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§1 Úó

���5�§|µ
dx1

dt
= a11(t)x1 + · · ·+ a1n(t)xn + f1(t)

· · ·
dxn

dt
= an1(t)x1 + · · ·+ ann(t)xn + fn(t)

Ù¥aij , fi, i = 1, · · · , nÑ´«mIþ�®�¼ê"P

x =

 x1
...
xn

 ,
dx

dt
=


dx1

dt
...

dxn

dt

 ,
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Úó

A(t) =

 a11(t) · · · a1n(t)
...

...
an1(t) · · · ann(t)

 , f(t) =

 f1(t)
...

fn(t)

 .

�§���µ

dx

dt
= A(t)x+ f(t). (NH)

�f(t) ≡ 0§�§¡�àg�5�§.

�fi(t)(i = 1, · · · , n)ØÑð�"�§�§¡��àg�5�§"

Ð©^�µxi(t0) = ξi, i = 1, 2, · · · , n

�þ/ªµx(t0) = ξ.
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(1.) �5�§|Ð�¯K)��35!��5º

£Á���5�§"

(2.) nØþÏ)(�º

¦)¯Kº
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P

x =

 x1
...
xn

 , A =

 a11 · · · a1n
...

...
an1 · · · ann

 ,

�þxÚÝ
A��£�¡��ê¤½ÂXeµ

|x| =
n∑

i=1

|xi|, |A| =
n∑

i=1

n∑
j=1

|aij |.

�ê�5�µ

I. |Ax| ≤ |A||x|.

II. |AB| ≤ |A||B|, A ∈ Rn×n, B ∈ Rn×n.

III. |Am| ≤ |A|m.
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IV. |x+ y| ≤ |x|+ |y|, x ∈ Rn, y ∈ Rn.

ÝÝÝ


¼¼¼êêê½½½���þþþ¼¼¼êêê���VVVgggÚÚÚ555���µ

(i) Ý
¼ê¡�ëY£��¤�§XJ§�z����Ñ´ëY£�

�¤�"

(ii) ��Ý
¼ê��êE��Ý
¼ê§§�z���´�Ý
�A

����ê"
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(I) �þS�{xk} =


xk1

...

xkn

¡�Âñ�§XJz�©þS�{xki}Ñ

´Âñ�"

(II) �þ¼êS�{xk(t)} =


xk1(t)

...

xkn(t)

¡�3«mIþ��Âñ�§

XJz�©þ¼êS�{xki(t)}3«mIþÑ´��Âñ�"

(II) n��þ¼ê?ê
∑∞

k=1 xk(t)3IþÂñ£��Âñ¤§XJÙÜ©

ÚSk(t) = x1(t) + · · ·+ xk(t) �¤��þ¼êS�3IþÂñ£��

Âñ¤"
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(IV) �½�þ¼ê?ê��Âñ�Weierstrass�O{µ

XJ|xk(t)| ≤Mk, t ∈ I§ê�?ê
∑∞

k=1Mk Âñ§

K
∑∞

k=1 xk(t)3Iþ��Âñ"

(V) ex(t) =


x1(t)

...

xn(t)

´n��þ§u[a, b]þëY§K

∣∣∣∣∫ b

a
x(t)dt

∣∣∣∣ =

∣∣∣∣∣∣∣∣∣


∫ b
a x1(t)dt

...∫ b
a xn(t)dt


∣∣∣∣∣∣∣∣∣ ≤ |

∫ b

a
|x(t)|dt|.
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(VI) È©Òe�4�£È©ÒÚ4�Òp�¤µ

XJxk(t)3[t1, t2]þ��Âñ§K

lim
k→∞

∫ t2

t1

xk(t)dt =
∫ t2

t1

lim
k→∞

xk(t)dt.
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½½½nnn2.1 �A(t)Úf(t)3«mIþëY§Ké?¿t0 ∈ IÚ?¿n�
~�þξ§�§|£NH¤ðk½Â3��«mIþ�÷vÐ©^
�x(t0) = ξ�)§¿�Ð�¯K�)´���"

y²g´µ©4Ú"

