)
P (−�2) ∕= 0

1

P (D)
e�tv(t) = e�t

1

P (D + �)
v(t)

�fk(t) = b0 + b1t+ ⋅ ⋅ ⋅+ bkt
k, P (0) = an ∕= 0

1

P (D)
fk(t) = Qk(t)fk(t)

Ù¥Qk(t)´
1

P (D)
3D = 0NC�VÐª�ck + 1�

n«a.µ ⎧⎨⎩

(i) f(t) = fk(t)

(ii) f(t) = e�tfk(t)

(iii) f(t) = cos�tfk(t), sin�tfk(t)
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£4¤¦)�àg�5�§|���{µ

�40{K—z�p��5�§"

111oooÙÙÙµµµÄÄÄ���nnnØØØ

x′ = f(t, x), x(t0) = x0

£1¤Picard�3��5½n£y²�{§¦)��3«m£=ℎ¤¤"

£2¤y²��5�ü«�{£Bellman Ø�ª¤"

£3¤Peano �35½n£î.ò��§§¿Â¤"

£4¤¦%C)��{"

£5¤)�òÐ5£k.«�§Ã.«�§(½)��3«m¤"

£6¤)éÐ�Úëê�ëY��5£½n�Qã§^�§AÛ¿Â¤

£7¤)éÐ�Úëê���5£^�µf(t, x)��¤µ

£i¤
∂'(t, t0, x0)

∂x0
�3ëY�÷vÐ�¯Kµ

⎧⎨⎩
dz

dt
= f ′x(t, '(t, t0, x0))z

z(t0) = 1

£ii¤
∂'(t, t0, x0)

∂t0
�3ëY�÷vÐ�¯Kµ

⎧⎨⎩
dz

dt
= f ′x(t, '(t, t0, x0))z

z(t0) = −f(t0, x0)

111ÊÊÊÙÙÙµµµ½½½555nnnØØØ

£1¤­½5!ìC­½5�Vg¶

£2¤|^�gCq(½­½5£5¿^�¤¶
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£3¤Lyapunov1��{¶

£4¤²ï:!Û:!��m!;�!�ã!4;!4���Vg¶

£5¤²¡��XÚÛ:©a9�½"
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