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2.3 �½Xê{)�§|ẋ = Ax

£££���¤¤¤Akkk­­­AAA������������///"""

ÚÚÚnnn ���ÝÝÝ


Akkks���pppØØØ���ÓÓÓ���AAA������λ1, · · · , λs§§§ÙÙÙ­­­êêê©©©OOO

���n1, · · · , ns £££n1 + · · ·+ ns = n ¤¤¤§§§KKK

£££1¤¤¤Rn���fff888ÜÜÜVi = {r ∈ Rn|(A− λiI)nir = 0}´́́ÝÝÝ


A���ni���

ØØØCCCfff���mmm§§§i = 1, · · · , s.

£££���§§§|||(A− λiI)nir = 0kkkni������555ÃÃÃ''')))"""¤¤¤

£££2¤¤¤Rnkkk���ÚÚÚ©©©)))µµµRn = V1 ⊕ V2 ⊕ · · · ⊕ Vs.

£££V1, V2, · · · , Vs���ÄÄÄÜÜÜ¤¤¤Rn���ÄÄÄ¤¤¤
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�½Xê{)�§|ẋ = Ax

���ÝÝÝ


Akkks���pppØØØ���ÓÓÓ���AAA������λ1, · · · , λs§§§ÙÙÙ­­­êêê©©©OOO

���n1, · · · , ns £££n1 + · · ·+ ns = n ¤¤¤"""

(i) éééAAAλi§§§������§§§kkk���ooo���///ªªª���)))ººº

(ii) éééAAAλi§§§kkkõõõ���������555ÃÃÃ''')))ººº

ggg´́́µµµÄÄÄ���)))ÝÝÝ




Φ(t) = TeJt = (T1, · · · , Ts)


eJ1t

. . .

eJst


= (T1e

J1t, · · · , Tse
Jst).
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�½Xê{)�§|ẋ = Ax

Tie
Jit = (c0, c1, · · · , cni−1)eλit



1 t
t2

2!
· · · tni−1

(ni − 1)!

1 t · · · tni−2

(ni − 2)!
. . .

. . .
...

1 t

1


ÏÏÏddd)))äääkkk///ªªª

x(t) = eλit

(
h0 + h1t +

t2

2!
h2 + · · ·+ tni−1

(ni − 1)!
hni−1

)
.

ÙÙÙ¥¥¥hi���ÏÏÏLLL���½½½XXXêêê{{{������"""
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�½Xê{)�§|ẋ = Ax

ßßßÿÿÿµµµ

eeeλ´́́k­­­AAA������§§§KKKkkkXXXeee///ªªª���)))µµµ

x(t) = eλt

(
h0 + h1t +

t2

2!
h2 + · · ·+ tk−1

(k − 1)!
hk−1

)
.
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�½Xê{)�§|ẋ = Ax

½½½nnn2.3 ���λ´́́A���k­­­AAA������§§§KKK���§§§kkk///XXX

x(t) = eλt

(
h0 + h1t +

t2

2!
h2 + · · ·+ tk−1

(k − 1)!
hk−1

)
(1)

������""")))������===���h0´́́���êêê���§§§|||

(A− λI)kh = 0 (2)

������""")))§§§


h1, · · · , hk−1dddeee¡¡¡���'''XXXªªª(((½½½

h1 = (A− λI)h0

h2 = (A− λI)h1

...

hk−1 = (A− λI)hk−2.

(3)
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�½Xê{)�§|ẋ = Ax

½½½nnn2.3���yyy²²²ggg´́́µµµ���\\\���§§§'''���XXXêêê"""

½½½nnn2.4 ���ÝÝÝ


A333EEEêêê���þþþkkks���pppØØØ���ÓÓÓ���AAA���

���λ1, · · · , λs§§§ÙÙÙ­­­êêê©©©OOO���n1, · · · , ns £££n1 + · · ·+ ns = n ¤¤¤§§§KKK

(i) éééλi§§§���§§§|||kkk///XXX(1)���ni������555ÃÃÃ''')))"""

(ii) ééézzz���λi§§§¦¦¦ÑÑÑ���§§§|||///XXX(1)���ni������555ÃÃÃ''')))§§§òòò§§§���ÜÜÜ333���

åååÒÒÒ´́́���§§§|||ẋ = Ax���������ÄÄÄ���)))|||"""

���ÏÏÏµµµ|||^̂̂ÚÚÚnnn===���£££���������n���)))���¤¤¤���wronski111���ªªª

333t = 0???ØØØ���"""¤¤¤"""

() November 16, 2016 7 / 10



~K

~~~2.5 ¦¦¦)))���§§§|||
dx

dt
=


3 1 0

−4 −1 0

4 −8 −2

 x"""

AAA������µµµλ1 = −2, λ2 = λ3 = 1.

~~~2.6 ¦¦¦)))���§§§|||
dx

dt
=


2 2 0

0 −1 1

0 0 2

 x.

���«««���{{{¦¦¦)))"""

() November 16, 2016 8 / 10



�§|ẋ = Ax)�ì?5�

???ØØØ���§§§|||ẋ = Ax)))���ììì???555���"""

ÄÄÄ���)))|||¥¥¥zzz���)))ÑÑÑäääkkk///ªªªµµµx(t) = eλtP (t)"""

(i) eeeA���¤¤¤kkkAAA���������¢¢¢ÜÜÜÑÑÑ���uuu"""§§§===Reλi < 0§§§KKKééé���§§§|||���

???¿¿¿)))x(t)ÑÑÑkkk lim
t→+∞

x(t) = 0.

(ii) eeeA������kkk������AAA������äääkkk������¢¢¢ÜÜÜ§§§KKK���§§§|||���333)))

333t → +∞���ªªªuuu∞£££���333ÃÃÃ...)))¤¤¤"""

(iii) eeeA���¤¤¤kkkAAA���������¢¢¢ÜÜÜÑÑÑ���uuu���uuu"""§§§===Reλi ≤ 0§§§���¢¢¢ÜÜÜ���

"""���AAA������éééAAA���ÐÐÐ���ÏÏÏfff´́́���ggg���§§§KKK¤¤¤kkk)))ÑÑÑkkk..."""
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�§|ẋ = Ax)�ì?5�

���ÏÏÏµµµeeeλ0 = iβ´́́k­­­AAA������§§§ÏÏÏÐÐÐ���ÏÏÏfff������ggg���§§§KKKkkkk������

555ÃÃÃ'''���AAA������þþþh
(1)
0 , h

(2)
0 , · · · , h

(k)
0 §§§===(A− λ0I)h(i)

0 = 0§§§lll




(A− λ0I)kh
(i)
0 = 0§§§i = 1, · · · , k"""|||^̂̂½½½nnn2.3§§§λ0éééAAA���k���

)))äääkkk///ªªª(cos βt + i sinβt)h(i)
0 §§§i = 1, · · · , k"""

k­­­AAA������λ0 = iβ§§§ÙÙÙéééAAA���ÐÐÐ���ÏÏÏfffÑÑÑ´́́���ggg���⇔éééAAAAAA���

���λ0 = iβ§§§A kkkk������555ÃÃÃ'''���AAA������þþþ"""

������µµµ

P 82: 1, 3.

P 86: 1(2), 1(3).
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