(1.) Ð�¯K�)�due�È©�§�)µ

x(t) = ξ +
∫ t

t0

(A(s)x(s) + f(s))ds. (1)

(2.) �EPicardÅÚ%CS�µ

ϕ0(t) = ξ,

ϕk(t) = ξ +
∫ t

t0

(A(s)ϕk−1(s) + f(s))ds, k = 1, 2, · · · . (2)
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|^8B{´y²ϕk(t)3«mIþk½Â�ëY"

(3.) y²ϕk(t)3«mIþ??Âñ§Ù4�¼ê´È©�§�)"�

d§y²ϕk(t)3«mI�?¿4f«m[a, b]þ��Âñ"

(4.) Ï�ϕk(t) = ϕ0(t) +
∑k

m=1 (ϕm(t)− ϕm−1(t)).

�Iy²þãÃ¡?ê3[a, b]þ��Âñ"-

K = max
t∈[a,b]

{|A(t)|, |A(t)ξ + f(t)|}.

|ϕ1(t)− ϕ0(t)| =
∣∣∣∣∫ t

t0

(A(s)ξ + f(s))ds
∣∣∣∣ ≤ K|t− t0|, t ∈ [a, b].

|ϕ2(t)− ϕ1(t)| =
∣∣∣∣∫ t

t0

A(s)(ϕ1(s)− ϕ0(s))ds
∣∣∣∣ ≤ K2|t− t0|2

2!
.
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8B{y²µ

|ϕm(t)− ϕm−1(t)| ≤
Km|t− t0|m

m!
≤ Km|b− a|m

m!
, t ∈ [a, b].

d��Âñ��O{�S�{ϕk(t)}3[a, b]þ��Âñ"

-limk→∞ ϕk(t) = ϕ(t).

duéz�k§ϕk(t)3[a, b]þÑëY§Ïdϕ(t)�3[a, b]þëY"

u(2)üàék�4�§K

ϕ(t) = ξ +
∫ t

t0

(A(s)ϕ(s) + f(s))ds,

=x = ϕ(t)´È©�§3[a, b]þ�ëY)"
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�x = ϕk(t)3«mIþ??Âñ§Ù4�¼êEP�ϕ(t)§

Ïϕ(t)3�¹t0�?¿4f«mþëY§¤±ϕ(t)3«mIþëY"

(4.) y²��5"

�x = ϕ(t)Úx = ψ(t)´�§u«mIþ�÷vÐ©^�x(t0) = ξ�

ü�)§ yϕ(t) = ψ(t)3«mIþ??¤á§�Iy²þã�ª

3I�?¿4f«m[a, b]þÑ¤á"

-

N = max
t∈[a,b]

{|A(t)|, |ϕ(t)− ψ(t)|}.
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K
|ϕ(t)− ψ(t)| =

∣∣∣∫ t
t0
A(s)(ϕ(t)− ψ(t))ds

∣∣∣
≤ N

∣∣∣∫ t
t0
|ϕ(t)− ψ(t)|ds

∣∣∣ (3)

u´
|ϕ(t)− ψ(t)| ≤ N2|t− t0|.

2�\(3)§Kk

|ϕ(t)− ψ(t)| ≤ N3|t− t0|2

2!
.

|^8B{��µ

|ϕ(t)− ψ(t)| ≤ Nm+1|t− t0|m

m!
, t ∈ [a, b].

-m→∞§Kϕ(t) = ψ(t).
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ÚÚÚnnn2.1 àg�5�§|�)eu«mI�,:?�"§K7u

«mIþð�""

£�§k")§|^Ð�)���5¤

Picard S�S��Ñ
¦Cq)��{"

�5�§|�?Û)�½Â«mÑ3XêÝ
ëY�«mþ�3"

��5�§Øäkù��5�"

~µ
dy

dx
= −y2.

f(x, y) = −y23��²¡þ??ëY§�)y =
1
x

Ø´3��x¶

þk½Â"
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P44: 1(I,III).

P46: 1,2,5,6,8.

g�µ

£1¤%C��JXÛº

£2¤ý¢)Ú%C)�Ø��O"
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