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dx
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= A(t)x + f(t) (NH)
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(1.) ���àààggg���555���§§§|||£££NH¤¤¤���)))������AAA���àààggg���555���§§§|||£££LH¤¤¤

���)))���ÚÚÚEEE������àààggg���555���§§§|||���)))"""

(2.) ���àààggg���555���§§§|||���???¿¿¿üüü���)))���������éééAAA���àààggg���555���§§§|||���

)))"""

|||^̂̂£££1¤¤¤ÚÚÚ£££2¤¤¤555ßßßÿÿÿ���àààggg���555���§§§|||���ÏÏÏ)))(((���"""
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½½½nnn4.1 ���ϕ(t)´́́£££NH¤¤¤���������AAA)))§§§Φ(t)´́́éééAAAàààggg���§§§

£££LH¤¤¤���������ÄÄÄ���)))ÝÝÝ


§§§KKK¹¹¹kkkn���???¿¿¿~~~���þþþC ���LLL���ªªª

x = Φ(t)C + ϕ(t) (1)

´́́£££ÉÉÉÃÃÃ¤¤¤���ÜÜÜ)))������ÓÓÓLLL���ªªª"""

yyy²²²ggg´́́µµµ

ééé???¿¿¿~~~���þþþC§§§///XXX(1)���£££���þþþ¤¤¤¼¼¼êêêÑÑÑ´́́£££ÉÉÉÃÃÃ¤¤¤���)))"""

£££ÉÉÉÃÃÃ¤¤¤���???¿¿¿������)))x(t) ÑÑÑ���LLL«««¤¤¤(1)���///ªªª"""

x(t)− ϕ(t)´́́£££ÇÇÇÃÃÃ¤¤¤���)))§§§ÏÏÏddd���333~~~���þþþC0¦¦¦���

x(t)− ϕ(t) = Φ(t)C0 ⇒ x(t) = Φ(t)C0 + ϕ(t).
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¦¦¦£££ÉÉÉÃÃÃ¤¤¤AAA)))������{{{ÚÚÚÚÚÚ½½½µµµ

1. ���£££ÉÉÉÃÃÃ¤¤¤éééAAA���£££ÇÇÇÃÃÃ¤¤¤���������ÄÄÄ���)))ÝÝÝ


���Φ(t)§§§KKKàààggg���

§§§���ÏÏÏ)))µµµ

x = Φ(t)C.

2. ���£££ÉÉÉÃÃÃ¤¤¤���AAA)))äääkkk///ªªªµµµ

x = Φ(t)C(t).

ÙÙÙ¥¥¥C(t)���½½½"""

3. òòòx = Φ(t)C(t)���\\\£££ÉÉÉÃÃÃ¤¤¤¥¥¥§§§¿¿¿|||^̂̂
dΦ
dt

= A(t)Φ(t)§§§KKKkkk

Φ(t)
dC(t)

dt
= f(t) ⇒ dC(t)

dt
= Φ−1(t)f(t).
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⇒ C(t) = C +
∫ t

t0

Φ−1(s)f(s)ds.

ÙÙÙ¥¥¥C���???¿¿¿n���~~~���þþþ"""

4. ���C = 0§§§������£££ÉÉÉÃÃÃ¤¤¤���������AAA)))

ϕ(t) = Φ(t)C(t) = Φ(t)
∫ t

t0

Φ−1(s)f(s)ds.

5. |||^̂̂£££ÉÉÉÃÃÃ¤¤¤���ÏÏÏ)))(((���½½½nnn������£££ÉÉÉÃÃÃ¤¤¤���ÏÏÏ)))���µµµ

x = Φ(t)C + Φ(t)
∫ t

t0

Φ−1(s)f(s)ds.

ÙÙÙ¥¥¥C���???¿¿¿n���~~~���þþþ"""
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555¿¿¿���þþþããã£££ÉÉÉÃÃÃ¤¤¤���ÏÏÏ)))LLL���ªªªTTTÐÐÐ´́́òòò

C(t) = C +
∫ t

t0

Φ−1(s)f(s)ds

���\\\���x = Φ(t)C(t)¥¥¥���������"""

���Φ(t) = Ψ(t, t0)´́́GGG���===£££ÝÝÝ


§§§KKKÐÐÐ���¯̄̄KKK
dx

dt
= A(t)x + f(t)

x(t0) = ξ

���)))x(t, t0, ξ)���LLL«««���µµµ

x(t, t0, ξ) = Φ(t)
(

ξ +
∫ t

t0

Φ−1(s)f(s)ds

)
.
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~êCÉúª

½½½nnn4.1 ���Φ(t)´́́£££NH¤¤¤éééAAA���£££LH¤¤¤���������ÄÄÄ���)))ÝÝÝ


§§§

KKK£££NH¤¤¤������ÜÜÜ)))������ÓÓÓLLL���ªªª���

x = Φ(t)
(

C +
∫ t

t0

Φ−1(s)f(s)ds

)
,

ÙÙÙ¥¥¥C���???¿¿¿n���~~~���þþþ§§§t0 ∈ I���???¿¿¿���½½½"""

~~~êêêCCCÉÉÉ{{{µµµ������������éééAAAàààggg���§§§|||���������ÄÄÄ���)))|||£££½½½ÄÄÄ���

)))ÝÝÝ


¤¤¤§§§ÒÒÒ���¦¦¦ÑÑÑ���àààggg���§§§|||���ÏÏÏ)))"""
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(i) £££NH¤¤¤���¤¤¤kkk)))´́́ÄÄÄ���¤¤¤���555���mmmººº

(ii) (NH)���õõõkkkõõõ���������555ÃÃÃ''')))ººº
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~~~1 ���ÄÄÄ���©©©���§§§|||

d

dx

 y1

y2

 =

 1 1

0
1
x

  y1

y2

 +

 xex

0


þþþªªª¥¥¥gggCCCþþþx���������«««mmmØØØ¹¹¹x = 0.

£££1¤¤¤¦¦¦éééAAAàààggg���§§§���������ÄÄÄ���)))ÝÝÝ


§§§¿¿¿¦¦¦ÑÑÑ§§§���ÏÏÏ)))"""

£££2¤¤¤¦¦¦���àààggg���§§§���ÏÏÏ)))"""

àààgggÏÏÏ)))µµµ  y1 =
1
2
x2ex − C1x− C1 + C2e

x

y2 = C1x
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(I) EEE���¼¼¼êêêVVVggg999555���"""

(II) XXXÛÛÛ���âââ���555���§§§|||£££���§§§¤¤¤���EEE���)))������¢¢¢���)))ººº
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(1) ¢¢¢CCCþþþEEE���¼¼¼êêêµµµf(t) = u(t) + iv(t)§§§tµµµ¢¢¢CCCþþþ§§§f(t)µµµEEE���"""

(2) limt→t0 f(t) = A, f(t) = u(t) + iv(t), A = α + iβ.

½½½ÂÂÂ���µµµééé∀ε > 0,∃δ > 0§§§���|t− t0| < δ���§§§kkk|f(t)−A| < ε"""===

√
(u(t)− α)2 + (v(t)− β)2 < ε ⇒ |u(t)− α| < ε, |v(t)− β| < ε.

uuu´́́

lim
t→t0

(u(t) + iv(t)) = α + iβ ⇔ lim
t→t0

u(t) = α, lim
t→t0

v(t) = β.
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E�¼êVg95�

(3) f(t) = u(t) + iv(t)333t = t0???ëëëYYY£££limt→t0 f(t) = f(t0)¤¤¤.

¼¼¼êêêf(t)333t = t0???ëëëYYY⇔ u(t), v(t)333t = t0???ëëëYYY"""

¼¼¼êêêf(t)333(a, b)þþþëëëYYY⇔ u(t), v(t)333(a, b)þþþëëëYYY"""

(4) ¼¼¼êêêf(t)333(a, b)þþþ���ÈÈÈ⇔ u(t), v(t)ÑÑÑ333(a, b)þþþ���ÈÈÈ§§§���∫ b

a
f(t)dt =

∫ b

a
u(t)dt + i

∫ b

a
v(t)dt.
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(5) ¼¼¼êêêf(t)333(a, b)þþþ������⇔ u(t), v(t)ÑÑÑ333(a, b)þþþ������§§§���

f ′(t) = u′(t) + iv′(t).

������¼¼¼êêê���555���µµµ

(af(t))′ = af ′(t), (f(t) + g(t))′ = f ′(t) + g′(t)

(f(t)g(t))′ = f ′(t)g(t) + f(t)g′(t), (
f

g
)′ = · · ·
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(6) ���êêê¼¼¼êêêµµµe(α+iβ)t.

et = 1 + t +
t2

2!
+ · · ·+ tn

n!
+ · · · .

eiβ = (1− β2

2!
+ · · · ) + i(β − β3

3!
+ · · · ) = cos β + i sinβ.

eα+iβ = eα(cos β + i sin β).

⇒ e(α+iβ)t = eαt(cos βt + i sinβt).

(7) 555���µµµ
deλt

dt
= λeλt, λ = α + iβ.
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~~~µµµ
d

dt

 x1

x2

 =

 0 1

−1 0

  x1

x2

 .

 x1 = cos t + i sin t

x2 = − sin t + i cos t

UUUÄÄÄ���âââEEE���)))(((½½½¢¢¢���)))ººº
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1. EEEXXXêêê���555���§§§|||µµµ

dx

dt
= A(t)x + f(t) (2)

ÙÙÙ¥¥¥A(t) = A1(t) + iA2(t), f(t) = f1(t) + if2(t).

EEE���)))µµµx(t) = u(t) + iv(t)§§§KKK

u′(t) + iv′(t) = [A1(t) + iA2(t)][u(t) + iv(t)] + f1(t) + if2(t) u′(t) = A1(t)u(t)−A2(t)v(t) + f1(t)

v′(t) = A1(t)v(t) + A2(t)u(t) + f2(t)
(3)
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½½½nnn8.1 x(t) = u(t) + iv(t)´́́EEEXXXêêê���§§§|||(2)���)))⇔

u(t)ÚÚÚv(t)´́́¢¢¢XXXêêê���§§§|||(3)���)))"""

2. ¢¢¢XXXêêê���555���§§§|||µµµ
dx

dt
= A(t)x + f(t)§§§ÙÙÙ¥¥¥A(t), f(t)©©©OOO

´́́¢¢¢���ÝÝÝ


ÚÚÚ¢¢¢������þþþ"""

EEE���)))µµµx(t) = u(t) + iv(t)§§§KKK

u′(t) + iv′(t) = A(t)[u(t) + iv(t)] + f(t) u′(t) = A(t)u(t) + f(t)

v′(t) = A(t)v(t)
(4)
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½½½nnn8.2

(i) x(t) = u(t) + iv(t)´́́¢¢¢XXXêêê���555���§§§|||£££NH¤¤¤���)))⇔ u(t)´́́

£££NH¤¤¤���)))§§§v(t)´́́£££LH¤¤¤���)))"""

(ii) x(t) = u(t) + iv(t)´́́¢¢¢XXXêêêàààggg���555���§§§|||£££LH¤¤¤���)))⇔

u(t)ÚÚÚv(t)ÑÑÑ´́́£££LH¤¤¤���)))"""

������µµµ

P52: 1,2,3.
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